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Preface

The CIME session “Stability and Bifurcation Theory for Non-Autonomous Differ-
ential Equations” was held at Cetraro Italy, from 19 to 25 June 2011. This volume
contains the notes of the five lecture courses which were held on that occasion.

One of our goals in organizing the session was to foster a comparison between
the “topological” and “dynamical” approaches to the study of nonautonomous dif-
ferential equations. Another goal was to facilitate the interaction between specialists
versed in the one approach or the other. We are amply convinced that those goals
were fulfilled.

In these course notes, the reader will find a systematic introduction to many
of the themes and methods which make up the modern theory of nonautonomous
differential and dynamical systems. Topics pertaining to differential equations in
finite and infinite dimensions receive sustained attention. Also, discrete equations
and systems have an important place in the notes. This is natural both because a
differential equation is often studied via an appropriate discretization process and
because nonautonomous discrete systems are of fundamental importance in their
own right.

Here is a partial list of the various themes which were taken up in the course
of the lectures: bounded orbits and stability in non-periodic monotone twist maps;
properties of the minimal subsets of nonautonomous monotone differential-delay
systems; resonance phenomena in nonautonomous ordinary differential equations;
existence and properties of pullback attractors in skew-product dynamical systems;
and the use of the Maslov index in bifurcation problems regarding nonautonomous
Hamiltonian systems. Of course an impressive range of other topics was considered
as well, and an ample quantity of specific problems was discussed.

The methods introduced by the speakers in the theoretical developments and in
the treatment of specific problems may be divided into two classes. First, the use
of “classical” techniques drawn from the topological degree theory, the calculus
of variations, the search for upper/lower solutions, and others of a similar vein.
Second, the use of “dynamical” constructs such as processes and skew-product
flows, minimal sets and omega-limit sets, pullback attractors, invariant measures,
and the like.

v



vi Preface

Here is a brief description of each of the courses which made up the session.

– Anna Capietto (Torino) considered a broad class of boundary value problems
posed for nonautonomous nonlinear Hamiltonian systems. She stated and proved
bifurcation results of “Rabinowitz” type for these problems. She showed how the
Maslov index can be used as an effective tool in deriving such results.

– Peter Kloeden (Frankfurt) gave an introduction to the language and concepts of
nonautonomous discrete dynamical systems. He discussed the theory of pullback
attractors and went on to mention some results from nonautonomous bifurcation
theory. He also took up some questions in the area of random dynamical systems.

– Jean Mawhin (Louvain-la-Neuve) discussed a number of illustrative nonlinear
nonautonomous resonance problems. He effectively used a mix of methods
drawn from the Leray–Schauder theory, the calculus of variations, and the
technique of upper and lower solutions. He presented many results regarding
existence and multiplicity of periodic solutions of certain paradigmatic periodi-
cally forced ODEs.

– Sylvia Novo (Valladolid) considered a significant class of nonautonomous
functional differential equations having monotonicity properties. She studied the
existence and the stability properties of minimal sets, together with the existence
and structural properties of global attractors. She gave several applications, e.g.,
to the theory of neural networks and to that of compartmental systems.

– Rafael Ortega (Granada) first discussed the existence of bounded orbits and
invariant curves for exact symplectic twist maps on the cylinder and especially on
the plane. The results on invariant curves have stability statements as corollaries.
He made use of a variational principle of Mather type. He then analyzed certain
impact problems, especially the so-called ping-pong model.

The session was attended by about 50 scientists of “topological” and “dynamical”
extractions. Their good-natured and active participation in the courses and their
individual discussions helped to create a positive atmosphere which certainly
facilitated the exchange of scientific ideas. We believe that the interaction between
specialists in the topological and in the dynamical approaches to nonautonomous
differential equations was greatly enriched by this CIME session.

Firenze, Italy Russell Johnson
19 Dec 2011 Maria Patrizia Pera
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The Maslov Index and Global Bifurcation for
Nonlinear Boundary Value Problems�

Alberto Boscaggin, Anna Capietto, and Walter Dambrosio

Abstract We first describe the notion of Maslov index and relate it to the concepts
of moment of verticality and of phase-angles. We then illustrate the role of the
Maslov index in the development of global bifurcation results for nonlinear first
order differential systems in R

2N and for nonlinear planar Dirac-type systems.

1 Introduction and Classical Results

This lecture note describes a topological method for the study of boundary value
problems associated to systems of nonlinear ordinary differential equations. The
abstract setting is provided by bifurcation theory and a crucial role is played by a
“generalized phase plane analysis”.

In what follows we first introduce the reader to our work by describing the
celebrated Rabinowitz global bifurcation theorem [43], together with one of its
classical applications to the Dirichlet boundary value problem associated to an
ordinary differential equation (cf. (1)). In doing this, we give suggestions on the
difficulties which arise when dealing, as it is our aim, with boundary value problems
more general than (1).
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Consider thus the Dirichlet problem
8
<

:

�u00 C q.t/u D f .t; u; u0; �/;

u.0/ D 0 D u.�/
(1)

where q 2 C.Œ0; ��/; q.t/ � 0 for all t 2 Œ0; �� and f 2 C.Œ0; �� � R
3/.

In order to enter an abstract bifurcation setting, we need to assume that f is a
perturbation of a linear term, i.e. we assume that f can be written as

f .t; �; �; �/ D �a.t/� C h.t; �; �; �/; 8 .t; �; �; �/ 2 Œ0; �� � R
3;

where a 2 C.Œ0; ��/ satisfies a.t/ � a0 > 0, for every t 2 Œ0; ��, and the function
h fulfills the condition

h.t; �; �; �/ D o.
p
�2 C �2/; .�; �/ ! .0; 0/;

uniformly in t 2 Œ0; �� and � in bounded subsets of R.
Rabinowitz’s approach to (1) is based on the transformation of the given Dirichlet

problem into an abstract equation in a Banach space. More precisely, one considers
an equation of the form

u D �Lu CH.�; u/; � 2 .a; b/; u 2 X; (2)

whereX is a Banach space equipped with a norm denoted by jj � jjX , L is a compact
linear operator andH is a completely continuous nonlinear operator s.t. H.�; u/ D
o.jjujjX/; u ! 0, uniformly in bounded �-intervals. Let us point out that if � 2 R

in (1) then .a; b/ D R in (2).
In [43] it is proved a bifurcation result for (2) which describes the global

behaviour of branches of nontrivial solutions emanating from the trivial ones.
In order to state this result, we denote by ˙ the closure of the set

f.�; u/ 2 .a; b/ �X W u ¤ 0g:

Then we can write

Theorem 1.1. (Rabinowitz [43]). Let L be a compact linear operator and let H
be a completely continuous nonlinear operator s.t. H.�; u/ D o.jjujjX/; u ! 0

uniformly in bounded�-intervals. Then, if N� is an eigenvalue ofL of odd multiplicity
it follows that ˙ contains a continuum C such that . N��1; 0/ 2 C and either

.A1/ There exists .�n; un/ 2 C such that

j�nj C jjunjjX ! C1 or �n ! a or �n ! b

or
.A2/ There exists . O��1; 0/ 2 C such that O� is an eigenvalue of L and O� ¤ N�.
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Let us observe that when .a; b/ D R then condition (A1) means that the continuum
C is unbounded in R �X .

It is well-known that problem (1) is equivalent to an equation of the form (2), with
X D C1

0 .Œ0; ��/ and .a; b/ D R. The application of Theorem 1.1 to (1) requires the
knowledge of the spectral theory of the linear operator u 7! �u00 Cqu defined in X ;
this is a very classical topic in the theory of ODEs. From the fact that a.t/ � a0 > 0

for all t it follows that the BVP

8
<

:

�u00 C q.t/u D �a.t/u; t 2 Œ0; ��;

u.0/ D 0 D u.�/
(3)

has a sequence of simple eigenvalues

0 < �1 < �2 < � � � < �k < : : :

such that limk!C1 �k D C1:

It is important to recall the elementary fact that the eigenfunction 'k associated
to the eigenvalue �k of (3) has .k � 1/ simple zeros in .0; �/. Moreover, if one
considers the first order planar system associated to the equation in (3) and denotes
by � the orbit of z.t/ D .u.t/; u0.t// D .x.t/; y.t// in the phase plane, then it is
defined the rotation number

rotz D 1

2�

Z �

0

x.t/y0.t/ � x0.t/y.t/
x.t/2 C y.t/2

dt: (4)

Moreover, if we think of the parametrization x.t/D 	.t/ sin 
.t/; y.t/D 	.t/

cos 
.t/ then for the angular coordinate 
.�/ we have


.t/ D k.t/� C ˛.t/;

being k.t/ 2 N and ˛.t/ 2 .0; ��. Thus, it is easily seen that the number of
zeros in .0; �/ of a solution u to (3), rotz and k.�/ are related one to the other
(cf. Remark 4.8). The understanding of this relation in the case when the phase
plane is substituted by a 2N -dimensional phase space is one of the main goal of
these lectures.

The linear theory guarantees the applicability of Theorem 1.1; thus, for every
k 2 N there exists a continuum Ck � R � C1

0 .Œ0; ��/ of solutions of (1) bifurcating
from .�k; 0/ and such that

.A1/0 Ck is unbounded in R � C1
0 .Œ0; ��/

or
.A2/0 There exists j 2 N, j ¤ k, such that .�j ; 0/ 2 Ck.

In [43] the author then shows that alternative (A2)0 cannot hold; in order to prove
this, the crucial point is the study of the nodal properties of the nontrivial solutions
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to (1). Indeed, it is possible to prove that nontrivial solutions to (1) have a finite
number of zeros in .0; �/ and that this number is constant on every bifurcating
branch.

Thus, it is obtained the following global bifurcation result for (1).

Theorem 1.2. (Rabinowitz [43]). For every k 2 N, .�k; 0/ is a bifurcation point
for (1). Moreover, the bifurcating branch Ck � R � C1

0 .Œ0; ��;R/ is unbounded in
R�C1

0 .Œ0; ��;R/ and for every .�; u/ 2 Ck, with u ¤ 0; u has .k� 1/ simple zeros
in .0; �/:

We point out that the argument leading to the exclusion of alternative (A2)0 can
be considered from a slightly different point of view by observing that it is based on
a continuity property of the number of zeros of solutions to (1). Indeed, let us define
˚ W ˙ ! N by setting

˚.�; u/ D
8
<

:

card.u�1.0/\ .0; �// if u ¤ 0

.k � 1/ if .�; u/ D .�k; 0/;

for every .�; u/ 2 ˙ . Then the preservation of the number of zeros on the
bifurcating branchesCk follows from the continuity of˚ on Ck . This remark can be
formulated in the setting of the abstract equation (2); more precisely, it is possible
to prove [10, Prop. 2.1] that alternative (A2) in Theorem 1.1 does not hold if we
can define a continuous integer-valued functional ˚ W ˙ ! Z. We are now able to
summarize the approach introduced in this section; in order to obtain the existence
of solutions to (1) it is possible to use a bifurcation method. To this aim, some steps
have been made:

(I) The obtention of an abstract global bifurcation result, which also describes the
behaviour of the bifurcating branches (with, possibly, some alternatives);

(II) The study of the spectral theory of the linear operator in (1), in order to apply
the abstract theorem;

(III) The use of a suitable topological invariant (e.g. the functional ˚), in order to
exclude some of the alternatives in the abstract result.

The boundary value problem (1) is a particular case of a BVP of the form

8
<

:

J z0 D S.t; z; �/z; z D .x; y/ 2 R
2N ;

xj@I D 0;

(5)

where I � R, J is the standard symplectic matrix (cf. (7)) and S W I � R
2N �

.a; b/ ! R
2N is a symmetric matrix. In case I is unbounded, e.g. I D Œ1;C1/,

the boundary condition is intended as limt!C1 x.t/ D 0. This lecture note focuses
on the question whether by the above described procedure it is possible to obtain a
global bifurcation result for problems of the form (5). At least two main difficulties
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are clear. On the one hand, in case I is unbounded Rabinowitz global bifurcation
result cannot be applied. On the other hand, we have to deal with some notion which
substitutes the number of zeros in the description of the “nodal properties” of the
solutions.

Section 2 is devoted to the description of a geometric index (called the Maslov
index) according to the paper by Robbin–Salamon [44] (see also [36]). More
precisely, it is introduced the Maslov index first for a pair .L; V / of paths of
lagrangian subspaces in R

2N (cf. Definition 2.9) and then for pairs of the form
. V; V /, where V is the lagrangian subspace f0g � R

N and  is a C1-path of
symplectic matrices (cf. Definition 2.12).

In Sect. 3 we focus on a system of 2N first order equations of the form

J z0 D B.t/z; t 2 Œ0; ��; (6)

where B.t/ is a 2N �2N symmetric matrix. Following [2], we introduce the notion
of “number of moments of verticality” (cf. Definition 3.2) and relate it with the
Maslov index of the (symplectic) path . V; V /, where  is now the fundamental
matrix solution associated to (6).

In Sect. 4 we explain the reason why we call “generalized phase-plane analysis”
the topological method we are describing. The main references for this section
are the book of Atkinson [3] and the lecture note by Greenberg [26]. Indeed
(cf. Remark 4.8), when we deal with system (6), N “angles” 
j W Œ0; �� ! R

can be defined which play the role of angular coordinates of a solution z.t/ of (6)
in the phase space R

2N . In analogy with the elementary situation when the Prüfer
angular coordinate of z.t/ in the phase plane R

2 describes the number of rotations
of the orbits around the origin, in Theorem 4.4 we describe the connection between
the phase angles and the number of moments of verticality.

Section 5 contains a brief survey of various notions of “index” associated to a
differential system that are available in the literature.

The remaining sections (which are taken from [10] and [11], to whom we refer
for details) are devoted to the study of nonlinear boundary value problems of the
form (5).

More precisely, in Sect. 6 we consider a first order problem of the form (5) with
N � 2 and I D Œ0; �� (cf. (38)). The crucial steps for the application of Theorem 1.1
are the study of the spectral properties of the linear operator associated to the
differential system (cf. Proposition 6.1) and the fact that a (suitably defined) Maslov
index of the solutions of the nonlinear problem is preserved along the bifurcating
branches. The main result of Sect. 6 is Theorem 6.4. It is important to remark that in
[43] an application of Theorem 1.1 provides the existence of multiple solutions to
(1), for fixed �, when f has a superlinear growth at infinity. To do this, a priori
estimates on the solutions .�; u/ 2 Ck (i.e. on solutions with a fixed number
of zeros) are developed. This procedure, which has been widely applied in the
literature, can be found in [10], for N D 1, as well (see also Remark 6.5).

In Sect. 7 we focus on a Dirac-type system of the form (5) with N D 1 and
I D Œ1;C1/ (cf. (42)). Due to the unboundedness of I , Rabinowitz Theorem 1.1
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is not applicable. Moreover, no complete spectral theory for the associated linear
operator (44) is available. By the use of an abstract bifurcation result due to Stuart
[49] and a (suitably defined) rotation index (cf. Definition 7.4) the linear aspects of
the problem are developed in Proposition 7.3 and Proposition 7.6. The main result
of Sect. 7 is the global bifurcation result contained in Theorem 7.7.

We end this section with some remarks on the possible future developments of
the approach described.

First, we observe that the results on Dirac-type systems given in Sect. 7 can be
extended to the (physically relevant) case when the linear differential operator � in
(44) is singular. Indeed, in the forthcoming paper [12] it is considered the case when
I D .0;C1/ (cf. (42)). In [12] the focus is on the nonlinear term Q, recalling
that the systems (of ODEs) of the form (42) arise from the decomposition of the
(partial differential) Dirac operator in the so-called partial wave subspaces [50].
More precisely, it is shown that those nonlinearities which leave the partial wave
subspaces invariant fit into the framework of the set of functions Q (cf. (46), (47))
in which bifurcation occurs.

Another interesting topic (cf. Remark 6.5) is the investigation of the existence
of multiple solutions to systems of the form (5) for fixed �. To this end, one has
to perform (by the use of an additional assumption of “superlinear” kind on the
nonlinearity) a priori estimates on the solutions belonging to a fixed branch. A
serious difficulty is in the fact that no explicit expression of the form (4) is available
in the more general context of Sects. 6 and 7.

A major interest may also be devoted to the generalization of the results in Sect. 7
to the case when in (42) the unknown z belongs to R

2N . To our knowledge, in this
general context a satisfactory linear theory is available only when t 2 Œ0; �� (cf.
[9]). Results in this direction will be obtained by an accurate investigation of the
index in Definition 7.4 in relation with the abstract notion of Maslov index and with
the Levinson theorem (cf. also [30, 34]).

Finally, we point out that it is interesting to attack systems in which the
nonlinearity is periodic or “asymptotically periodic”. To this end, one should focus
(instead of Rabinowitz theorem) on bifurcation results obtained in the framework
of the Fredholm index. We have in mind, in particular, the papers by Rabier–Stuart
[42] and by Secchi–Stuart [47], which deal with an elliptic equation and with an
hamiltonian system, respectively.

In what follows we shall use the following notation.
xy denotes the scalar product of x; y 2 R

n.
At ; A� denote the transpose and the transpose conjugate of a matrix A.
jj � jj denotes both the norm of a matrix and the norm of a finite dimensional

vector.
Mn
S is the set of n � n symmetric matrices.

L .X/ is the space of linear operators from a given Banach spaceX to itself. For
G 2 L .X/, GrG denotes the graph of G.
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2 The Maslov Index

In this section we introduce the Maslov index, which is the topological invariant that
we will use in the study of the nonlinear eigenvalue problem for first order systems
of differential equations of Sect. 6. We follow the approach of [44], in which the
authors define the Maslov index for paths of lagrangian subspaces of R2N ; in view
of our application, we will also describe the particular situation when the lagrangian
subspaces are the images of the fundamental matrix of a system of first order linear
differential equations in R

2N .

Before giving the definition of the Maslov index, we recall some standard notions
of symplectic geometry (cf. [4, 38]).

Consider a linear space V of finite dimension and a bilinear, antisymmetric and
nondegenerate form ! W V � V ! R. The space .V; !/ is called a symplectic
vector space. The classical example is .RN � R

N ; !0/, where, setting z D .x; y/;

z0 D .x0; y0/, it is !0.z; z0/ D xy0 � x0y: Let

J D
0

@
0 �Id

Id 0

1

A (7)

be the standard symplectic matrix. Note that !0.z; z0/ D .J z/z0: Every symplectic
space .V; !/ has even dimension; moreover, there exists a symplectic isomorphism
� W .V; !/ ! .R2N ; !0/, i.e. a map such that !0.�.z/; �.z0// D !.z; z0/ for all
z; z0 2 V . In what follows we shall write ! instead of !0.

Definition 2.1. A subspace L of R
2N is called lagrangian if dimL D N and

!.z; z0/ D 0 for all z; z0 2 L.

The subspaces L1 D f0g � R
N and L2 D R

N � f0g are lagrangian subspaces. If
N D 1, every line through the origin is a lagrangian subspace.

It is useful to know various ways to describe a lagrangian subspace. First, we can
use a linear injective map Z W RN ! R

2N such that L D ImZ, together with an
additional condition which can be expressed by writing

Z D
�
X

Y

�

;

being X; Y two N �N matrices s.t. Z has rank N . Precisely,

Proposition 2.2. The subspace L is lagrangian if and only if Y tX D XtY .

Proof. For z 2 L there exists a unique u 2 R
N s.t. z D .Xu; Y u/. Then we have

!.z; z0/ D !..Xu; Y u/; .Xu0; Y u0// D Xu Y u0 � Y u Xu0 D .Y tX � XtY /u u0:

ut
The map Z is called a lagrangian frame.
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Another useful expression for lagrangian subspaces is obtained as follows.
Consider G 2 L .RN / and

L D Gr G D f.x;Gx/; x 2 R
N g:

Then we have

Proposition 2.3. The subspace L is lagrangian if and only if the matrix G is
symmetric.

Proof. Consider the frame
� Id
G

�

and observe that Gt Id � Idt G D 0. ut
Note that .Gr G/\ .f0g �R

N / D f0g. Moreover, it is useful to observe that if L
is a lagrangian subspace s.t.

L \ .f0g � R
N / D f0g (8)

and if Z D
�
X

Y

�
is a frame for L then X is invertible and L D Gr .Y X�1/ (note

that the lagrangian subspace f0g �R
N does not satisfy (8)). Indeed, (8) implies that

Ker X D f0g and hence X�1 is defined. Moreover,

L D f.Xu; Y u/; u 2 R
ng D f.XX�1v; YX�1v/; v 2 R

ng
D f.v; YX�1v/; v 2 R

ng D Gr .Y X�1/:

Theorem 2.4. The space 
.2N/ of lagrangian subspaces of R
2N is a C1-

manifold of dimension N.N C 1/=2.

The space 
.2N/ is called the lagrangian grassmannian.
We are now ready to give the definition of the Maslov index for paths of

lagrangian subspaces. Consider L 2 C1.Œ0; ��;
.2N //, a curve of lagrangian
subspaces. The Maslov index will be defined by means of a quadratic form which
we now describe.

Consider Nt 2 Œ0; �� and JL.Nt /; it is easy to see that this lagrangian subspace is
a complement of L.Nt/. Take z 2 L.Nt / and t in a neighbourhood of Nt . Denote by
w.t/ D .w1.t/;w2.t// the (unique) vector in JL.Nt / such that z C w.t/ 2 L.t/:

Then we can define the quadratic formQ.L; Nt/ W L.Nt / ! R by

Q.L; Nt/.z/ D d

dt
!.z;w.t//jtDNt ; 8z 2 L.Nt /:

In the particular case N D 1 and L.Nt / D R � f0g, then z D .x; 0/ and w2.t/ D
a.t/x; for some real function a. As a consequence,Q.L; Nt/.z/ D a0.Nt/x2.

We now give an useful expression for Q.
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Proposition 2.5. Let Z.t/ be a frame for L.t/. Then

Q.L; Nt/.z/ D X.Nt/u Y 0.Nt /u � Y.Nt /u X 0.Nt /u; (9)

being u s.t. z D Z.Nt /u 2 L.Nt/.
Proof. Without loss of generality, assume L.Nt / D R

N � f0g. We know that, being
z D .X.Nt/u; Y.Nt/u/ and w.t/ D .0;w2.t//, the condition z C w.t/ 2 L.t/ can be
written as

Y.Nt /u C w2.t/ D Y.t/ X.t/�1 X.Nt/u
(note that in a neighbourhood of Nt it is guaranteed that L.t/ \ .f0g � R

N / D f0g).
Observe that

!.z;w.t// D X.Nt/u w2.t/

and
Q.L; Nt/.z/ D X.Nt/u w0

2.t/:

Moreover,

w0
2.t/ D Y 0.t/ X.t/�1 X.Nt/u � Y.t/ X.t/�1 X 0.t/ X.t/�1 X.Nt/u:

Then (9) follows using the fact that Y tX D XtY . ut
In general, the Maslov index is defined for a pair .L1; L2/ of curves of lagrangian

subspaces. We shall consider the particular case L2 � V D f0g �R
N . We first give

the following:

Definition 2.6. Given L1 2 C1.Œ0; ��;
.2N //, a point Nt 2 Œ0; �� is a crossing for
.L1; V / if L1.Nt/ \ V ¤ f0g.

Then we set
� .L1; V; Nt/ WD Q.L1; Nt /jL1.Nt /\V :

Note that if Nt is not a crossing for .L1; V / then � .L1; V; Nt/ � 0.

Definition 2.7. A crossing Nt is regular if the quadratic form � .L1; V; Nt/ is nonde-
generate.

Remark 2.8. Using the fact that the eigenvalues of a smooth family of symmetric
matrices are continuous functions of t , we know that regular crossings are isolated.
Thus, there are at most a finite number of regular crossings in Œ0; ��.

We shall now define the Maslov index for a pair .L1; V / having only regular
crossings. To do this, we use the notion of signature of a quadratic form, which
is the difference between the number of positive eigenvalues and the number of
negative eigenvalues.

Definition 2.9. The Maslov index of the pair .L1; V /, with only regular crossings
in Œ0; ��, is defined as follows
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�.L1; V / D 1

2
sign� .L1; V; 0/C

X

0<t<�

sign� .L1; V; t/C 1

2
sign� .L1; V; �/; (10)

where the summation is taken over all crossings.

Let us note that from the above definition it follows that �.L1; V / 2 Z=2.
Definition 2.9 is easily understandable in case N D 1. Indeed, the fact that Nt is a

crossing for .L1; V / means that L1.Nt / D f0g � R; as a consequence, for every t in
a neighbourhood of Nt the lagrangian subspace L1.t/ is the line x D b.t/y, for some
b.t/ 2 R. Moreover, for z D .0; y/, � .L1; V; Nt/.z/ D �b0.Nt/y2 and the signature of
this quadratic form is determined by the sign of b0.Nt/. The Maslov index is thus an
algebraic count of those t for which L1.t/ D f0g � R.

Remark 2.10. The restriction on the regularity of the crossings in the above
definition can be eliminated. Indeed, in [44] it is proved that every lagrangian
path is homotopic with fixed endpoints to a lagrangian path having only regular
crossings and that two homotopic (with fixed endpoints) lagrangian paths with
regular crossings have the same Maslov index.

These facts allow to define the Maslov index of any pair .L1; V / as the Maslov
index of a lagrangian path with regular crossings homotopic with fixed endpoints
to L1.

We now consider the particular case in which L1.t/ arises from a symplectic
matrix. To this end, recall that the space of symplectic matrices is

Sp.2N/ D fA 2 L .R2N / W AtJA D J g:

Consider again V D f0g � R
N and  2 C1.Œ0; ��;Sp.2N //.

Proposition 2.11. For every t 2 Œ0; ��, the subspace  .t/V is a lagrangian
subspace.

Proof. Let us fix t 2 Œ0; �� and write

 .t/ D
0

@
X0.t/ X.t/

Y0.t/ Y.t/

1

A ; (11)

where X0.t/; Y0.t/; X.t/; Y.t/ are N � N block matrices; from a straightforward
computation we deduce that

Z.t/ D
�
X.t/

Y.t/

�
(12)

is a lagrangian frame for  .t/V . Then it is easy to check that

 .t/t J  .t/ D J H) Y.t/t X.t/ D X.t/t Y.t/:

ut
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We can now give the following:

Definition 2.12. The Maslov index of the symplectic path  is defined as follows

�. / D �. V; V /:

For the computation of �. /, it is useful to observe that if Nt is a crossing and
z 2  .Nt /V \ V then z D .X.Nt/u; Y.Nt/u/ with X.Nt/u D 0. Then, using (9),

� . V; V; Nt/.z/ D Q. V; Nt/j .Nt /V\V .z/ D �Y.Nt /u X 0.Nt /u:

Note also that, according to (11),

dim. .t/V \ V / D dim.KerX.t//; 8 t 2 Œ0; ��: (13)

An important example of path of symplectic matrices arises from a linear system
of first order differential equations in R

2N of the form

J z0 D B.t/ z; (14)

where B 2 C.Œ0; ��;M 2N
S /. Indeed, denoting by  the fundamental matrix

associated to (14), we have the following straightforward result:

Proposition 2.13. For every t 2 Œ0; ��, the matrix  .t/ is symplectic.

Example 2.14. Let us now compute the Maslov index in an elementary situation in
the case N D 1. Consider the planar system (14) with

B.t/ D
0

@
t C 1 0

0 t C 1

1

A ; 8 t 2 Œ0; ��:

As above, let  be the fundamental matrix of (14) and V D f0g � R; a simple
computation shows that a frame for  .t/V is given by

0

B
B
B
@

sin
� t2 C 2t

2

�

cos
� t2 C 2t

2

�

1

C
C
C
A
; 8 t 2 Œ0; ��:

Hence, according to Definition 2.6, Nt 2 Œ0; �� is a crossing for . V; V / if  .Nt /V \
V ¤ f0g, i.e. sin

� Nt2 C 2Nt
2

�
D 0; we then deduce that the only crossings in Œ0; ��

are t0 D 0; t1 D �1C p
1C 2�; t2 D �1C p

1C 4� .
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Let us now observe that all the crossings are regular, being

� . V; V; ti /.z/ D �Y.ti / X 0.ti /y2 ¤ 0; 8 z D .0; y/ 2 V; y ¤ 0; i D 0; 1; 2:

Using (9), it follows that

sign� . Q V; V; ti / D �1; i D 0; 1; 2:

Hence, we conclude that

�. / D 1

2
.�1/C .�1/C .�1/C 0 D �5

2
: (15)

3 The Number of Moments of Verticality

The subject of this section is an index (defined in [2]) associated to a system of linear
first order differential equations. We also illustrate the relation between this index
(the so-called “number of moments of verticality”) and the Maslov index of the
symplectic path associated to the fundamental matrix of the system and discussed
in the previous section.

Consider the system of 2N first order equations

J z0 D B.t/ z; z D .x; y/ 2 R
2N ; (16)

where B 2 C.Œ0; ��;M 2N
S /. Assume that B.t/ is positive definite for all t 2 Œ0; ��.

Definition 3.1. We say that Nt 2 .0; �� is a moment of verticality for (16) if the
boundary value problem

8
<

:

J z0 D B.t/ z

x.0/ D 0 D x.Nt/
(17)

has a nontrivial solution. The numberm.Nt/ of linearly independent solutions of (17)
is called the multiplicity of Nt .

Then we can give the following:

Definition 3.2. The number of moments of verticality of B is

j.B/ D
X

0<t<�

m.t/;

where the summation is taken over all moments of verticality.

The fact that j.B/ is a finite sum is a consequence of the positive definiteness
of B.t/, for every t 2 Œ0; ��. This will be clarified in the proof of Theorem 3.4
(see also Remark 3.5).
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In what follows we shall give a formula which relates j.B/ and the Maslov index
of the symplectic path generated by the fundamental matrix  of (16).

Proposition 3.3. A point Nt 2 .0; �� is a crossing for . V; V / if and only if Nt is a
moment of verticality for (16). Moreover, if we denote

 .t/ D
0

@
X0.t/ X.t/

Y0.t/ Y.t/

1

A ;

then m.Nt/ D dim.KerX.Nt//:
Proof. Let us first recall that

Z.t/ D
�
X.t/

Y.t/

�

is a frame for  .t/V , for every t 2 Œ0; ��. Now, it follows from the definition that
Nt 2 .0; �� is a crossing of . V; V / if and only if  .Nt /V \ V ¤ f0g, i.e. if and only
if there exists u 2 R

N n f0g such that .X.Nt/u; Y.Nt/u/ 2 V . As a consequence, Nt is a
crossing for . V; V / if and only if there exists u 2 .KerX.Nt// n f0g.

On the other hand, Nt 2 .0; �� is a moment of verticality for (16) if and only if
(17) has a nontrivial solution; using the fundamental matrix  it is easy to see that
the solutions z D .x; y/ of (16) satisfying the condition x.0/ D 0 can be written as

z.t/ D
0

@
X.t/

Y.t/

1

A u; (18)

for some u 2 R
N . Therefore, Nt 2 .0; �� is a moment of verticality for (16) if and

only if X.Nt/u D 0 for some u 2 R
N n f0g; hence, the conditions for Nt being a

crossing or a moment of verticality coincide.
Finally, from (18) we plainly obtainm.Nt/ D dim.KerX.Nt//. ut
The result stated below establishes a relation between the Maslov index and the

number of moments of verticality (cf. [7, 19]).

Theorem 3.4. The following relation holds true:

�. / D �
hN

2
C j.B/C m.�/

2

i
: (19)

Proof. Remember that z 2  .t/V \ V can be represented by z D .X.t/u; Y.t/u/
with X.t/u D 0, i.e. z D .0; Y.t/u/. In order to compute �. /; let us note that,
according to (9), we have

� . .t/V; V; t/.z/ D �Y.t/u X 0.t/u: (20)
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Thus we need to compute X 0.t/. To this end, we use the fact that the fundamental
matrix  is a (matrix) solution of (16); hence, we have

 0.t/ D J�1 B.t/  .t/ D
0

@
0 Id

�Id 0

1

A

0

@
B11.t/ B12.t/

B21.t/ B22

1

A

0

@
X0.t/ X.t/

Y0.t/ Y.t/

1

A ;

which implies

0

@
X 0
0.t/ X

0.t/

Y 0
0.t/ Y

0.t/

1

A D
0

@
: : : B21.t/X.t/C B22.t/Y.t/

: : : : : :

1

A :

Thus, (20) reduces to

� . .t/V; V; t/.z/ D �Y.t/u
�
B21.t/X.t/CB22.t/Y.t/

�
u

D �B22.t/t Y.t/u Y.t/u D �B22.t/ Y.t/u Y.t/u;
(21)

where we have used the fact that B.t/ is symmetric. On the other hand, an easy
computation shows that

B.t/z z D �B22.t/ Y.t/u Y.t/u;

for every z D .0; Y.t/u/ 2  .t/V \ V ; as a consequence, from (21) we obtain

� . .t/V; V; t/.z/ D �B.t/z z; (22)

for every z 2  .t/V \ V . From this relation and the fact that B.t/ is positive
definite, for every t 2 Œ0; ��, we first deduce that � . .t/V; V; t/ is non degenerate
at every crossing in Œ0; ��, i.e. the crossings are regular; moreover, at every crossing
� . .t/V; V; t/ is negative definite and, according to (13) and Proposition 3.3,
we have

sign� . V; V; t/ D �dim. .t/V \ V / D �dim .KerX.t// D �m.t/:
For the completion of the proof, recalling (10), it is sufficient to consider t D 0

and prove that sign� . .0/V; V; 0/ D �N . This is a consequence of the fact that
 .0/ D Id: indeed, from this condition we deduce that  .0/V \ V D V ¤ f0g
and then

sign� . .0/V; V; 0/ D �dim .KerX.0// D �N:
ut
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Remark 3.5. Let us observe that the proof of Theorem 3.4 shows that that the sum in
the definition of j.B/ is finite under the weaker assumption that B22.t/ is positive
definite, for every t 2 Œ0; �� (cf. relation (21)). Indeed, even in this case, every
crossing of . V; V / is regular. As already observed, we can then deduce that the
crossings are isolated and in a finite number in Œ0; ��; according to Proposition 3.3,
we conclude that there exist only finitely many moments of verticality in Œ0; ��.

This observation is crucial when dealing with first order systems arising from
second order equations; indeed, let us consider

X 00 CA.t/ X D 0; (23)

with A 2 C.Œ0; ��;MN
S /. It is well-known that (23) can be written in the form (16)

with

B.t/ D
0

@
A.t/ 0

0 Id

1

A ; 8 t 2 Œ0; ��I (24)

therefore, in order to define j.B/ no assumption on the definiteness of A is needed.
Let us also observe that in the case when A is constant it is possible to show that

j.B/ D
X

i W�i>0

�lp
�i

m
� 1

�
;

where �1; : : : ; �N are the eigenvalues of A and, for every r > 0, we have set dre D
n if n� 1 < r � n for some n 2 N; n � 1 (cf. [39], also in a more general setting).
A formula for the computation of j.B/ in the framework of linear Hamiltonian
systems can be found in [41].

Example 3.6. (Continuation of Example 2.14) Consider again (16) with

B.t/ D
0

@
t C 1 0

0 t C 1

1

A ; 8 t 2 Œ0; ��:

The solutions z D .x; y/ satisfying the condition x.0/ D 0 are given by

z.t/ D c
�

sin
� t2 C 2t

2

�
; cos

� t2 C 2t

2

��
; 8 t 2 Œ0; ��; c 2 R:

The moments of verticality in .0; �� are then the zeros of sin
� t2 C 2t

2

�
in .0; ��,

i.e. (cf. Example 2.14) the points ti ; i D 1; 2, whose multiplicity is obviously one.
Therefore we have j.B/ D 2.

Recalling (15), formula (19) reads then as �5
2

D �
�
1

2
C 2C 0

�

:
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4 The Phase-Angles and the Number of Moments
of Verticality

In this section we give a formula for the number of moments of verticality
introduced in Definition 3.2 based on the notion of “phase-angles” introduced in
[3, 26]. They are defined using the symplectic structure described in the previous
sections; in the case of planar systems they are strictly related to the usual Prüfer
angle coordinate.

As in the previous sections, we denote by

 .t/ D
0

@
X0.t/ X.t/

Y0.t/ Y.t/

1

A ; (25)

for every t 2 Œ0; ��, the fundamental matrix of (16) and we recall that

Z.t/ D
�
X.t/

Y.t/

�

is a frame for  .t/V , for every t 2 Œ0; ��. As a consequence, Z.t/ has rank N ;
hence the matrix 0

@
Y.t/ X.t/

�X.t/ Y.t/

1

A

is invertible and thus the matrix .Y.t/ � iX.t// is invertible as well.

For every t 2 Œ0; �� we can then define the matrix

�.t/ D .Y.t/C iX.t// .Y.t/ � iX.t//�1: (26)

The following fact will be useful in the sequel.

Lemma 4.1. The matrix �.t/ is unitary, for all t 2 Œ0; ��, i.e.

��.t/ �.t/ D Id; 8 t 2 Œ0; ��;

where ��.t/ denotes the adjoint of �.t/.

The computation needed for the proof is based on the fact that  .t/V is
lagrangian, for every t 2 Œ0; �� (cf. Propositions 2.11 and 2.13).

Proposition 4.2. (Atkinson [3, Chap. V.4 - Th. 10.8.1]). There exist N continuous
functions 
j W Œ0; �� ! R; j D 1; : : : ; N; such that:

(i) e2i
j .t/ is an eigenvalue of �.t/, for j D 1; : : : ; N ;
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(ii) 
1.0/ D 0 D � � � D 
N .0/;
(iii) 
1.t/ � 
2.t/ � � � � � 
N .t/ � 
1.t/C � .
(iv) 
j W Œ0; �� ! R is strictly increasing, for every j D 1; : : : ; N .

The functions 
j are called “phase angles”. The existence of 
j satisfying
Proposition 4.2 is proved in [3] using the fact that the eigenvalues of a symmetric
matrix are continuous functions of t .

Statements (i) and (ii) also follow from Kato Selection theorem (cf. Theorem 5.2
in [29]). Let us also observe that (iii) implies the uniqueness of the phase-angles.

The proof of Proposition 4.2 is based on the fact that eigenvalues of a family
of differentiable hermitian matrices with positive definite derivative are increasing
functions and on the relation

�0.t/ D i �.t/ ˝.t/; 8 t 2 Œ0; ��;
with

˝.t/ D 2
h�
Y.t/ � iX.t/

��1it �
X.t/

Y.t/

�t
B.t/

�
X.t/

Y.t/

��
Y.t/ � iX.t/

��1
;8 t 2 Œ0; ��:

We point out that a crucial role is also played by the fact that ˝.t/ is positive
definite, for every t 2 Œ0; ��, which is a consequence of the assumption on the
positive definiteness of B.t/.

The relation between the concepts of phase angle and of moment of verticality is
explained in the following:

Theorem 4.3. Let Nt 2 .0; ��. The following facts are equivalent:

(a) Nt is a moment of verticality for (16) of multiplicity m;
(b) 1 is an eigenvalue of �.Nt / of algebraic multiplicity m;
(c) There exist j1; : : : ; jm 2 f1; : : : N g s.t. 
jk .Nt/ D 0.mod�/; k D 1; : : : m.

Proof. The equivalence between .b/ and .c/ is straightforward. Let 1 be an
eigenvalue of �.Nt/ with algebraic multiplicity m. Being �.Nt / unitary, it follows
that the geometric multiplicity of 1 coincides with its algebraic multiplicity; this
means that m D dim.Ker.�.Nt/ � Id//. Note also that

�
�.Nt /�Id

��
Y.Nt/�iX.Nt/

�
D

h�
Y.Nt /CiX.Nt/

��
Y.Nt/�iX.Nt/

��1�Id
i�
Y.Nt/�iX.Nt/

�

D Y.Nt/C iX.Nt/ � Y.Nt /C iX.Nt/ D 2iX.Nt/:
Hence,

�
�.Nt /� Id

�
D 2iX.Nt/

�
Y.Nt/ � iX.Nt/

��1

and
dim.Ker.�.Nt/ � Id// D dim.Ker.X.Nt/// D m:
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This is sufficient to conclude that part (a) and (b) are equivalent. ut
We are now in position to state and prove a formula for the number of moments

of verticality based on the phase-angles. To this aim, for every t 2 Œ0; �� and for
every j D 1; : : : ; N , let us write


j .t/ D kj .t/� C ˛j .t/; (27)

with ˛j .t/ 2 .0; �� and kj .t/ 2 N.

Theorem 4.4. The number of moments of verticality of B satisfies

j.B/ D k1.�/C � � � C kN .�/: (28)

Proof. Formula (28) is a consequence of the equivalence of parts (a) and (c) in
Theorem 4.3; indeed, for every j D 1; : : : ; N , according to (27) and the fact that 
j
is increasing we infer that kj .�/ is exactly the number of t 2 .0; �/ such that 
j .t/
is a multiple of � . Hence, the sum k1.�/C : : :C kN .�/ counts (with multiplicity)
the number of t 2 .0; �/ such that there exists j 2 f1; : : : ; N g for which 
j .t/ is a
multiple of � , i.e. it coincides with the number of moments of verticality. ut

In the proof of formula (28) we used the fact that the phase-angles are increasing
(which is a consequence of the positive definitiveness of B.t/, for every t 2 Œ0; ��);
a more careful analysis shows that for (28) it is sufficient that the phase-angles are
increasing in a neighbourhood of the moments of verticality. Indeed we have

Proposition 4.5. Assume that B22.t/ is positive definite for all t 2 Œ0; �� and that
there exist t� 2 Œ0; �� and j 2 f1; : : : ; N g such that


j .t
�/ D 0 mod �: (29)

Then 
j is stricty increasing in t�.

Proof. We use Theorem V.6.2 in [3]. Thus, we have to prove that for all u 2 R
N nf0g

such that
�.t�/u D e2i
j .t

�/u D u; (30)

then ˝.t�/u u > 0.
By the definition of ˝ (and omitting t�), we get

˝u u D
�
2Œ.Y � iX/�1��

�
X

Y

�t

B

�
X

Y

�

.Y � iX/�1
�

u u

D
�
2B

�
X

Y

�

.Y � iX/�1
�

u
��
X

Y

�

.Y � iX/�1
�

u

D
�
2B

�
X.Y � iX/�1
Y.Y � iX/�1

��
u

�
X.Y � iX/�1
Y.Y � iX/�1

�

u:
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A simple computation (cf. the proof of Theorem 4.3) shows that

� � Id D 2iX.Y � iX/�1; � C Id D 2Y.Y � iX/�1

and, as a consequence,

˝u u D
�
2B

�
��Id
2i

�CId
2

��
u

�
��Id
2i

�CId
2

�

u:

Using (30), it follows that��I D 0 and hence, setting Qu D �CI
2

u ¤ 0, the positive
definiteness of B22 implies that

˝u u D
�
2B

�
0

Qu
�� �

0

Qu
�

D 2

�
B12 Qu
B22 Qu

� �
0

Qu
�

D
�
2B22 Qu

�
Qu > 0:

ut
Remark 4.6. Note that the above Proposition follows from the less restrictive
assumption that B22.t/ is positive definite, for every crossing t 2 Œ0; ��. Observe
also that (on the lines of Remark 3.5), this same condition is indeed sufficient
for the finiteness of j.B/. We also refer to Remark 4.9. We finally recall that the
situation in which only the matrix B22.t/ is definite positive is met in the study of
second order systems of differential equations (cf. Remark 3.5). In this framework,
the monotonicity of the phase angles in a neighbourhood of a crossing is treated
(quoting a result of Conley [16]) in [26, Lemma 8.2].

It is also worth noticing that in [32] it is shown that the positive definiteness of
B22.t/ is a sufficient condition for the monotonicity of the eigenvalues of a matrix
analogue to �.t/; more precisely (cf. (26)), in [32] the author deals with the first
row in (25) instead of the second column.

Example 4.7. (Conclusion of Examples 2.14 and 3.6) Consider again (16) with

B.t/ D
0

@
t C 1 0

0 t C 1

1

A ; 8 t 2 Œ0; ��:

As already observed, in this situation we have X.t/ D sin
� t2 C 2t

2

�
and Y.t/ D

cos
� t2 C 2t

2

�
, for every t 2 Œ0; ��; hence, the matrix � defined in (26) is
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�.t/ D
cos

� t2 C 2t

2

�
C i sin

� t2 C 2t

2

�

cos
� t2 C 2t

2

�
� i sin

� t2 C 2t

2

� D cos.t2 C 2t/C i sin.t2 C 2t/; 8 t 2 Œ0; ��:

By writing

�.t/ D ei.t
2C2t/ D e

2i

� t2 C 2t

2

�

; 8 t 2 Œ0; ��;
we deduce that the phase-angle 
1 is given by


1.t/ D t2 C 2t

2
; 8 t 2 Œ0; ��:

In particular, for t D � we have

�

1.�/

�

�

D 2;

which implies that k1.�/ D 2. The right hand side of formula (28) is then 2, which
is exactly j.B/, as computed in Example 3.6.

Remark 4.8. It is important to observe that in the case N D 1 the phase-angle

 D 
1 given in Proposition 4.2 coincides with the usual Prüfer angular coordinate
# , which is defined by

8
<

:

X.t/ D 	.t/ sin#.t/

Y.t/ D 	.t/ cos#.t/;
(31)

where, as above, .X; Y / is the solution of (16) satisfying .X.0/; Y.0// D .1; 0/.
Indeed, recalling that

�.t/D Y.t/C iX.t/

Y.t/� iX.t/ D Y 2.t/�X2.t/

X2.t/CY 2.t/
C 2i

X.t/Y.t/

X2.t/CY 2.t/
D e2i
.t/; 8 t 2 Œ0; ��;

a straightforward computation shows that 
 D # .
The consequence of this fact is that in the case N D 1 we can establish a relation

between the number of moments of verticality (or the Maslov index) and the usual
rotation number in the plane. Indeed, let us recall that for every nontrivial solution
z D .x; y/ of (16) (withN D 1) we can define the rotation number rotz by means of

rotz D 1

2�

Z �

0

x.t/y0.t/ � x0.t/y.t/
x.t/2 C y.t/2

dt I

moreover, when the condition x.0/ D 0 is imposed, then rotz does not depend on z.
In [7, Chap. 2.6] it is proved that
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2rotz D �k1.�/ � ˛1.�/

�
D �j.B/ � ˛1.�/

�
I

therefore j.B/ 2 N is the integer satisfying the relation

�2rotz � 1 � j.B/ < �2rotz:

Remark 4.9. In view of Remark 4.8 we are now able to show directly in the case
N D 1 why the positive definiteness of B.t/ or B22.t/, for every t 2 Œ0; ��,
implies the monotonicity of 
1 in Œ0; �� or at the moments of verticality, respectively
(cf. statement .iv/ in Proposition 4.2 and Proposition 4.5). The angle 
1 coincides
with the angular coordinate # , which satisfies the well-known equation


 0.t/ D B11.t/ sin2 
.t/C 2B12.t/ sin 
.t/ cos 
.t/C B22.t/ cos2 
.t/

D QB.t/.sin 
.t/; cos 
.t//; t 2 Œ0; ��;
(32)

where QB.t/ denotes the quadratic form associated to the symmetric matrix B.t/,
for every t 2 Œ0; ��. It is then immediate to see that the fact that B.t/ is positive
definite for every t 2 Œ0; �� implies that 
 is increasing in Œ0; ��.

On the other hand, from (32) we also deduce that


 0.Nt/ D B22.Nt / cos2 
.Nt/;

for every moment of verticality Nt 2 Œ0; ��; as a consequence, an assumption on the
positive definiteness of B22.t/, for every t 2 Œ0; ��, implies that 
 is increasing in a
neighbourhood of any moment of verticality.

5 Some Related Notions

The index theory for linear Hamiltonian systems is an extremely wide topic. In this
Section, we try to give a brief account on this subject, indicating some notions and
questions related to the ones discussed before.

First of all, it is worth mentioning that, besides the approach in [44], there are
other possibilities for the construction of the abstract Maslov index for paths of
Lagrangian subspaces (see, for instance, [13, 19]). Each of them leads to a slightly
different object, so that some attention is needed. See also [18].

Secondly, we notice that part of the discussion in Sects. 2–4 can be carried out
in a more general (non-Hamiltonian) setting. In what follows we briefly discuss this
possibility, following [9].



22 A. Boscaggin et al.

Consider a system of the form

J z0 C A.t/J z D B.t/z; z D .x; y/ 2 R
2N ; (33)

where the matrix B.t/ is symmetric and A.t/ is “Hamiltonian-like”, i.e. there exists
c.t/ 2 R such that .A.t/J /t D A.t/J C c.t/J . Notice that system (33) is not
Hamiltonian, unless c.t/ � 0, which means that the matrix A.t/ is Hamiltonian,
according to the standard definition. Moreover, no definiteness assumptions onB.t/
are imposed. Notice that the important Dirac-type systems we treat in Sect. 7

2q.t/J z0 C q0.t/J z C P.t/z D S.t/z; z D .x; y/ 2 R
2N ;

being q 2 C1.Œ0; ��/ with q.t/ > 0 and P.t/; S.t/ 2N � 2N symmetric matrices,
are of the form (33) (cf. [5, 23, 54] and [6, 8, 51, 52]).

The first remark is that the fundamental matrix  is “symplectic-like”, i.e. there
exists d.t/ ¤ 0 such that

 .t/t J .t/ D d.t/J; 8 t: (34)

This guarantees that Proposition 2.11 holds true and, as a consequence, that the
Maslov index �. / can be defined as in Definition 2.12.

On the other hand (thinking of Sect. 4), one can show that (34) is sufficient
to guarantee that the matrix �.t/—defined as in Sect. 4 using  .t/—is uni-
tary; this fact enables to define the phase-angles as the N continuous functions

1.t/; : : : ; 
N .t/ satisfying conditions .i/; .i i/; .i i i/ of Proposition 4.2. It is impor-
tant to remark that, due to the lack of definiteness assumptions on B.t/, the phase
angles do not satisfy monotonicity properties (cf. .iv/ of Proposition 4.2). Hence,
even if the mere definition of a moment of verticality for (33) still makes sense,
equality (28) is in general not available (it is not even possible to guarantee that the
sum in Definition 3.2 is finite).

However, a relation between the Maslov index and the phase-angles still holds
true in this more general setting. More precisely, with the same arguments as in
Proposition 3.3 and Theorem 4.3, it is possible to see that

dim. .t/V \ V / D card M.t/;

where M.t/ WD
n
j 2 f1; : : : ; N g j 
j .t/ D 0 mod �

o
. Hence, Nt is a crossing for

the pair . V; V / if and only if M.Nt/ ¤ ;. Moreover (see [14, Proposition 5] for
details), if the crossing Nt is regular then the monotonicity of 
j in a neighborhood
of Nt is strictly related with the signature of � . V; V; Nt/.

Having in mind Steps (II) and (III) in the Introduction, it turns out that a topo-
logical invariant defined through the phase-angles enables to develop a complete
linear theory for (33). More precisely, in [9] it is proved the existence of a sequence
of eigenvalues; moreover, the corresponding eigenfunctions are characterized by
means of an index defined by
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i.A;B/ D
NX

jD1

j
j .�/

�

k

where, for every r 2 R, we have set brc D m ifm � r < mC1 form 2 Z (see also
[31] for a similar definition, in the Hamiltonian case). Notice that in the caseN D 1

every linear first order system is of the form (33) and, as it is easily seen arguing as
in Remark 4.8, it holds that i.A;B/ D b�2rotz�c, being z�.t/ D .x�.t/; y�.t// a
nontrivial solution to (33) with x�.0/ D 0:

Another widely investigated topic is the index theory for linear Hamiltonian
systems with periodic boundary conditions. A classical reference, in the context
of stability problems, is the book by Yakubovich–Starzinski [55] (we refer, in
particular to Sects. III.5.3 and III.5.4 of Volume 1). A more modern and very
common tool in this framework is the Conley-Zehnder index, whose definition goes
back to [17] (we refer to the books [1,33] for an exhaustive treatment of the subject).
Here we limit ourselves to mention the fact that also this index can be expressed in
terms of the abstract Maslov index for Lagrangian subspaces (see [44, Remark 5.4]);
moreover, when the matrix B.t/ is positive definite (in case of convex Hamiltonian
systems) a formula on the lines of (19) is still available (cf. [22,37]). We also recall
that, in the case N D 1, a characterization of the Conley-Zehnder index in terms of
the rotation number of the solutions in the plane has been given in [35].

We then touch on the relationship between the Maslov index and the Morse
index. This question, which goes back to the Sturm oscillation theorem for
second order differential equations and to the celebrated Morse index theorem in
Riemannian geometry, is very deep and many efforts have been devoted to prove
some general “Index Theorems”, that is, results that relate Maslov-type and Morse-
type indices.
In the case of systems of second order equations like (23), it can be proved that the
number of moments of verticality j.B/; being B.t/ as in (24), equals the Morse
index of the origin as a critical point of the Lagrange functional

'A.X/ D 1

2

Z �

0

jjX 0.t/jj2 dt �
Z �

0

A.t/X.t/X.t/ dt; 8 X 2 H1
0 .Œ0; ��/:

Since formula (19) relates j.B/ to the Maslov index (cf. Remark 3.5), a relationship
between the Maslov index and the Morse index is established. Such a result is
essentially due to [19].
In the general case of a linear Hamiltonian system, a great problem appears since
the natural variational formulation of J z0 D B.t/z leads to a strongly indefinite
quadratic functional (that is, the usual Morse index of the origin is always infinite).
In this case, more sophisticated tools (dual variational techniques in the convex
case, relative Morse indices, spectral flow) have been introduced by various authors.
We refer, among others, to [15,25,40,45]. According to [1], the analogous question
for periodic Hamiltonian system is even better understood.
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Finally, we mention another notion of Maslov index which has been given
(starting from the paper by Johnson–Moser [27]) by Johnson–Nerurkar in [28].
More recent improvements and developments can be found in the paper by Fabbri–
Johnson–Nu Qnez [24] and references therein. In [28] it is considered a system of the
form

J z0 D A.t/z C �� .t/z; z 2 R
2N ; t 2 R; � 2 R; (35)

where A.t/; � .t/ 2 M2
S , for every t 2 R . The fact that the system is defined on

the real line, without any assumption of periodicity, implies that some difficulties in
the definition of an index arise; the authors then define a topological invariant which
can be considered as an average Maslov index.

The first step in the construction in [28] is to enter in the framework of topological
dynamics [48] and to embed the original system (35) in a family of systems of the
form

J z0 D ay.t/z C ��.�t .y//z; z 2 R
2; t 2 R; � 2 R; y 2 Y; (36)

where Y is a compact translation invariant subset of L
p
loc.R;L .R2N // �

Cb.R;L .R2N //, ay.t/ is symmetric, for every t 2 R and y 2 Y , � W Y ! L .R2N /

is continuous, �.y/ is symmetric and positive semi-definite, for every y 2 Y , and �t
is a flow on Y (by Cb.R;L .R2N // we denote the set of matrices having bounded
continuous entries).

This can be done in a standard way assuming for instance that the functionsA and
� in (35) are uniformly locally Lp-integrable, with p � 1, and uniformly bounded
and continuous, respectively.

When (36) is considered, for every � 2 R and y 2 Y it is possible to define the
Maslov index ��;y;t . /, where  denotes, as usual, the fundamental matrix of the
system (36); then, a suitable index is

˛.�/ D lim
T!C1

���;y;t . /

t
; (37)

whenever defined. For the existence, in a suitable sense, of the above limit it is
necessary to consider system (36). More precisely, it is possible to show that,
given an ergodic measure on Y , then there exists Y1 � Y , whose complement has
�-measure zero, such that for every y 2 Y1 the limit in (37) exists and is independent
on the choice of y 2 Y1.

We finally point out that in [28] the index defined in (37) is used in order to
characterize the set of real numbers � for which (36) has an exponential dichotomy.

6 Nonlinear First Order Systems in R
2N

In this section we illustrate a result contained in [10] concerning a nonlinear
eigenvalue problem associated to a first order system in R

2N ;N � 2. We adopt the
bifurcation approach described in Sect. 2, using Theorem 1.1; as already observed,
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the crucial points are the study of the spectral properties of the linear operator given
in the differential system (cf. Proposition 6.1) and the introduction of the topological
invariant which will be preserved on the bifurcating branches.

In this case this invariant is the Maslov index previously described; a fundamental
point is the study of its continuity (cf. Proposition 6.3).

Let us then consider the Dirichlet problem

8
<

:

J z0 D ��Sz C F.t; z; �/z; t 2 Œ0; ��; z D .x; y/ 2 R
2N ; � > 0;

x.0/ D 0 D x.�/

(38)

where S 2 M2N
S , F.t; z; �/ 2 M2N

S , for every .t; z; �/ 2 Œ0; �� � R
2N � .0;C1/,

and F.t; 0; �/ D 0, for every .t; �/ 2 Œ0; �� � .0;C1/. As usual, we denote by ˙
the closure of the set of nontrivial solutions to (38).

In order to study the linear problem

8
<

:

J z0 D ��Sz;

x.0/ D 0 D x.�/;

(39)

we introduce some assumptions on S . First of all, let us denote by �1; : : : ; �2N the
(real) eigenvalues of S 2 M2N

S and let D D diag.�1; : : : ; �2N /; moreover, let P be
an orthogonal matrix such that

PT SP D D:

We denote by S the class of constant matrices S 2 M2N
S such that:

1. For every i ¤ j , i; j D 1; : : : ; N , we have

p
�i�NCi

p
�j�NCj

… Q:

2. The matrix P has the form

P D
0

@
P11 P12

�P12 P11

1

A (40)

and P11 is invertible.
3. The matrix Q D �P12P�1

11 is diagonal.

We remark that it would be possible to define a different class S , suitable for the
proof of our results, by requiring that P12 is invertible and by replacing the matrix
Q with the matrix Q0 D �P11P�1

12 .
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We recall that every symplectic orthogonal matrix P can we written in the form
(40); hence, starting from a symplectic ortogonal matrix satisfying condition 3. it is
possibile to construct matrices S 2 S . Indeed, let us for instance take P11 2 MN

S

such that P2
11 D Id and set P12 D P11. Then, for every diagonal matrix D D

diag.�1; : : : ; �2N / whose eigenvalues satisfy condition 1, the matrix S D P D PT

belongs to the class S .
When S 2 S the behaviour of the linear problem (39) is completely known.

Indeed, we have the following result:

Proposition 6.1. Assume that S 2 S . Then the eigenvalues of the linear problem
(39) are

�j;k D k
p
�j �NCj

; 8 j D 1; : : : ; N; k 2 Z:

Moreover, for every k ¤ 0 and for every j D 1; : : : ; N , �j;k is simple.

We observe that, according to the previous sections, it is possible to associate to
every eigenvalue �j;k the number of moments of verticality of the corresponding
linear system. By rearranging the eigenvalues, we obtain the following result.

Theorem 6.2. Assume that S 2 S . Then (39) has a double sequence of simple
eigenvalues �k such that

�k ! ˙1; as k ! ˙1:

Moreover, for every k 2 Z; k ¤ 0;

j.��kS/ D jkj � 1:

Let us now focus on the notion of index of a solution to the initial nonlinear
problem (38); consider a solution .�; z/ of (38) and let

S�;z.t/ D ��S C F.t; z.t/; �/; 8 t 2 Œ0; ��:

We then define
˚.�; z/ D j.�S�;z/:

The continuity of ˚ , which plays a crucial role in the bifurcation argument, is a
consequence of the fact that the moments of verticality of (39) are simple when
S 2 S . Indeed, it is possible to prove the following result:

Proposition 6.3. [10, Prop. 2.2-Lemma 3.1] There exists � W R n f0g ! R such
that if

jjF.t; z; �/jj � �.�/; 8 .t; z; �/ 2 Œ0; �� � R
2N � R n f0g (41)

then ˚ is continuous in ˙ .
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In view of the results stated in this Section, the existence of bifurcating branches
of nontrivial solutions of (38) can be proved:

Theorem 6.4. Assume that S 2 S and F.t; 0; �/ D 0, for every t 2 Œ0; ��, � > 0.
Moreover, suppose that F satisfies (41). Then, for every k 2 N, k ¤ 0, ˙ contains
a continuum Ck such that .�k; 0/ 2 Ck, there exists .�n; un/ 2 Ck such that

˚.�; u/ D k � 1; for every .�; u/ 2 Ck
and

�n C jjunjj ! C1 or �n ! 0C; n ! C1;

where jj � jj is the sup-norm in the space C0.Œ0; ��;R2N /

Remark 6.5. In the caseN D 1 the conclusion of Theorem 6.4 still holds, assuming
detS > 0 and F.t; 0; �/ D 0, for every t 2 Œ0; ��, � > 0. Moreover, in this situation
a multiplicity result (Theorem 3.10 in [10]) can be proved. More precisely, a suitable
growth condition at infinity on F enables to give a priori bounds on the solutions
with a fixed Maslov index.

7 Nonlinear Dirac-Type Systems in the Half-Line

In this section we present a result contained in [11] which deals with the existence
of solutions to a nonlinear planar Dirac-type system in the half-line. The method of
proof follows the same lines of the one used in Sect. 6; in this situation the study
of the spectral theory of the linear Dirac operator is the main difficulty. Indeed, it
is necessary to use some functional analysis results [53], together with the classical
Levinson theorem [21].

Let us consider the planar system

J z0 C P.t/z D �z CQ.t; z/z; t 2 Œ1;C1/; � 2 R; z D .u; v/ 2 R
2; (42)

where P W Œ1;C1/ ! M2
S andQ W Œ1;C1/�R

2 ! M2
S are continuous functions.

When Q � 0 and t 2 Œa; b�, for some bounded interval Œa; b� � R, then (42)
is of the form (33); therefore, it is possible to use one of the topological invariants
introduced in Sect. 5 to characterize the solutions. However, the major interest in
the study of this kind of system is the case when the equations are defined in an
unbounded interval; unfortunately, in this situation a complete index theory is not
available.

In order to overcome this problem, we shall take advantage of the fact that (42)
is a planar system and we consider the usual angular coordinate in order to define
an index associated to nontrivial solutions.

First of all, let us observe that we are interested in nontrivial solutions z D .u; v/
of (42) belonging to the space
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D0 D fz 2 H1.1;C1/ W v.1/ D 0gI (43)

the choice of this space is strictly related to the properties of the linear operator �
formally defined by

�z D J z0 C P.t/z (44)

(see the discussion following Theorem 7.1).

We denote by P the class of continuous maps P W Œ1;C1/ �! M2
S such that

lim
t!C1P.t/ D

0

@
�� 0

�C

1

A WD P0; (45)

for some �� < �C, and there exists q � 1 such that

Z C1

1

jR.t/jq dt < C1;

where R.t/ D P.t/ � P0, for every t � 1. Moreover, we denote by Q the set of
continuous functionsQ W Œ1;C1/ � R

2 �! M2
S satisfying the conditions

1. There exist ˛ 2 L1.1;C1/, �1; �2; �12 W R
2 �! R, continuous and with

�1.0/ D �2.0/ D �12.0/ D 0, and p � 1 for which

jQi.t; z/j � ˛.t/�i .z/; 8 t � 1; z 2 R
2; i D 1; 2;

jQ12.t; z/j � ˛.t/�12.z/; 8 t � 1; z 2 R
2I

(46)

2. For every compactK � R
2 there exists AK > 0 such that

jjQ.t; z/�Q.t; z0/jj � AK jjz � z0jj; 8 t � 1; z; z0 2 K: (47)

In order to use the approach described in Sect. 1, we first need an abstract
bifurcation theorem suitable for the application to (42). We observe that in this
situation there is a lack of compactness, due to the fact that the planar system is
defined in the unbounded interval Œ1;C1/; as a consequence, Theorem 1.1 cannot
be applied and a different result is needed. It turns out that a slight variant of a
bifurcation theorem of Stuart [49] is suitable for our application. Let us briefly
describe the abstract framework required.

Consider a real Hilbert space B and let A0 W D.A0/ �! B be an unbounded
self-adjoint operator in B with

�ess.A0/ D .�1; ��� [ Œ�C;C1/; (48)



The Maslov Index and Global Bifurcation 29

for some �� < �C. Let H denote the real Hilbert space obtained from the domain
of A0 equipped with the graph topology and let us consider the nonlinear problem

A0u CM.u/ D �u; .�; u/ 2 R �H; (49)

whereM W H �! B is a continuous and compact map such that

M.u/ D o.jjujjH/; u ! 0:

Finally, let ˙ be the closure of nontrivial solutions to (49). Hence, the following
result holds true:

Theorem 7.1. Let � 2 .��; �C/ be an eigenvalue of A0 of odd multiplicity and let
C� denote the component of˙ containing .�; 0/. Then, C� has one of the following
properties:

(1) C� is unbounded in .��; �C/ �H .
(2) supf� W .�; u/ 2 C�g � �C or inff� W .�; u/ 2 C�g � ��.
(3) C� contains an element .��; 0/ 2 ˙ with �� ¤ �.

The original version of Stuart deals with a linear operator A0 satisfying the
condition

�ess.A0/ D Œ��;C1/;

for some �� 2 R, instead of (48). The situation when the essential spectrum of A0
is bounded from below arises e.g. in the study of the one-dimensional Schrödinger
operators, which was the subject of the paper [49].

In our situation, B is the space L2.1;C1/; moreover, it is possible to show that
the operator � defined by (44) has a self-adjoint extension A0 with

D.A0/ D D0

(see (43)) and such that (48) holds true, with �˙ given in (45).

The nonlinear term M is, as usual, the Nemitskii operator associated to Q,
given by

M.u/.t/ D Q.t; u.t//u.t/; 8 t � 1;

for every u 2 D0. The following result illustrates some assumptions on Q which
ensure that M has the properties required in Theorem 7.1.

Proposition 7.2. Assume that Q 2 Q and that

lim
t!C1˛.t/ D 0; (50)

where ˛ is given in (46). Then M W D0 �! L2.1;C1/ is a continuous compact
map and satifiesM.u/ D o.jjujjD0/; u ! 0.
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Two problems are now in order: the existence of (simple) eigenvalues of A0
in 
 WD .��; �C/ and the definition (and continuity) of an index associated to
solutions to (42).

As far as the first problem is concerned, it is possible to show that the existence
of eigenvalues of A0 (and their number) in 
 is related to the oscillatory behaviour
of the linear problem

8
<

:

J z0 C P.t/z D �z; z D .u; v/

v.1/ D 0

(51)

when � D �˙. This fact is well known in the case of the second-order differential
operator (see e.g. [20, Theorems 53–55]). In our context, if we assume that the
coefficients P11 and P22 of P are increasing in Œ1;C1/, then if (51) is oscillatory
(i.e. the number of rotations of the nontrivial solutions is infinite) an infinite
sequence of eigenvalues accumulating to �C does exist; on the contrary, when the
solutions of (51) for � D �C have a finite number of rotations in the phase-plane,
then only finitely many eigenvalues fall in .��; �C/.

In the case of a system of the form (42) where � is the radial Dirac operator with
a Coulomb-like potential, i.e. where P has the form

P.t/ D
0

@
�1C V.t/ k=t

k=t 1C V.t/

1

A ; k 2 N;

then the following result holds true:

Proposition 7.3. Assume that V 2 C.1;C1/ is a strictly increasing negative
potential such that

V.t/ 	 c

t˛
; t ! C1;

with ˛ 2 .0; 1�. Then,A0 has a sequence of simple eigenvalues in .�1; 1/ converging
to 1.

Observe that Dirac operators of the above form (which are the classical Dirac
operators when V.t/ D c=t) have been considered, among others, in [46]. In this
paper, the authors study the eigenvalue problem on .0;C1/, and, as a consequence,
the operator � is singular also at x D 0. More precisely, in [46] it is proved a
result similar to Proposition 7.3 (under more restrictive conditions on ˛) in the case
when V is singular at zero; however, no information on the nodal properties of the
eigenfunctions is provided.

Let us now focus on the definition of the index; we start considering solutions
of the linear problem (51). Let us fix a nontrivial solution .�; z/ of (51) and write
z D .u; v/ in polar coordinates as u D 	 cos 
; v D 	 sin 
 ; the angular coordinate 

is normalized in such a way that
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.1; �/ D 0; 8� 2 
;

(according to the boundary condition v.1/ D 0). Let us observe that we cannot a
priori ensure that 
.�; �/ is bounded, since we are considering an unbounded interval
Œ1;C1/; nevertheless, the fact that � 2 
 guarantees that there exist t� � 1 and
k� 2 Z such that

k�� � 
.t; �/ < .k� C 1/�; 8 t � t�:

As a consequence, we can give the following definition:

Definition 7.4. Assume that P 2 P , � 2 
 and let .�; z/ be a nontrivial solution
of (51). We define

i.�; z/ D
�

.t�; �/

�

�

:

From the properties of 
.t�; �/ it follows that the above defined index is
independent of z. Indeed, it is related to j.�Id � P/ in the interval Œ1; t��:

When the nonlinear system (42), together with the boundary condition v.1/ D 0,
is considered, we can define the index of a solution by means of a standard
linearization procedure. Indeed, we have the following:

Definition 7.5. Assume that P 2 P and Q 2 Q and let .�;w/ be a solution of
(42), with w 2 D0.

If .�;w/ ¤ .�; 0/, then the index of .�;w/ is defined as the index i.�;w/ of
.�;w/ as a solution of the linear problem

8
<

:

J z0 C P.t/z D �z CQ.t;w.t//z;

v.1/ D 0:

If .�;w/ D .�; 0/ and the linear problem

8
<

:

J z0 C P.t/z D �z;

v.1/ D 0

has a nontrivial solution z� 2 D0, then the index of .�;w/ is defined as the index
i.�; z�/ of .�; z�/ as a solution of the above problem.

According to the discussion of Sect. 1, the possibility of excluding (3) in
Theorem 7.1 relies on some continuity property of the index i defined above and
on the fact that indeces associated to different eigenfunctions of the linear problem
are different. In our situation continuity can be proved by carefully studying the
properties of 
 , while in general it is not possible to guarantee that different
eigenfunctions have different indeces. Indeed, we have the following:
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Proposition 7.6. Let f�kgk2K be the set of simple eigenvalues of A0 in .��; �C/,
for some K � N. Then, there exist at most two indeces k1 and k2 2 K such that

i.�k1/ D i.�k2/ and i.�j / ¤ i.�m/; 8 j ¤ m; j;m 2 K n fk1; k2g;

where i.�k/ denotes the index of .�k; z�k /, being z�k an eigenfunction associated
to �k:

The consequence of Proposition 7.6 is that for branches bifurcating from .�j ; 0/,
with j ¤ k1 and j ¤ k2, condition (3) in Theorem 7.1 cannot hold; however, we
cannot exclude that the two branches bifurcating from .�k1 ; 0/ and .�k2 ; 0/ coincide.

We are now in position to state a global bifurcation result for the nonlinear
problem (42).

Theorem 7.7. Assume that P 2 P , Q 2 Q and (50) holds true. Then for every
k 2 K n fk1; k2g there exists a continuum Ck of nontrivial solutions of (42) in
.��; �C/ �D0 bifurcating from .�k; 0/ and such that

(1) Ck is unbounded in .��; �C/ �D0, or
(2) supf� W .�; u/ 2 Ckg � �C or inff� W .�; u/ 2 Ckg � ��.

Moreover, we have

i.�; z/ D i.�k/; 8 .�; z/ 2 Ck:
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14. F. Chardrard, Stabilité des ondes solitaires, Ph. D. Thesis, Ecole Normale Supérieure de
Cachan, 2009

15. C.N. Chen, X. Hu, Maslov index for homoclinic orbits of Hamiltonian systems. Ann. Inst. H.
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1 Introduction

The qualitative theory of dynamical systems has seen an enormous development
since the groundbreaking contributions of Poincaré and Lyapunov over a century
ago. Meanwhile it provides a successful framework to describe and understand a
large variety of phenomena in areas as diverse as physics, life science, engineering
or sociology.

Such a success benefits, in part, from the fact that the law of evolution in
various problems from the above areas is static and does not change with time (or
chance). Thus a description with autonomous evolutionary equations is appropriate.
Nevertheless, many real world problems involve time-dependent parameters and,
furthermore, one wants to understand control, modulation or other effects. In
doing so, periodically or almost periodically driven systems are special cases,
but, in principle, a theory for arbitrary time-dependence is desirable. This led to
the observation that many of the meanwhile well-established concepts, methods
and results for autonomous systems are not applicable and require an appropriate
extension—the theory of nonautonomous dynamical systems.

The goal of these notes is to give a solid foundation to describe the long-
term behaviour of nonautonomous evolutionary equations. Here we restrict to the
discrete-time case in form of nonautonomous difference equations. This has the
didactical advantage to feature many aspects of infinite-dimensional continuous-
time problems (namely nonexistence and uniqueness of backward solutions) with-
out an involved theory to guarantee the existence of a semiflow. Moreover, even in
low dimensions, discrete dynamics can be quite complex.

Beyond that a time-discrete theory is strongly motivated from applications e.g.,
in population biology. In addition, it serves as a basic tool to understand numerical
temporal discretization and is often essential for the analysis of continuous-time
problems thorough concepts like time-1- or Poincaré mappings.

The focus of our presentation is on two formulations of time-discrete non-
autonomous dynamical systems, namely processes (two-parameter semigroups) and
skew-product systems. For both we construct, discuss and compare the so-called
pullback attractor in Chaps. 4–6. A pullback attractor serves as nonautonomous
counterpart to the global attractor, i.e., the object capturing the essential dynamics of
a system. Furthermore, in Chap. 7 we sketch two approaches to a bifurcation theory
for time-dependent problems to illuminate a current field of research. The final
Chap. 8 on random dynamical systems emphasises similarities to the corresponding
nonautonomous theory and provides results on random Markov chains and the
approximation of invariant measures.

To conclude this introduction we point out that a significantly more compre-
hensive approach is given in the up-coming monograph [25] (see also the lecture
notes [38, 44]). In particular, we neglect various contributions to the discrete-
time nonautonomous theory: An appropriate spectral notion for linear difference
equations (cf. [6, 35, 46, 47]) substitutes the dynamical role of eigenvalues from the
autonomous special case. Gaps in this spectrum enable to construct nonautonomous
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invariant manifolds (so-called invariant fiber bundles, see [5, 42]). As special case
they include centre fiber bundles and therefore allow one to deduce a time-dependent
version of Pliss’s reduction principle [33, 41]. The pullback attractors constructed
in these notes are, generally, only upper semi-continuous in parameters. Thus,
for approximation purposes it might be advantageous to embed them into a more
robust dynamical object, namely a discrete counterpart to an inertial manifold
[34]. Topological linearization of nonautonomous difference equations has been
addressed in [7, 8], while a smooth linearization theory via normal forms was
developed in [50].

2 Autonomous Difference Equations

A difference equation of the form

xnC1 D f .xn/ ; (1)

where f W R
d ! R

d , is called a first-order autonomous difference equation
on the state space R

d . There is no loss of generality in the restriction to first-
order difference equations (1), since higher-order difference equations can be
reformulated as (1) by the use of an appropriate higher dimensional state space.

Successive iteration of an autonomous difference equation (1) generates the
forwards solution mapping � W ZC � R

d ! R
d defined by

xn D �.n; x0/ D f n .x0/ WD f ı f ı � � � ı f
„ ƒ‚ …

n times

.x0/;

which satisfies the initial condition �.0; x0/ D x0 and the semigroup property

�.n; �.m; x0// D f n .�.m; x0// D f n ı f m .x0/ D f nCm .x0/

D �.nCm; x0/ for all n;m 2 Z
C; x0 2 R

d :
(2)

Here, and later,

Z
C WD f0; 1; 2; 3; : : :g; Z

� WD f: : : ;�3;�2;�1; 0g

denote the nonnegative and nonpositive integers, respectively, and a discrete interval
is the intersection of a real interval with the set of integers Z.

Property (2) says that the solution mapping � forms a semigroup under com-
position; it is typically only a semigroup rather than a group since the mapping f
need not be invertible. It will be assumed here that the mapping f in the difference
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X

x0

π(n, x0)

x0)π(m+n,

π(m,π(n, x0))

Fig. 1 Semigroup property
(ii) of a discrete-time
semidynamical system
� W ZC �X ! X

equation (1) is at least continuous, from which it follows that the mappings �.n; �/
are continuous for every n 2 Z

C. The solution mapping � then generates a discrete-
time semidynamical system on R

d .
More generally, the state space could be a metric space .X; d/.

Definition 2.1. A mapping � W ZC �X ! X satisfying

(i) �.0; x0/ D x0 for all x0 2 X ,
(ii) �.mC n; x0/ D �.m; �.n; x0// for all m, n 2 Z

C and x0 2 X ,
(iii) The mapping x0 7! �.n; x0/ is continuous for each n 2 Z

C,

is called a (discrete-time) autonomous semidynamical system or a semigroup on the
state space X .

The semigroup property (ii) is illustrated in Fig. 1 below. Note that such an
autonomous semidynamical system � onX is equivalent to a first-order autonomous
difference equation onX with the right-hand side f defined by f .x/ WD �.1; x/ for
all x 2 X .

If Z
C in Definition 2.1 is replaced by Z, then � is called a (discrete-time)

autonomous dynamical system or group on the state space X . See [10, 49]
Autonomous dynamical systems need not be generated by autonomous differ-

ence equations as above.

Example 2.2. Consider the space X D f1; � � � ; rgZ of bi-infinite sequences x D
fkngn2Z with kn 2 f1; � � � ; rg w.r.t. the group of left shift operators �n WD �n for
n 2 Z, where the mapping � W X ! X is defined by �.fkngn2Z/ D fknC1gn2Z. This
forms an autonomous dynamical system on X , which is a compact metric space
with the metric

d
�

x; x0� D
X

n2Z
.r C 1/�jnj ˇ

ˇkn � k0
n

ˇ

ˇ :

The proximity and convergence of sets is given in terms of the Hausdorff
separation distX.A;B/ of nonempty compact subsets A;B � X as

distX.A;B/ WD max
a2A dist.a; B/ D max

a2A min
b2B d.a; b/

and the Hausdorff metric HX.A;B/ D max fdistX.A;B/; distX.B;A/g on the
space H .X/ of nonempty compact subsets of X . In absence of possible confusion
we simply write dist or H for the Hausdorff separation resp. metric.
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2.1 Autonomous Semidynamical Systems

The dynamical behaviour of a semidynamical system � on a state space X is
characterised by its invariant sets and what happens in neighbourhoods of such sets.
A nonempty subset A of X is called invariant under � , or �-invariant, if

�.n;A/ D A for all n 2 Z
C (3)

or, equivalently, if f .A/ D �.1;A/ D A.
Simple examples are equilibria (steady state solutions) and periodic solutions;

in the first case A consists of a single point, which must thus be a fixed point of
the mapping f , whereas for a solution with period r it consists of a finite set of r
distinct points fp1; : : : ; prg which are fixed point of the composite mapping f r (but
not for an f j with j smaller than r).

Invariant sets can also be much more complicated, for example fractal sets. Many
are the !-limit sets of some trajectory, i.e., defined by

!C.x0/ D ˚

y 2 X W 9nj ! 1; �.nj ; x0/ ! y
�

;

which is nonempty, compact and �-invariant when the forwards trajectory
f�.n; x0/I n 2 Z

Cg is a precompact subset of X and the metric space .X; d/
is complete. However, !.x0/ needs not to be connected.

The asymptotic behaviour of a semidynamical system is characterised by its
!-limit sets, in general, and by its attractors and their associated absorbing sets,
in particular. An attractor is a nonempty �-invariant compact set A� that attracts
all trajectories starting in some neighbourhood U of A�, that is with !C.x0/ � A�
for all x0 2 U or, equivalently, with

lim
n!1 dist

�

�.n; x0/; A
�� D 0 for all x0 2 U :

A� is called a maximal or global attractor when U is the entire state spaceX . Note
that a global attractor, if it exists, must be unique. For later comparison the formal
definition follow.

Definition 2.3. A nonempty compact subset A� of X is a global attractor of the
semidynamical system � on X if it is �-invariant and attracts bounded sets, i.e.,

lim
n!1 dist

�

� .n;D/ ;A�� D 0 for any bounded subset D � X: (4)

As simple example consider the autonomous difference equation (1) on X D R

with the map f .x/ WD maxf0; 4x.1� x/g for x 2 R. Then A� D Œ0; 1� is invariant
and f .x0/ 2 A� for all x0 2 R, so A� is the maximal attractor. The dynamics are
very simple outside of the attractor, but chaotic within it.

The existence and approximate location of a global attractor follow from that of
more easily found absorbing sets, which typically have a convenient simpler shape
such as a ball or ellipsoid.
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Definition 2.4. A nonempty compact subset B of X is called an absorbing set of
a semidynamical system � on X if for every bounded subset D of X there exists a
ND 2 Z

C such that �.n;D/ � B for all n � ND in Z
C.

Absorbing sets are often called attracting sets when they are also positively
invariant in the sense that �.n;B/ � B holds for all n 2 Z

C, i.e., if one has the
inclusion f .B/ D �.1; B/ � B . Attractors differ from attracting sets in that
they consist entirely of limit points of the system and are thus strictly invariant in
the sense of (3).

Theorem 2.5 (Existence of global attractors). Suppose that a semidynamical
system � on X has an absorbing set B . Then � has a unique global attractor A� �
B given by

A� D
\

m�0

[

n�m
�.n;B/; (5)

or simply by A� D T

m�0 �.n; B/ when B is positively invariant.

For a proof we refer to the more general situation of Theorem 4.11.
Similar results hold if the absorbing set is assumed to be only closed and bounded

and the mapping � to be compact or asymptotically compact.
For later comparison note that, in view of the invariance of A�, the attraction (4)

can be written equivalently as the forwards convergence

dist
�

� .n;D/ ; �
�

n;A��� ! 0 as n ! 1: (6)

A global attractor is, in fact, uniformly Lyapunov asymptotically stable. The
asymptotic stability of attractors and that of attracting sets in general can be
characterised by Lyapunov functions. Such Lyapunov functions can be used to
establish the existence of an absorbing set and hence that of a nearby global attractor
in a perturbed system.

2.2 Lyapunov Functions for Autonomous Attractors

Consider an autonomous semidynamical system � on a compact metric space
.X; d/ which is generated by an autonomous difference equation

xnC1 D f .xn/ ; (7)

where f W X ! X is globally Lipschitz continuous with Lipschitz constant L > 0,
i.e.,

d.f .x/; f .y// � Ld.x; y/; for all x; y 2 X :
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Definition 2.6. A nonempty compact subset A ¨ X is called globally uniformly
asymptotically stable if it is both

(i) Lyapunov stable, i.e., for all � > 0, there exists a ı D ı.�/ > 0 with

dist.x; A/ < ı ) dist.f n.x/; A/ < � for all n 2 Z
C ; (8)

(ii) Globally uniformly attracting, i.e., for all � > 0, there exists an integer N D
N.�/ > 1 such that

dist.f n.x/; A/ < � for all x 2 X; n � N : (9)

Note that such a set A is the global attractor for the semidynamical system
generated by an autonomous difference equation (7). In particular, it is invariant,
i.e., f .A/DA.

Global uniform asymptotical stability is characterized in terms of a Lyapunov
function by the following necessary and sufficient conditions. The following
theorem is taken from Diamond and Kloeden [13]. See also [53].

Theorem 2.7. Let f W X ! X be globally Lipschitz continuous, and let A be a
nonempty compact subset of X . Then A is globally uniformly asymptotically stable
w.r.t. the dynamical system generated by (7) if and only if there exist

(i) A Lyapunov function V W X ! R
C,

(ii) Monotone increasing continuous functions ˛, ˇ W R
C ! R

C with ˛.0/ D
ˇ.0/ D 0 and 0 < ˛.r/ < ˇ.r/ for all r > 0, and

(iii) ConstantsK > 0, 0 � q < 1 such that for all x; y 2 X , it holds that

1. jV.x/ � V.y/j � Kd.x; y/,
2. ˛.dist.x; A// � V.x/ � ˇ.dist.x; A// and
3. V.f .x// � qV.x/.

Proof. Sufficiency. Let V be a Lyapunov function as described in the theorem.
Choose � > 0 arbitrarily and define ı WD ˇ�1.˛.�/=q/, which means that ˛.�/ D
qˇ.ı/. This implies that

˛.dist.f n.x/; A// � V.f n.x// � qnV.x/ � qV.x/ � qˇ.dist.x; A// ;

so that

dist.f n.x/; A/ � ˛�1 .qˇ.dist.x; A/// � ˛�1.˛.�// � � for all n 2 N;

when dist.x; A/ < ı. Thus, A is Lyapunov stable. Now define

N WD max

�

1; 1C
�

ln .˛.�/=V0/

ln q

��

;
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where V0 WD maxx2X V.x/ is finite by continuity of V and compactness of X . For
n � N , one has qn � qN , since 0 � q < 1. Since, from above,

˛.dist.f n.x/; A// � qnV.x/ � qnV0 � qNV0 � ˛.�/ for all n � N;

one has dist.f n.x/; A/ < � for n � N , x 2 X . This means that A is globally
uniformly attracting and hence globally uniformly asymptotically stable.
Necessity. This will just be sketched here; the details can be found in [13]. Let A be
globally uniformly asymptotically stable, i.e., for given � > 0, there exists ı D ı.�/

such that (8) holds, and for given � > 0, there exists N D N.�/ such that (9) holds.
Define Gk W RC

0 ! R
C
0 for k 2 N by

Gk.r/ WD
8

<

:

r � 1
k

W r � 1
k
;

0 W 0 � r < 1
k
;

for all r � 0 :

Then
jGk.r/ �Gk.s/j � jr � sj for all r; s � 0 :

Now choose q so that 0 < q < minf1;Lg, where L is the Lipschitz constant of the
mapping f , and define

gk WD
	 q

L


N.1=k/

for all k 2 N

and
Vk.x/ D gk sup

n2ZC

q�nGk.dist.f n.x/; A// for all k 2 N :

Then

(i) Vk.x/ D 0 if and only if dist.x; A/ < ı.1=k/, due to Lyapunov stability.
(ii) Since jdist.x; A/ � dist.y; A/j � d.x; y/ and

d.f n.x/; f n.y// � Ld
�

f n�1.x/; f n�1.y/
� � � � � � Lnd.x; y/ ;

it follows that

jVk.x/ � Vk.y/j
� gk sup

n�0
q�n jGk.dist.f n.x/; A// �Gk.dist.f n.y/; A//j

� gk sup
0�n�N.1=k/

q�n jGk.dist.f n.x/; A// �Gk.dist.f n.y/; A//j

� gk sup
0�n�N.1=k/

q�nd .f n.x/; f n.y//

� gk sup
0�n�N.1=k/

q�nLnd.x; y/ D d.x; y/ :
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(iii) From above, it holds that Vk.x/ � Vk.y/Cd.x; y/. For all y 2 A, one obtains
that Vk.y/ D 0 and Vk.x/ � d.x; y/, and since A is compact, the minimum
over all y 2 A is attained and Vk.x/ � dist.x; A/.

(iv) Vk.f .x// � qVk.x/, since

Vk.f .x// � gk sup
n�0

q�nGk.dist.f n.f .x//; A//

D qgk sup
n�0

q�n�1Gk.dist.f nC1.x/; A//

D qgk sup
n�1

q�nGk.dist.f n.x/; A//

� qgk sup
n�0

q�nGk.dist.f n.x/; A// D qVk.x/

Finally, define

V.x/ D
1

X

kD1
2�kVk.x/:

The main difficulty is to show the existence of the lower bound function ˛. This is
systematically built up via the component functions Vk , which vanish successively
on a closed 1

k
-neighbourhood of the set A. ut

Remarks. For a more comprehensive introduction to discrete dynamical systems
and their attractors we refer to e.g. [32, 51]. In particular, for the case of infinite-
dimensional state spaces see [14] and [48, Chap. 2], where also connectedness issues
of attractors or compactness properties for the semigroup � are addressed.

3 Nonautonomous Difference Equations

Difference equations on R
d of the form

xnC1 D fn .xn/ ; (�)

in which continuous mappings fn W Rd ! R
d on the right-hand side are allowed to

vary with the time n, are called nonautonomous difference equations.
Such nonautonomous difference equations arise quite naturally in many different

ways. The mappings fn in (�) may of course vary completely arbitrarily, but often
there is some relationship between them or some regularity in the way in which they
are given.

For example, the mappings may all be the same as in the very special autonomous
subcase (1) or they may vary periodically within, or be chosen irregularly from, a
finite family fg1; � � � ; gr g, in which case (�) can be rewritten as

xnC1 D gkn .xn/ ; (10)

with the kn 2 f1; : : : ; rg and fn D gkn .
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As another example, the difference equation (�) may represent a variable time-
step discretization method for a differential equation Px D f .x/, the simplest of
which being the Euler method with a variable time-step hn > 0,

xnC1 D xn C hnf .xn/ ; (11)

in which case fn.x/ D x C hnf .x/. More generally, a difference equation may
involve a parameter � 2 � which varies in time by choice or randomly, giving rise
to the nonautonomous difference equation

xnC1 D g.xn; �n/; (12)

so fn.x/ D g.x; �n/ here for the prescribed choice of �n 2 �.
The nonautonomous difference equation (�) generates a solution mapping 	 W

Z
2� � R

d ! R
d , where

Z
2� WD f.n; n0/ 2 Z

2 W n � n0g;

through iteration, i.e.,

	.n0; n0; x0/ WD x0; 	.n; n0; x0/ WD fn�1 ı � � � ı fn0.x0/ for all n > n0 ;

n0 2 Z, and each x0 2 R
d . This solution mapping satisfies the two-parameter

semigroup property

	.m; n0; x0/ D 	.m; n; 	.n; n0; x0//

for all .n; n0/ 2 Z
2�, .m; n/ 2 Z

2� and x0 2 R
d . In this sense, 	 is called general

solution of (�). In particular, as composition of continuous functions the mapping
x0 7! 	.n; n0; x0/ is continuous for .n; n0/ 2 Z

2�.
The general nonautonomous case differs crucially from the autonomous in

that the starting time n0 is just as important as the time that has elapsed since
starting, i.e., n � n0, and hence many of the concepts that have been developed
and extensively investigated for autonomous dynamical systems in general and
autonomous difference equations in particular are either too restrictive or no longer
valid or meaningful.

3.1 Processes

Solution mappings of nonautonomous difference equations (�) are one of the main
motivations for the process formulation of an abstract nonautonomous dynamical
system on a metric state space .X; d/ and time set Z.
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Z

x0

(n1,n0, x0)
(n2,n1, (n1,n0, x0))

X

(n2,n0, ·)

n0 n1 n2

f

f
f f

Fig. 2 Property (ii) of a discrete-time process 	 W Z2� �X ! X

The following definition originates from Dafermos [12] and Hale [14].

Definition 3.1. A (discrete-time) process on a state spaceX is a mapping 	 W Z2� �
X ! X , which satisfies the initial value, two-parameter evolution and continuity
properties:

(i) 	.n0; n0; x0/ D x0 for all n0 2 Z and x0 2 X ,
(ii) 	.n2; n0; x0/ D 	 .n2; n1; 	.n1; n0; x0// for all n0 � n1 � n2 in Z and x0 2 X ,

(iii) the mapping x0 7! 	.n; n0; x0/ of X into itself is continuous for all n0 � n

in Z.

The evolution property (ii) is illustrated in Fig. 2. Given a process 	 on X there
is an associated nonautonomous difference equation like (�) on X with mappings
defined by fn.x/ WD 	.nC 1; n; x/ for all x 2 X and n 2 Z.

A process is often called a two-parameter semigroup on X in contrast with the
one-parameter semigroup of an autonomous semidynamical system since it depends
on both the initial time n0 and the actual time n rather than just the elapsed time
n � n0. This abstract formalism of a nonautonomous dynamical system is a natural
and intuitive generalization of autonomous systems to nonautonomous systems.

3.2 Skew-Product Systems

The skew-product formalism of a nonautonomous dynamical system is somewhat
less intuitive than the process formalism. It represents the nonautonomous system
as an autonomous system on the cartesian product of the original state space and
some other space such as a function or sequence space on which an autonomous
dynamical system called the driving system acts. This driving system is the source
of nonautonomity in the dynamics on the original state space.

Let .P; dP / be a metric space with metric dP and let � D f�n W n 2 Zg be a
group of continuous mappings from P onto itself. Essentially, � is an autonomous
dynamical system on P that models the driving mechanism for the change in
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the mappings fn on the right-hand side of a nonautonomous difference equation
like (�), that will now be written as

xnC1 D f .�n.p/; xn/ (13)

for n 2 Z
C, where f W P � R

d ! R
d is continuous. The corresponding solution

mapping ' W ZC � P � R
d ! R

d is now defined by

'.0; p; x/ WD x; '.n; p; x/ WD f .�n�1.p/; �/ ı � � � ı f .p; x/ for all n 2 N

and p 2 P , x 2 R
d . The mapping ' satisfies the cocycle property w.r.t. the driving

system � on P , i.e.,

'.0; p; x/ WD x; '.mC n; p; x/ WD ' .m; �n.p/; ' .n; p; x// (14)

for all m, n 2 Z
C, p 2 P and x 2 R

d .

3.2.1 Definition

Consider now a state space X instead of R
d , where .X; d/ is a metric space

with metric d . The above considerations lead to the following definition of a
skew-product system, which is an alternative abstract formulation of a discrete
nonautonomous dynamical system on the state space X .

Definition 3.2. A (discrete-time) skew-product system .�; 	/ is defined in terms
of a cocycle mapping ' on a state space X , driven by an autonomous dynamical
system � acting on a base space P .

Specifically, the driving system � on P is a group of homeomorphisms
f�n W n 2 Zg under composition on P with the properties

(i) �0.p/ D p for all p 2 P ,
(ii) �mCn.p/ D �m.�n.p// for all m, n 2 Z and p 2 P ,

(iii) The mapping p 7! �n.p/ is continuous for each n 2 Z,

and the cocycle mapping 	 W ZC � P �X ! X satisfies

(I) '.0; p; x/ D x for all p 2 P and x 2 X ,
(II) '.mC n; p; x/ D '.m; �n.p/; '.n; p; x// for all m; n 2 Z

C, p 2 P , x 2 X ,
(III) The mapping .p; x/ 7! 	.n; p; x/ is continuous for each n 2 Z.

For an illustration we refer to the subsequent Fig. 3. A difference equation of the
form (13) can be obtained from a skew-product system by defining f .p; x/ WD
'.1; p; x/ for all p 2 P and x 2 X .

A process 	 admits a formulation as a skew-product system with P D Z, the
time shift �n.n0/ WD nC n0 and the cocycle mapping

'.n; n0; x/ WD 	.nC n0; n0; x/ for all n 2 Z
C; x 2 X:
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q
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Fig. 3 A discrete-time
skew-product system .�; '/

over the base space P

The real advantage of the somewhat more complicated skew-product system
formulation of nonautonomous dynamical systems occurs when P is compact. This
never happens for a process reformulated as a skew-product system as above since
the parameter space P then is Z, which is only locally compact and not compact.

3.2.2 Examples

The examples above can be reformulated as skew-product systems with appropriate
choices of parameter space P and the driving system � .

Example 3.3. A nonautonomous difference equation (�) with continuous right-
hand sides fn W R

d ! R
d generates a cocycle mapping ' over the parameter

set P D Z w.r.t. the group of left shift mappings �j WD �j for j 2 Z, where
�.n/ WD nC 1 for n 2 Z. Here ' is defined by

'.0; n; x/ WD x and '.j; n; x/ WD fnCj�1 ı � � � ı fn.x/ for all j 2 N

and n 2 Z, x 2 R
d . The mappings '.j; n; �/ W Rd ! R

d are all continuous.

Example 3.4. Let f W Rd ! R
d be a continuous mapping used in an autonomous

difference equation (1). The solution mapping ' defined by

'.0; x/ WD x and '.j; x/ D f j .x/ WD f ı � � � ı f
„ ƒ‚ …

j times

.x/ for all j 2 N

and x 2 R
d generates a semigroup onRd . It can be considered as a cocycle mapping

w.r.t. a singleton parameter set P D fp0g and the singleton group consisting only
of identity mapping � WD idP on P . Since the driving system just sits at p0, the
dependence on the parameter in ' can be suppressed.
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While the integers Z appears to be the natural choice for the parameter set in
Example 3.3 and the choice is trivial in the autonomous case of Example 3.4, in
the remaining examples the use of sequence spaces is more advantageous because
such spaces are often compact.

Example 3.5. The nonautonomous difference equation (10) with continuous map-
pings gk W R

d ! R
d for k 2 f1; � � � ; rg generates a cocycle mapping over

the parameter set P D f1; � � � ; rgZ of bi-infinite sequences p D fkngn2Z with
kn 2 f1; � � � ; rg w.r.t. the group of left shift operators �n WD �n for n 2 Z, where
�.fkngn2Z/ D fknC1gn2Z. The mapping ' is defined by

'.0; p; x/ WD x and '.j; p; x/ WD gkj�1 ı � � � ı gk0.x/ for all j 2 N

and x 2 R
d , where p D fkngn2Z, is a cocycle mapping. Note that the parameter

space f1; � � � ; rgZ here is a compact metric space with the metric

d
�

p; p0� D
X

n2Z
.r C 1/�jnj ˇ

ˇkn � k0
n

ˇ

ˇ :

In addition, �n W P ! P and '.j; �; �/ W P � R
d ! R

d are all continuous.

We omit a reformulation of the numerical scheme (11) as it is similar to the next
example, but with a bi-infinite sequence p D fhngn2Z of stepsizes satisfying a
constraint such as 1

2
ı � hn � ı for n 2 Z with appropriate ı > 0.

Example 3.6. As an example of a parametrically perturbed difference equation (12),
consider the mapping g W R1 � �

1
2
; 1

� 7! R
1 defined by

g.x; �/ D jxj C �2

1C �
;

which is continuous in x 2 R
1 and � 2 �

1
2
; 1

�

. Let P D �

1
2
; 1

�Z

be the space of bi-
infinite sequences p D f�ngn2Z taking values in

�

1
2
; 1

�

, which is a compact metric
space with the metric

d
�

p; p0� D
X

n2Z
2�jnj ˇ

ˇ�n � �0
n

ˇ

ˇ ;

and let f�n; n 2 Zg be the group generated by the left shift operator � on this
sequence space (analogously to Example 3.5). The mapping ' is defined by

'.0; p; x/ WD x and '.j; p; x/ WD g.qj�1; �/ ı � � � ı g.q0; x/ for all j 2 N

and x 2 R
1, where p D f�ngn2Z, is a cocycle mapping on R

1 with parameter

space
�

1
2
; 1

�Z

and the above shift operators �n. The mappings �n W P ! P and
'.j; �; �/ W P � R

d ! R
d are all continuous here.



Discrete-Time Nonautonomous Dynamical Systems 49

3.2.3 Skew-Product Systems as Autonomous Semidynamical Systems

A skew-product system .�; '/ can be reformulated as autonomous semidynamical
system on the extended state space X WD P �X . Define a mapping � W ZC � X !
X by

� .n; .p; x0// WD �

�n.p/; 	.n; p; x0/
�

for all n 2 Z
C; .p; x0/ 2 X :

Note that the variable n in � .n; .p; x0// is the time that has elapsed since starting
at state .p; x0/.

Theorem 3.7. � is an autonomous semidynamical system on X.

Proof. It is obvious that �.n; �/ is continuous in its variables .p; x0/ for every n 2
Z

C and satisfies the initial condition

�.0; .p; x0// D .p; '.0; p; x0// D .p; x0/ for all p 2 P; x0 2 X:

It also satisfies the one-parameter semigroup property

�.mC n; .p; x0// D � .m; �.n; .p; x0/// for all m; n 2 Z
C; p 2 P; x0 2 X

since, by the group property of the driving system and the cocycle property of the
skew-product,

�.mC n; .p; x0// D .�mCn.p/; '.mC n; p; x0//

D �

�m .�n.p// ; '.m; �n.p/; '.n; p; x0//
�

D �
�

m; .�n.p/; '.n; p; x0//
� D �

�

m;�.n; .p; x0//
�

:

ut
As seen in Example 3.3, a process 	 on the state space X is also a skew-

product on X with the shift operator � on P WD Z and thus generates an
autonomous semidynamical system � on the extended state space X WD Z � X .
This semidynamical system has some unusual properties. In particular, � has no
nonempty !-limit sets and, indeed, no compact subset of X can be �-invariant. This
is a direct consequence of the fact that the initial time is a component of the extended
state space.

Remarks. An early reference to the description of nonautonomous discrete dynam-
ics via processes or skew-product flows, is given in [32, pp. 45–56, Chap. 4].
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4 Nonautonomous Invariant Sets and Attractors of Processes

Invariant sets and attractors are important regions of state space that characterize the
long-term behaviour of a dynamical system.

Let 	 W Z2��X !X be a process on a metric state space .X; d/. This generates a
solution xn D 	.n; n0; x0/ to (�) that depends on the starting time n0 as well as the
current time n and not just on the time n�n0 that has elapsed since starting as in an
autonomous system. This has some profound consequences in terms of definitions
and the interpretation of dynamical behaviour. As pointed out above, many concepts
and results from the autonomous case are no longer valid or are too restrictive and
exclude many interesting types of possible behaviour.

For example, it is too great a restriction of generality to consider a single subset
A of X to be invariant under 	 in the sense that

	.n; n0; A/ D A for all n � n0; n0 2 Z;

which is equivalent to fn.A/ D A for every n 2 Z, where the fn are mappings in the
corresponding nonautonomous difference equation (�). Then, in general, neither the
trajectory f
�

n W n 2 Zg of a solution 
� that exists on all of Z nor a nonautonomous
!-limit set defined by

!C .n0; x0/ D ˚

y 2 X W 9nj ! 1; 	
�

nj ; n0; x0
� ! y

�

;

will be invariant in such a sense.
Moreover, such nonautonomous!-limit sets exist in the infinite future in absolute

time rather than in current time like autonomous!-limit sets, so it is not so clear how
useful or even meaningful dynamically they are. Hence, the appropriate formulation
of asymptotic behaviour of a nonautonomous dynamical system needs some careful
consideration. Lyapunov asymptotical stability of a solution of a nonautonomous
system provides a clue. This requires the definition of an entire solution.

Definition 4.1. An entire solution of a process 	 on X is a sequence f
k W k 2 Zg
in X such that

	.n; n0; 
n0 / D 
n for all n � n0 and all n0 2 Z;

or equivalently, 
nC1 D fn.
n/ for all n 2 Z in terms of the nonautonomous
difference equation (�) corresponding to the process 	.

Definition 4.2. An entire solution 
� of a process 	 on X is said to be (globally)
Lyapunov asymptotically stable if it is Lyapunov stable, i.e., for every � > 0 and
n0 2 Z there exists a ı D ı.�; n0/ > 0 such that

d
�

	.n; n0; x0/; 

�
n

�

< � for all n � n0 whenever d
�

x0; 

�
n0

�

< ı;
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and attracting in the sense that

d
�

	 .n; n0; x0/ ; 

�
n

� ! 0 as n ! 1 (15)

for all x0 2 X and n0 2 Z.

Note, in particular, that the limiting “target” 
�
n exists for all time and is, in

general, also changing in time as the limit is taken.

4.1 Nonautonomous Invariant Sets

Let 
� be an entire solution of a process 	 on a metric space .X; d/ and consider
the family A D fAn W n 2 Zg of singleton subsets An WD f
�

ng of X . Then by the
definition of an entire solution it follows that

	 .n; n0; An0/ D An for all n � n0; n0 2 Z :

This suggests the following generalization of invariance for nonautonomous
dynamical systems.

Definition 4.3. A family A D fAn W n 2 Zg of nonempty subsets ofX is invariant
under a process 	 on X , or 	-invariant, if

	 .n; n0; An0/ D An for all n � n0 and all n0 2 Z;

or, equivalently, if fn.An/ D AnC1 for all n 2 Z in terms of the corresponding
nonautonomous difference equation (�).

A 	-invariant family consists of entire solutions. This is essentially due to have
in fact a process is onto between the component subsets. The backward solutions,
however, need not to be uniquely determined, since the mappings fn are usually not
assumed to be one-to-one.

Proposition 4.4 (Characterization of invariant sets). A family A D fAn W n 2
Zg is 	-invariant if and only if for every pair n0 2 Z and x0 2 An0 there exists an
entire solution 
 such that 
n0 D x0 and 
n 2 An for all n 2 Z.

Moreover, the entire solution 
 is uniquely determined provided the mapping
fn.�/ WD 	.nC 1; n; �/ W X ! X is one-to-one for every n 2 Z.

Proof. Sufficiency. Let A be 	-invariant and pick an arbitrary x0 2 An0 . For n
� n0 define the sequence 
n WD 	.n; n0; x0/. Then the 	-invariance of A yields

n 2 An. On the other hand, An0 D 	.n0; n; An/ for n � n0, so there exists a
sequence xn 2 An with x0 D 	.n0; n; xn/ and xn D 	.n; n � 1; xn�1/ for all n <
n0. Hence define 
n WD xn for n < n0 and 
 becomes an entire solution with the
desired properties. If the mappings fn are all one-to-one, then the sequence fxng is
uniquely determined.
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Z

X

n0

χ∗

(·,n0,x0)f

Fig. 4 Forward convergence
n ! 1

Necessity. Suppose for an arbitrary n0 2 Z and x0 2 An0 that there is an entire
solution 
 with 
n0 D x0 and 
n 2 An for all n 2 Z. Hence 	.n; n0; x0/ D
	.n; n0; 
n0 / D 
n 2 An for n � n0. From this it follows that fn.An/ � AnC1. The
remaining inclusion fn.An/ 	 AnC1 follows from the fact that x0 D 	.n0; n; 
n/ 2
	.n0; n; An/ for n � n0. ut

4.2 Forwards and Pullback Convergence

The convergence

d
�

	 .n; n0; x0/ ; 

�
n

� ! 0 as n ! 1 .n0 fixed/

in the attraction property (15) in the definition of a Lyapunov asymptotically stable
entire solution 
� of a process 	 will be called forwards convergence (cf. Fig. 4)
to distinguish it from another kind of convergence that is useful for nonautonomous
systems.

Forwards convergence does not, however, provide convergence to a particular
point
�

n� for a fixed n� 2 Z, which is important in many practical situations because
the actual solution 
� may not be known and thus needs to be determined. To obtain
such convergence one has to start progressively earlier. This leads to the concept of
pullback convergence, defined by

d
�

	 .n; n0; x0/ ; 

�
n

� ! 0 as n0 ! �1 .n fixed/

and illustrated in Fig. 5.
In terms of the elapsed time j , forwards convergence can be rewritten as

d
	

	 .n0 C j; n0; x0/ ; 

�
n0Cj




! 0 as j ! 1 (16)

for all x0 2 X and n0 2 Z, while pullback convergence becomes

d
�

	 .n; n � j; x0/ ; 

�
n

� ! 0 as j ! 1
for all x0 2 X and n 2 Z.
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∗x x0

Fig. 5 Pullback convergence
n0 ! �1

Example 4.5. The nonautonomous difference equation xnC1 D 1
2
xn C gn on R has

the solution mapping 	.j C n0; n0; x0/ D 2�j x0 C Pj

kD0 2�jCkgn0Cn, for which
pullback convergence gives

	.n0; n0 � j; x0/ D 2�j x0 C
j

X

kD0
2�kgn0�k !

1
X

kD0
2�kgn0�k as j ! 1;

provided the infinite series here converges. The limiting solution 
� is given
by 
�

n0
WD P1

kD0 2�kgn0�k for each n0 2 Z. It is an entire solution of the
nonautonomous difference equation.

Pullback convergence makes use of information about the nonautonomous
dynamical system from the past, while forwards convergence uses information about
the future.

In autonomous dynamical systems, forwards and pullback convergence are
equivalent since the elapsed time n � n0 ! 1 if either n ! 1 with n0
fixed or n0 ! �1 with n fixed. In nonautonomous dynamical systems pullback
convergence and forwards convergence do not necessarily imply each other.

Example 4.6. Consider the process 	 on R generated fn D g1 for n � 0 and fn D
g2 for n � 1 where the mappings g1, g2 W R ! R are given by g1.x/ WD 1

2
x and

g2.x/ WD maxf0; 4x.1 � x/g for all x 2 R. Then 	 is pullback convergent to the
entire solution 
� defined by 
�

n 
 0 for n 2 Z, but is not forwards convergent to

�. In particular, 
� is not Lyapunov stable.

4.3 Forwards and Pullback Attractors

Forwards and pullback convergence can be used to define two distinct types of
nonautonomous attractors for a process 	 on a state space X . Instead of a family
A D fAn W n 2 Zg of singleton subsets An WD f
�

ng for an entire solution 
� of the
process consider a 	-invariant family of A D fAn W n 2 Zg of nonempty subsets
An of X .
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In this context forwards convergence generalizes to

dist
�

	.n0 C j; n0; x0/; An0Cj
� ! 0 as j ! 1 .n0 fixed/ (17)

and pullback convergence to

dist .	.n; n � j; x0/; An/ ! 0 as j ! 1 .n fixed/: (18)

More generally, A is said to forwards (resp. pullback) attract bounded subsets of X
if x0 is replaced by an arbitrary bounded subset D of X in (17) (resp. (18)).

Definition 4.7. A 	–invariant family A D fAn W n 2 Zg of nonempty compact
subsets of X is called a forward attractor if it forward attracts bounded subsets of
X and a pullback attractor if it pullback attracts bounded subsets of X .

As a 	-invariant family A of nonempty compact subsets of X , by Proposi-
tion 4.4, both pullback and forwards attractors consist of entire solutions.

In fact when the component subsets of a pullback attractor are uniformly
bounded, i.e., if there exists a bounded subset B of X such that An � B for all
n 2 Z, then pullback attractors are characterized by the bounded entire solutions of
the process.

Proposition 4.8 (Dynamical characterization of pullback attractors). A uni-
formly bounded pullback attractor A D fAn W n 2 Zg admits the dynamical
characterization: for each n0 2 Z

x0 2 An0 , there exists a bounded entire solution 
 with 
n0 D x0:

Such a pullback attractor is therefore uniquely determined.

Proof. Sufficiency. Pick n0 2 Z and x0 2 An0 arbitrarily. Then, due to the
	-invariance of the pullback attractor A , by Proposition 4.4 there exists an entire
solution 
 with 
n0 D x0 and 
n 2 An for each n 2 Z. Moreover, 
 is bounded
since the component sets of the pullback attractor are uniformly bounded.
Necessity. If there exists a bounded entire solution 
 of the process 	, then the set
of points D
 WD f
n W n 2 Zg is bounded in X . Since A pullback attracts bounded
subsets of X , for each n 2 Z,

0 � dist .
n; An/ � lim
j!1 dist

�

	.n; n � j;D
/; An
� D 0;

so 
n 2 An. ut

4.4 Existence of Pullback Attractors

Absorbing sets can also be defined for pullback attraction. Wider applicability can
be attained if they are also allowed to depend on time.
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Definition 4.9. A family B D fBn W n 2 Zg of nonempty compact subsets of X
is called a pullback absorbing family for a process 	 on X if for each n 2 Z and
every bounded subset D of X there exists an Nn;D 2 Z

C such that

	 .n; n � j;D/ � Bn for all j � Nn;D; n 2 Z:

The existence of a pullback attractor follows from that of a pullback absorbing
family in the following generalization of Theorem 2.5 for autonomous global
attractors. The proof is simpler if the pullback absorbing family is assumed to be
	-positive invariant.

Definition 4.10. A family B D fBn W n 2 Zg of nonempty compact subsets of X
is said to be 	-positive invariant if

	 .n; n0; Bn0/ � Bn for all n � n0:

Theorem 4.11 (Existence of pullback attractors). Suppose that a process 	 on a
complete metric space .X; d/ has a 	-positive invariant pullback absorbing family
B D fBn W n 2 Zg. Then there exists a global pullback attractor A D fAn W n 2
Zg with component sets determined by

An D
\

j�0
	

�

n; n � j; Bn�j
�

for all n 2 Z: (19)

Moreover, if A is uniformly bounded then it is unique.

Proof. Let B be a pullback absorbing family and let An be defined as in (19).
Clearly An � Bn for each n 2 Z.

(i) First, it will be shown for any n 2 Z that

lim
j!1 dist

�

	.n; n� j; Bn�j /; An
� D 0 : (20)

Assume to the contrary that there exist sequences xjk 2 	�

n; n� jk; Bn�jk
� �

Bn and jk ! 1 such that dist.xjk ; An/ > � for all k 2 N. The set fxjk W
k 2 Ng � Bn is relatively compact, so there is a point x0 2 Bn and an index
subsequence k0 ! 1 such that xjk0 ! x0. Now

xjk0 2 	 �

n; n � jk0 ; Bn�jk0

� � 	 .n; n � k;Bn�k/

for all kj 0 � k and each k � 0 . This implies that

x0 2 	 .n; n � k;Bn�k/ for all k � 0 :

Hence, x0 2 An, which is a contradiction. This proves the assertion (20).
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(ii) By (20), for every � > 0, n 2 Z, there exists an N D N�;n � 0 such that

dist .	.n; n �N;Bn�N /; An/ < � :

Let D be a bounded subset of X . The fact that B is a pullback absorbing
family implies that 	 .n; n � j;D/ � Bn for all sufficiently large j . Hence, by
the cocycle property,

	 .n; n �N � j;D/ D 	 .n; n �N; 	.n�N; n�N � j;D//

� 	 .n; n �N;Bn�N / :

(iii) The 	-invariance of the family A will now be shown. By (19), the set
Fm.n/ WD 	 .n; n �m;Bn�m/ is contained in Bn for every m � 0, and by
definition, An�j D T

m�0 Fm .n � j /. First, it will be shown that

	

0

@n; n � j;
\

m�0
Fm.n� j /

1

A D
\

m�0
	 .n; n � j; Fm.n � j // : (21)

One sees directly that “�” holds. To prove “�”, let x be contained in the set
on the right side. Then for any n � 0, there exists an xm 2 Fm.n� j / � Bn�j
such that x D 	 .n; n � j; xm/. Since the sets Fm.n � j / are compact and
monotonically decreasing with increasing m, the set fxm W m � 0g has a limit
point Ox 2 T

m�0 Fm.n�j / . By the continuity of 	 .n; n � j; �/, it follows that
x D 	 .n; n � j; Ox/. Thus,

x 2 	
0

@n; n � j;
\

m�0
Fm.n � j /

1

A D 	
�

n; n � j; An�j
�

:

Hence, equation (21), the compactness of Fm.n � j / and the continuity of
	 .n; n � j; �/ imply that

	
�

n; n � j; An�j
� D

\

m�0
	 .n; n � j; Fm.n� j //

D
\

m�0
	

�

n; n � j; 	 �

n � j; n � j �m;Bn�j�m
��

D
\

m�0
	

�

n; n � j �m;Bn�j�m
�

D
\

m�j
	 .n; n �m;Bn�m/ ;

� An
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which means that

An � 	
�

n; n � j; An�j
�

; j 2 Z
C for all n 2 Z : (22)

Replacing n bym �m in (22) and using the cocycle property gives

	 .n; n �m;An�m/ � 	
�

n; n �m;	 �

m � n; n �m � j; An�m�j
��

D 	
�

n; n � j; 	 �

n � j; n �m � j; An�m�j
��

� 	
�

n; n � j; 	.n � j; n �m � j; Bn�m�j /
�

� 	
�

n; n � j; Bn�j
� � U�.An/

for all �-neighborhoods U�.An/ of An, where � > 0, provided that j D J.�/

is sufficiently large. Hence, 	 .n; n �m;An�m/ � An For all m 2 Z
C, n 2 Z.

With m replaced by j , this yields with (22) the 	-invariance of the family
fAn W n 2 Zg.

(iv) It remains to observe that if the sets in A D fAn W n 2 Zg are uniformly
bounded, then the pullback attractor A is unique by Proposition 4.8. ut

Remark 4.12. There is no counterpart of Theorem 4.11 for nonautonomous for-
wards attractors.

If the pullback absorbing family B is not 	-positive invariant, then the proof is
somewhat more complicated and the component subsets of the pullback attractor of
A are given by

An D
\

k�0

[

j�k
	

�

n; n � j; Bn�j
�

:

However, the assumption in Theorem 4.11 that 	-positively invariant pullback
absorbing systems is not a serious restriction.

Proposition 4.13. If B D fBn W n 2 Zg is a pullback absorbing system for a
process 	 fulfilling Bn � C for n 2 Z, where C is a bounded subset of X , then
there exists a 	-positively invariant pullback absorbing system bB D fbBn W n 2 Zg
containing B D fBn W n 2 Zg component set-wise.

Proof. For each n 2 Z define

bBn WD
[

j�0
	.n; n � j; Bn�j /:

Obviously Bn � bBn for every n 2 Z.
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To show positive invariance, the cocycle property is used in what follows.

	.nC 1; n;bBn/ D
[

j�0
	.nC 1; n; 	.n; n� j; Bn�j //

D
[

j�0
	.nC 1; n� j; Bn�j /

D
[

i�1
	.nC 1; nC 1 � i; BnC1�i /

�
[

i�0
	.nC 1; nC 1 � i; BnC1�i / D bBnC1;

so 	.nC 1; n;bBn/ � bBnC1. By this and the cocycle property again

	.nC 2; n;bBn/ D 	
	

nC 2; nC 1; 	.nC 1; n;bBn/



� 	.nC 2; nC 1;bBnC1/ � bBnC2:

The general positive invariance assertion then follows by induction.
Now by the continuity of 	.n; n � j; �/ and the compactness of Bn�j , the set

	.n; n � j; Bn�j / is compact for each j � 0 and n 2 Z. Moreover, Bn�j � C for
each j � 0 and n 2 Z, so by the pullback absorbing property of B there exists an
N D Nn;C 2 N such that

	.n; n � j; Bn�j / � 	.n; n� j; C / � Bn

for all j � N . Hence

bBn D
[

j�0
	.n; n� j; Bn�j /

� Bn [
[

0�j<N
	.n; n� j; Bn�j /

D
[

0�j<N
	.n; n� j; Bn�j /;

which is compact as a finite union of compact sets, so bBn is compact.
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To see that bB so constructed is pullback absorbing, let D be a bounded subset of
X and fix n 2 Z. Since B is pullback absorbing, there exists an Nn;D 2 N such that
	.n; n � j;D/ � Bn for all j � Nn;D. But Bn � bBn, so

	.n; n � j;D/ � bBn for all j � Nn;D:

Hence bB is pullback absorbing as required. ut

4.5 Limitations of Pullback Attractors

Pullback attractors are based on the behaviour of a nonautonomous system in the
past and may not capture the complete dynamics of a system when it is formulated in
terms of a process. This was already indicated by Example 4.6 and will be illustrated
here through some simpler examples. See [29].

First consider the autonomous scalar difference equation

xnC1 D �xn

1C jxnj (23)

depending on a real parameter � > 0. Its zero solution x� D 0 exhibits a pitchfork
bifurcation at � D 1. Its global dynamical behavior can be summarized as follows
(see Fig. 6):

• If � � 1, then x� D 0 is the only constant solution and is globally asymptotically
stable. Thus f0g is the global attractor of the autonomous dynamical system
generated by the difference equation (23).

• If � > 1, then there exist two additional nontrivial constant solutions given by
x˙ WD ˙.� � 1/. The zero solution x� D 0 is an unstable steady state solution
and the symmetric interval A D Œx�; xC� is the global attractor.

These constant solutions are the fixed points of the mapping f .x/ D �x
1Cjxj .

Piecewise autonomous difference equation: Consider now the piecewise
autonomous equation

xnC1 D �nxn

1C jxnj ; �n WD
(

�; n � 0;

��1; n < 0
(24)

for some � > 1, which corresponds to a switch between the two autonomous
problems (23) at n D 0.

The zero solution of the resulting nonautonomous system is the only bounded
entire solution, so by Proposition 4.8 the pullback attractor A has component sets
An 
 f0g for all n 2 Z. Note that the zero solution seems to be “asymptotically
stable” for n < 0 and then “unstable” for n � 0. Moreover the interval Œx�; xC� is
like a global attractor for the whole equation on Z, but it is not really one since it is
not invariant or minimal for n < 0.
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Fig. 6 Trajectories of the autonomous difference equation (23) with � D 0:5 (left) and � D 1:5

(right)

Fig. 7 Trajectories of the piecewise autonomous equation (24) with � D 1:5 (left) and the
asymptotically autonomous equation (25) with �k D 1C 0:9k

1Cjkj
(right)

The nonautonomous difference equation (24) is asymptotically autonomous in
both directions, but the pullback attractor does not reflect the full limiting dynamics
(see Fig. 7 (left)), in particular in the forwards time direction.

Fully nonautonomous equation: If the parameters �n do not switch from one
constant to another as above, but increase monotonically, e.g., such as �n D 1 C
0:9n
1Cjnj , then the dynamics is similar, although the limiting dynamics is not so obvious
from the equation. See Fig. 7 (left).

Let f�ngn2Z be a monotonically increasing sequence with limk!˙1 �n D N�˙1
for N� > 1. The nonautonomous problem

xnC1 D fn.xn/ WD �nxn

1C jxnj : (25)

is asymptotically autonomous in both directions with the limiting autonomous
systems given above.
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Its pullback attractor A has component sets An 
 f0g for all n 2 Z correspond-
ing to the zero entire solution, which is the only bounded entire solution. As above,
the zero solution x� D 0 seems to be “asymptotically stable” for n < 0 and then
“unstable” for n � 0. However, the forward limit points for nonzero solutions are
˙. N� � 1/, neither of which is a solution at all. In particular, they are not entire
solutions, so cannot belong to an attractor, forward or pullback, since these consist
of entire solutions. See Fig. 7 (right).

Remark 4.14. Pullback attraction alone does not characterize fully the bounded
limiting behaviour of a nonautonomous system formulated as a process. Something
in addition like nonautonomous limit sets [25, 38], limiting equations [18] or
asymptotically invariant sets [19] and eventual asymptotic stability [20] or a mixture
of these ideas is needed to complete the picture. However, this varies from example
to example and is somewhat ad hoc. In contrast, this information is built into the
skew-product system formulation of a nonautonomous dynamical system, especially
when the state space P of the driving system is compact. Essentially, the skew-
product system already includes the limiting dynamics and no further ad hoc
methods are needed to determine it.

Remarks. Pullback attractors for nonautonomous difference equations were intro-
duced in [23,24] and a comparison between different attractor types is given in [11]
(see also Sect. 5.2).

Without the assumption of being uniformly bounded, pullback attractors of
processes need not be unique (see [38, p. 18, Example 1.3.5]). In applications,
absorbing sets are frequently not compact and one has to assume ambient compact-
ness properties of a process in order to establish the existence of a pullback attractor
(see [38, pp. 12ff]).

5 Nonautonomous Invariant Sets and Attractors:
Skew-Product Systems

5.1 Existence of Pullback Attractors

Consider a discrete-time skew-product system .�; '/ on P � X , where .P; dP /
and .X; d/ are metric spaces. There are counterparts for skew-product systems of
the concepts of invariance, forwards and pullback convergence and forwards and
pullback attractors considered in the previous section for discrete-time processes.

Definition 5.1. A family A D fAp W p 2 P g of nonempty subsets of X is called
'-invariant for a skew-product system .�; '/ on P �X if

'.n; p;Ap/ D A�n.p/ for all n 2 Z
C; p 2 P:
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It is called '-positively invariant if

'.n; p;Ap/ � A�n.p/ for all n 2 Z
C; p 2 P:

Definition 5.2. A family A D fAp W p 2 P g of nonempty compact subsets of X
is called pullback attractor of a skew-product system .�; '/ on P � X if it is
'-invariant and pullback attracts bounded sets, i.e.,

dist
�

'.j; ��j .p/;D/;Ap
� ! 0 for j ! 1 (26)

for all p 2 P and all bounded subsets D of X . It is called a forwards attractor if it
is '-invariant and forward attracts bounded sets, i.e.,

dist
�

'.j; p;D/;A�j .p/
� ! 0 for j ! 1: (27)

As with processes, the existence of a pullback attractor for skew-product systems is
ensured by that of a pullback absorbing system.

Definition 5.3. A family B D fBp W p 2 P g of nonempty compact subsets of X
is called a pullback absorbing family for a skew-product system .�; '/ on P �X if
for each p 2 P and every bounded subset D of X there exists an Np;D 2 Z

C such
that

'
�

j; ��j .p/;D
� � Bp for all j � Np;D; p 2 P:

The following result generalizes Theorem 2.5 for autonomous semidynamical
systems and the first half is the counterpart of Theorem 4.11 for processes. The
proof is similar in the latter case, essentially with j and ��j .p/ changed to n0 and
n0 � j , respectively, but additional complications due to the fact that the pullback
absorbing family is no longer assumed to be '-positively invariant. See [26] for
details.

Theorem 5.4 (Existence of pullback attractors). Let .X; d/ and .P; dP / be
complete metric spaces and suppose that a skew-product system .�; '/ has a
pullback absorbing set family B D fBp W p 2 P g. Then there exists a pullback
attractor A D fAp W p 2 P g with component sets determined by

Ap D
\

n�0

[

j�n
'

�

j; ��j .p/; B��j .p/

�I (28)

it is unique if its component sets are uniformly bounded.

The pullback attractor of a skew-product system .�; '/ has some nice properties
when its component subsets are contained in a common compact subset or if the
state space P of the driving system is compact.

Proposition 5.5 (Upper semi-continuity of pullback attractors). Suppose that
A.P / WD S

p2P Ap is compact for a pullback attractor A D fAp W p 2 P g.
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Then the set-valued mapping p 7! Ap is upper semi-continuous in the sense that

dist
�

Aq;Ap
� ! 0 as q ! p:

On the other hand, if P is compact and the set-valued mapping p 7! Ap is upper
semi-continuous, then A.P / is compact.

Proof. First note that, since A.P / is compact, the pullback attractor is uniformly
bounded by a compact set and hence is uniquely determined.

Assume that the set-valued mapping p 7! Ap is not upper semi-continuous.
Then there exist an �0 > 0 and a sequence pn ! p0 in P such that dist

�

Apn ; Ap0
�

� 3�0 for all n 2 N. Since the sets Apn are compact, there exists an an 2 Apn such
that

dist
�

an; Ap0
� D dist

�

Apn; Ap0
� � 3�0 for each n 2 N : (29)

By pullback attraction, dist
�

' .m; ��m.p0/; B/ ; Ap0
� � �0 for m � MB;�0 for any

bounded subset B ofX ; in particular, belowA.P / will be used for the set B . By the
'-invariance of the pullback attractor, there exist bn 2 A��m.pn/ � A.P / for n 2 N

such that ' .m; ��m.pn/; bn/ D an. Since A.P / is compact, there is a convergent
subsequence bn0 ! Nb 2 A.P /. Finally, by the continuity of ��m.�/ and of the
cocycle mapping '.n; �; �/,

d
�

'.m; ��m.pn0/; bn0/; '.m; ��m.p0/; Nb/� � �0 for n0 large enough.

Thus,

dist
�

an0 ; Ap0
� D dist

�

'.m; ��m.pn0/; bn0/; Ap0
�

� d
�

'.m; ��m.pn0/; bn0/; '.m; ��m.p0/; Nb/�

Cdist
�

'.m; ��m.p0/; Nb/; Ap0
� � 2�0 ;

which contradicts (29). Hence, p 7! Ap must be upper semi-continuous.
The remaining assertion follows since the image of a compact subset under an

upper semi-continuous compact set-valued mapping is compact (cf. [4]). ut
Pullback attractors are in general not forwards attractors. When, however, the

state space P of the driving system is compact, then one has the following partial
forwards convergence result for the pullback attractor.

Theorem 5.6. In addition to the assumptions of Theorem 5.4, suppose that P is
compact and suppose that the pullback absorbing family B is uniformly bounded
by a compact subset C of X . Then

lim
n!1 sup

p2P
dist .'.n; p;D/;A.P // D 0 (30)

for every bounded subset D of X , where A.P / WD S

p2P Ap .
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Proof. First note that A.P / is compact since the component subsets Ap are all
contained in the common compact set C . This means also that the pullback attractor
is unique.

Suppose to the contrary that the convergence (30) does not hold. Then there exist
an �0 > 0 and sequences nj ! 1, Opj 2 P and xj 2 C such that

dist
�

'.nj ; Opj ; xj /; A.P /
�

> �0 : (31)

Set pj D �nj . Opj /. By the compactness of P , there exists a convergent subsequence
pj 0 ! p0 2 P . From the pullback attraction, there exists an n > 0 such that

dist
�

'.n; ��n.p0/; C /; Ap0
�

<
�0

2
:

The cocycle property then gives

'
�

nj ; ��nj .pj /; xj
� D '

�

n; ��n.pj /; '
�

nj � n; ��nj .pj /; xj
��

for any nj > n. By the pullback absorption of B, it follows that

'
�

nj � n; ��nj .pj /; xj
� � B��n.pj / � C ;

and since C is compact, there is a further index subsequence j 00 of j 0 (depending
on n) such that

znj 00 WD '
	

nj 00 � n; ��nj 00 .pj 00/; xj 00




! z0 2 C:

The continuity of the skew-product mappings in the p and x variables implies

dist
	

'.n; ��n.pj 00/; znj 00 /; '.n; ��n.p0/; z0/



<
�0

2
; when nj 00 > n.�0/ :

Therefore,

�0 > dist
	

'.nj 00 ; ��nj 00 .p0/; xj 00/; Ap0




D dist
�

'
�

nj 00 ; Opj 00 ; xj 00

�

; Ap0
� � dist

�

'
�

nj 00 ; Opj 00 ; xj 00

�

; A.P /
�

;

which contradicts (31). Thus, the asserted convergence (30) must hold. ut

5.2 Comparison of Nonautonomous Attractors

Recall from Theorem 3.7 that the mapping � W ZC � X ! X defined by

�.n; .p; x// WD .�n.p/; '.n; p; x//
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for all j 2 Z
C and .p; x/ 2 X WD P � X forms an autonomous semidynamical

system on the extended state space X with the metric

distX ..p1; x1/; .p2; x2// D dP .p1; p2/C d.x1; x2/:

Proposition 5.7 (Uniform and global attractors). Suppose that A is a uniform
attractor (i.e., uniformly attracting in both the forward and pullback senses) of a
skew-product system .�; '/ and that

S

p2P Ap is precompact in X . Then the union
A WD S

p2P fpg � Ap is the global attractor of the autonomous semidynamical
system � .

Proof. The �-invariance of A follows from the '-invariance of A , and the
�-invariance of P via

�.n;A/ D
[

p2P
f�n.p/g �'.n; p;Ap/ D

[

p2P
f�n.p/g �A�n.p/ D

[

q2P
fqg �Aq D A :

Since A is also a pullback attractor and
S

p2P Ap is precompact in X (and P is
compact too), the set-valued mapping p 7! Ap is upper semi-continuous, which
means that p 7! F.p/ WD fpg � Ap is also upper semi-continuous. Hence,
F.P / D A is a compact subset of X. Moreover, the definition of the metric distX on
X implies that

distX .�.n; .p; x//;A/ D distX ..�n.p/; '.n; p; x// ;A/

� distX
�

.�n.p/; '.n; p; x// ; f�n.p/g � A�n.p/
�

D distP .�n.p/; �n.p//C dist
�

'.n; p; x/; A�n.p/
�

D dist
�

'.n; p; x/; A�n.p/
�

;

where �.n; .p; x// D .�n.p/; '.n; p; x//. The desired attraction to A w.r.t. � then
follows from the forward attraction of A w.r.t. '. ut

Without uniform attraction as in Proposition 5.7 a pullback attractor need not
give a global attractor, but the following result does hold.

Proposition 5.8. If A is a pullback attractor for a skew-product system .�; '/ and
S

p2P Ap is precompact in X , then A WD S

p2P fpg � Ap is the maximal invariant
compact set of the autonomous semidynamical system � .

Proof. The compactness and �-invariance of A are proved in the same way as in
first part of the proof of Proposition 5.7. To prove that the compact invariant set A is
maximal, let C be any other compact invariant set of the autonomous semidynamical
system � . Then A is a compact and '-invariant family of compact sets, and by
pullback attraction,

dist
�

'
�

n; ��n.p/; C��n.p/

�

; Ap
� � dist

�

' .n; ��n.p/;K/ ; Ap
� ! 0
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as n ! 1, whereK WD S

p2P Cp is compact. Hence, Cp � Ap for all p 2 P , i.e.,
C WD S

p2P fpg � Cp � A, which finally means that A is a maximal �-invariant
set. ut

The set A here need not be the global attractor of � . In the opposite direction, the
global attractor of the associated autonomous semidynamical system always forms
a pullback attractor of the skew-product system.

Proposition 5.9 (Global and pullback attractors). If an autonomous semidynam-
ical system � has a global attractor

A D
[

p2P
fpg �Ap;

then A D fAp W p 2 P g is a pullback attractor for the skew-product system .�; '/.

Proof. The sets P and K WD S

p2P Ap are compact by the compactness of A.
Moreover, A � P �K , which is a compact set. Now

dist .'.n; p; x/;K/ D distP .�n.p/; P /C dist .'.n; p; x/;K/

D distX ..�n.p/; '.n; p; x//; P �K/

� distX .�.n; .p; x//; P �K/

� distX .�.n; P �D/;A/ ! 0 as n ! 1

for all .p; x/ 2 P � D and every arbitrary bounded subset D of X , since A is the
global attractor of � .

Hence, replacing p by ��n.p/ implies

lim
n!1 dist .'.n; ��n.p/;D/;K/ D 0 :

Then the system is pullback asymptotic compact (see the definition in Chapter 12 of
[25]) and by Theorem 12.12 in [25] this is a sufficient condition for the existence of a
pullback attractor A 0 D fA0

p W p 2 P g with
S

p2P A0
p � K . From Proposition 5.8,

A
0 WD S

p2P fpg � A0
p is the maximal �-invariant subset of X, but so is the global

attractor A. This means that A0 D A. Thus, A is a pullback attractor of the skew-
product system .�; '/. ut

5.3 Limitations of Pullback Attractors Revisited

The limitations of pullback attraction for processes were illustrated in Sect. 4.5
through the scalar nonautonomous difference equation
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xnC1 D fn.xn/ WD �nxn

1C jxnj ; (32)

where f�ngn2Z is an increasing sequence with limn!˙1 �n D N�˙1 for N� > 1.
The pullback attractor A of the corresponding process has component sets

An 
 f0g for all n 2 Z corresponding to the zero entire solution, which is the only
bounded entire solution. The zero solution x� D 0 seems to be “asymptotically
stable” for n < 0 and then “unstable” for n � 0. However the forward limit points
for nonzero solutions are ˙. N��1/, which both are not solutions at all. In particular,
they are not entire solutions.

An elegant way to resolve the problem is to consider the skew-product system
formulation of a nonautonomous dynamical system. This includes an autonomous
dynamical system as a driving mechanism, which is responsible for the temporal
change in the dynamics of the nonautonomous difference equation. It also includes
the dynamics of the asymptotically autonomous difference equations above and their
limiting autonomous systems.

The nonautonomous difference equation (32) can be formulated as a skew-
product system with the diving system defined in terms of the shift operator � on
the space of bi-infinite sequences

�L D f� D f�ngn2Z W �n 2 Œ0; L� ; n 2 Zg

for some L > N� > 1. It yields a compact metric space with the metric

d�L
�

�; �0� WD
X

n2Z
.LC 1/�jnj ˇ

ˇ�n � �0
n

ˇ

ˇ :

This is coupled with a cocycle mapping with values xn D '.n; �; x0/ on R

generated by the difference equation (32) with a given coefficient sequence �.
For the sequence � from (32), the limit of the shifted sequences �n.�/ in the

above metric as n ! 1 is the constant sequence ��C equal to N�, while the limit as
n ! �1 is the sequence ��� with all components equal to N��1.

The pullback attractor of the corresponding skew-product system .�; '/ on��R

consists of compact subsetsA� of R for each � 2 �L. It is easy to see thatA� D f0g
for any � with components �n < 1 for n � 0, which includes the constant sequence
��� as well as the switched sequence in (32). On the other hand, A��

C
D Œ�N�; N��.

Here [�2�LA� is precompact, so contains all future limiting dynamics.
The pullback attractor of the skew-product system includes that of the process

for a given bi-infinite coefficient sequence, but also includes its forward asymptotic
limits and much more. The coefficient sequence set �L includes all possibilities, in
fact, far more than may be of interest in particular situation.

If one is interested in the dynamics of a process corresponding to a specific
O� 2 �L, then it would suffice to consider the skew-product system w.r.t. the
driving system on the smaller space �O� defined as the hull of this sequence,



68 P.E. Kloeden et al.

i.e., the set of accumulation points of the set f�n. O�/ W n 2 Zg in the metric
space .�L; d�L/. In particular, if O� is the specific sequence in (32), then the union
[�2�O�

A� DA��
C

D Œ�N�; N�� contains all future limiting dynamics, i.e.,

lim
n!1 dist

�

'.n; �; x/; Œ�N�; N��� D 0 for all x 2 R:

The example described by nonautonomous difference equation (32) is asymptot-
ically autonomous with �� D f��̇ g [ f�n.�/ W n 2 Zg. The forward limit points
˙. N� � 1/ of the process generated by (25), which were not steady states of the
process, are now locally asymptotic steady states of the skew product flow with
base space P D N� consisting of the single constant sequence �k 
 N�, when the
skew product system is interpreted as an autonomous semidynamical system on the
product space P � X . More generally, unlike the process formulation, the skew-
product system formulation and its pullback attractor include the forwards limiting
dynamics.

5.4 Local Pullback Attractors

Less uniform behaviour such as parameter dependent domains of definition and
local pullback attractors can be handled by introducing the concept of a basin of
attraction system.

Let Domp � X be the domain of definition of f .p; �/ in the nonautonomous
equation (13), which requires f .p;Domp/ � Dom�.p/. Then the corresponding
cocycle mapping ' has the domain of definition Z

C � S

p2P
�fpg � Domp

�

.
Consequently one needs to restrict the admissible families of bounded sets in the
pullback convergence to subsets of Domp for each p 2 P .

Definition 5.10. An ensemble Dad of families D D fDp W p 2 P g of nonempty
subsets X is called admissible if

(i) Dp is bounded andDp � Domp for each p 2 P and every D D fDp W p 2 P g
2 Dad ; and

(ii) bD.1/ D fD.1/
p W p 2 P g 2 Dad whenever bD.2/ D fD.2/

p W p 2 P g 2 Dad and

D
.1/
p � D

.2/
p for all p 2 P .

Further restrictions will allow one to consider local or otherwise restricted form
of pullback attraction.

Definition 5.11. A '-invariant family A D fAp W p 2 P g of nonempty compact
subsets of X with Ap � Domp for each p 2 P is called a pullback attractor w.r.t.
the basin of attraction system Dat t if Dat t is an admissible ensemble of families of
subsets such that

lim
j!1 dist

�

'.j; ��j .p/;D��j .p//; Ap
� D 0 (33)

for every D D fDp W p 2 P g 2 Dat t .
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In this case a pullback absorbing set system B D fBp W p 2 P g should also
satisfy B 2 Dat t and the pullback absorbing property should be modified to

'
�

j; ��j .p/;D��j .p//
� � Bp

for all j � Np;D , p 2 P and D D fDpI p 2 P g 2 Dat t .
A counterpart of Theorem 5.4 then holds here. In this case the pullback attractor

is unique within the basin of attraction system, but the skew-product system may
have other pullback attractors within other basin of attraction systems, which may
be either disjoint from or a proper sub-ensemble of the original basin of attraction
system.

Example 5.12. Consider the scalar nonautonomous difference equation

xnC1 D fn .xn/ WD xn C �nxn
�

1 � x2n
�

(34)

for given parameters �n > 0, n 2 Z.
First let �n 
 N� for all n 2 Z, so the system is autonomous. It has the attractor

A� D Œ�1; 1� for the maximal basin of attraction
��1 � N��1; 1C N��1�, but if one

restricts attention further to the basin of attraction
�

0; 1C N��1� then the attractor is
only A�� D f1g.

Now let �n be variable with �n 2 �

1
2

N�; N��

for each n 2 Z, so the system is now
nonautonomous and representable as a skew-product on the state space X D Z � R

with the parameter set P D Z. Then A � D fA�
n W n 2 Zg with A�

n D Œ�1; 1� for
all n 2 Z is the pullback attractor for the basin of attraction system Dat t consisting
of all families D D fDn W n 2 Zg satisfying Dn � ��1 � N��1; 1C N��1�, whereas
A �� D fA��

n W n 2 Zg with A��
n D f1g for all n 2 Z is the pullback attractor for the

basin of attraction system Dat t consisting of all families D D fDn W n 2 Zg with
Dn � �

0; 1C N��1�.

6 Lyapunov Functions for Pullback Attractors

A Lyapunov function characterizing pullback attraction and pullback attractors for
a discrete-time process in R

d will be constructed here. Consider a nonautonomous
difference equation

xnC1 D fn.xn/ (�)

on R
d , where the fn W Rd ! R

d are Lipschitz continuous mappings. This generates
a process 	 W Z2� � R

d ! R
d through iteration by

	.n; n0; x0/ D fn�1 ı � � � ı fn0.x0/ for all n � n0

and each x0 2 R
d , which in particular satisfies the continuity property

x0 7! 	.n; n0; x0/ is Lipschitz continuous for all n � n0:
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The pullback attraction is taken w.r.t. a basin of attraction system, which is
defined as follows for a process.

Definition 6.1. A basin of attraction system Dat t consists of families D D fDn W
n 2 Zg of nonempty bounded subsets of Rd with the property that D .1/ D fD.1/

n W
n 2 Zg 2 Dat t if D .2/ D fD.2/

n W n 2 Zg 2 Dat t and D.1/
n � D

.2/
n for all n 2 Z.

Although somewhat complicated, the use of such a basin of attraction system allows
both nonuniform and local attraction regions, which are typical in nonautonomous
systems, to be handled.

Definition 6.2. A 	-invariant family of nonempty compact subsets A D fAn W
n 2 Zg is called a pullback attractor w.r.t. a basin of attraction system Dat t if it is
pullback attracting

lim
j!1 dist

�

	.n; n � j;Dn�j /; An
� D 0 (35)

for all n 2 Z and all D D fDn W n 2 Zg 2 Dat t .

Obviously A 2 Dat t .
The construction of the Lyapunov function requires the existence of a pullback

absorbing neighbourhood family.

6.1 Existence of a Pullback Absorbing Neighbourhood System

The following lemma shows that there always exists such a pullback absorbing
neighbourhood system for any given pullback attractor. This will be required for
the construction of the Lyapunov function for the proof of Theorem 6.4. The proof
is very similar to that of Proposition 4.13.

Lemma 6.3. If A is a pullback attractor with a basin of attraction system Dat t

for a process 	, then there exists a pullback absorbing neighbourhood system B �
Dat t of A w.r.t. 	. Moreover, B is 	-positive invariant.

Proof. For each n0 2 Z pick ın0 > 0 such that

BŒAn0 I ın0 � WD fx 2 R
d W dist.x; An0/ � ın0g

satisfies fBŒAn0 I ın0 � W n0 2 Zg 2 Dat t and define

Bn0 WD
[

j�0
	.n0; n0 � j; BŒAn0�j I ın0�j �/:

Obviously An0 � intBŒAn0 I ın0� � Bn0 . To show positive invariance the two-
parameter semigroup property will be used in what follows.
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	.n0 C 1; n0; Bn0/ D
[

j�0
	.n0 C 1; n0; 	.n0; n0 � j; BŒAn0�j I ın0�j �//

D
[

j�0
	.n0 C 1; n0 � j; BŒAn0�j I ın0�j �/

D
[

i�1
	.n0 C 1; n0 C 1 � i; BŒAn0C1�i I ın0C1�i �/

�
[

i�0
	.n0 C 1; n0 C 1 � i; BŒAn0C1�i I ın0C1�i �/ D Bn0C1;

so 	.n0 C 1; n0; Bn0/ � Bn0C1. This and the two-parameter semigroup property
again gives

	.n0 C 2; n0; Bn0/ D 	.n0 C 2; n0 C 1; 	.n0 C 1; n0; Bn0/

� 	.n0 C 2; n0 C 1; Bn0C1/ � Bn0C2:

The general positive invariance assertion then follows by induction.
Now referring to the continuity of 	.n0; n0 � j; �/ and the compactness of

BŒAn0�j I ın0�j �, the set 	.n0; n0 � j; BŒAn0�j I ın0�j �/ is compact for each j � 0

and n0 2 Z. Moreover, by pullback convergence, there exists an N D N.n0; ın0/ 2
N such that

	.n0; n0 � j; BŒAn0�j I ın0�j �/ � BŒAn0 I ın0 � � Bn0

for all j � N . Hence

Bn0 D
[

j�0
	.n0; n0 � j; BŒAn0�j I ın0�j �/

� BŒAn0 I ın0�
[ [

0�j<N
	.n0; n0 � j; BŒAn0�j I ın0�j �/

D
[

0�j<N
	.n0; n0 � j; BŒAn0�j I ın0�j �/;

which is compact, so Bn0 is compact.
To see that B so constructed is pullback absorbing w.r.t. Dat t , let D 2 Dat t . Fix

n0 2 Z. Since A is pullback attracting, there exists an N.D ; ın0; n0/ 2 N such that
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dist
�

	.n0; n0 � j;Dn0�j /; An0
�

< ın0

for all j � N.D ; ın0; n0/. But .	.n0; n0 � j;Dn0�j / � intBŒAn0 I ın0 � and
BŒAn0 I ın0� � Bn0 , so

	.n0; n0 � j;Dn0�j / � intBn0

for all j � N.D ; ın0; n0/. Hence B is pullback absorbing as required. ut

6.2 Necessary and Sufficient Conditions

The main result is the construction of a Lyapunov function that characterizes this
pullback attraction. See [21, 22].

Theorem 6.4. Let the fn be uniformly Lipschitz continuous on R
d for each n 2 Z

and let 	 be the process that they generate. In addition, let A be a 	-invariant
family of nonempty compact sets that is pullback attracting with respect to 	 with
a basin of attraction system Dat t . Then there exists a Lipschitz continuous function
V W Z � R

d ! R such that

Property 1 (upper bound). For all n0 2 Z and x0 2 R
d

V .n0; x0/ � dist.x0; An0/I (36)

Property 2 (lower bound). For each n0 2 Z there exists a function a.n0; �/ W R
C

! R
C with a.n0; 0/ D 0 and a.n0; r/ > 0 for all r > 0 which is monotonically

increasing in r such that

a.n0; dist.x0; An0// � V.n0; x0/ for all x0 2 R
d I (37)

Property 3 (Lipschitz condition). For all n0 2 Z and x0, y0 2 R
d

jV.n0; x0/� V.n0; y0/j � kx0 � y0kI (38)

Property 4 (pullback convergence). For all n0 2 Z and any D 2 Dat t

limsupn!1 sup
zn0�n2Dn0�n

V .n0; 	.n0; n0 � n; zn0�n// D 0: (39)

In addition,

Property 5 (forwards convergence). There exists N 2 Dat t . which is positively
invariant under 	 and consists of nonempty compact sets Nn0 with An0 � intNn0
for each n0 2 Z such that
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V.n0 C 1; 	.n0 C 1; n0; x0// � e�1V .n0; x0/ (40)

for all x0 2 Nn0 and hence

V.n0 C j; 	.j; n0; x0// � e�j V .n0; x0/ for all x0 2 Nn0; j 2 N: (41)

Proof. The aim is to construct a Lyapunov function V.n0; x0/ that characterizes a
pullback attractor A and satisfies properties 1–5 of Theorem 6.4. For this define

V.n0; x0/ WD sup
n2N

e�Tn0;ndist .x0; 	.n0; n0 � n;Bn0�n//

for all n0 2 Z and x0 2 R
d , where

Tn0;n D nC
n

X

jD1
˛C
n0�j

with Tn0;0 D 0. Here ˛n D logLn, where Ln is the uniform Lipschitz constant of
fn on R

d , and aC D .a C jaj/=2, i.e., the positive part of a real number a.
Note 4: Tn0;n � n and Tn0;nCm D Tn0;n C Tn0�n;m for n, m 2 N, n0 2 Z.

Proof of property 1

Since e�Tn0;n � 1 for all n 2 N and dist .x0; 	.n0; n0 � n;Bn0�n// is monotonically
increasing from 0 � dist .x0; 	.n0; n0; Bn0// at n D 0 to dist .x0; An0/ as n ! 1,

V.n0; x0/ D sup
n2N

e�Tn0;ndist .x0; 	.n0; n0 � n;Bn0�n// � 1 � dist .x0; An0/ :

Proof of property 2

If x0 2 An0 , then V.n0; x0/ D 0 by Property 1, so assume that x0 2 R
d n An0 .

Now in
V.n0; x0/ D sup

n�0
e�Tn0;ndist .x0; 	.n0; n0 � n;Bn0�n//

the supremum involves the product of an exponentially decreasing quantity bounded
below by zero and a bounded increasing function, since the sets 	.n0; n0�n;Bn0�n/
are a nested family of compact sets decreasing to An0with increasing n. In particular,

dist .x0; An0/ � dist .x0; 	.n0; n0 � n;Bn0�n// for all n 2 N:

Hence there exists an N � D N �.n0; x0/ 2 N such that
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1

2
dist.x0; An0/ � dist .x0; 	.no; n0 � n;Bn0�n// � dist.x0; An0/

for all n � N �, but not for n D N � � 1. Then, from above,

V.n0; x0/ � e�Tn0;N� dist
�

x0; 	.n0; n0 �N �; Bn0�N� /
�

� 1

2
e�Tn0;N� dist .x0; An0/ :

Define
N �.n0; r/ WD supfN �.n0; x0/ W dist .x0; An0/ D rg

Now N �.n0; r/ < 1 for x0 … An0 with dist .x0; An0/ D r and N �.n0; r/ is
nondecreasing with r ! 0. To see this note that by the triangle rule

dist.x0; An0/ � dist.x0; 	.n0; n0 � n;Bn0�n//C dist.	.n0; n0 � n;Bn0�n/; An0/:

Also by pullback convergence there exists an N.n0; r=2/ such that

dist.	.n0; n0 � n;Bn0�n/; An0/ <
1

2
r

for all n � N.n0; r=2/. Hence for dist.x0; An0/ D r and n � N.n0; r=2/,

r � dist.x0; 	.n0; n0 � n;Bn0�n//C 1

2
r;

that is
1

2
r � dist.x0; 	.n0; n0 � n;Bn0�n//:

ObviouslyN �.n0; r/ � N �.n0; r=2/.
Finally, define

a.n0; r/ WD 1

2
r e�Tn0;N�.n0;r/ : (42)

Note that there is no guarantee here (without further assumptions) that a.n0; r/ does
not converge to 0 for fixed r ¤ 0 as n0 ! 1.

Proof of property 3

jV.n0; x0/� V.n0; y0/j

D
ˇ

ˇ

ˇ

ˇ
sup
n2N

e�Tn0;ndist .x0; 	.n0; n0 � n;Bn0�n//

� sup
n2N

e�Tn0;ndist .y0; 	.n0; n0 � n;Bn0�n//
ˇ

ˇ

ˇ

ˇ
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� sup
n2N

e�Tn0;n jdist .x0; 	.n0; n0 � n;Bn0�n//� dist .y0; 	.n0; n0 � n;Bn0�n//j

� sup
n2N

e�Tn0;nkx0 � y0k � kx0 � y0k

since
jdist .x0; C /� dist .y0; C /j � kx0 � y0k

for any x0, y0 2 R
d and nonempty compact subset C of Rd .

Proof of property 4

Assume the opposite. Then there exists an "0 > 0, a sequence nj ! 1 in N and
points xj 2 	.n0; n0 � nj ;Dn0�nj / such that V.n0; xj / � "0 for all j 2 N. Since
D 2 Dat t and B is pullback absorbing, there exists an N D N.D ; n0/ 2 N such
that

	.n0; n0 � nj ;Dn0�nj / � Bn0 for all nj � N:

Hence, for all j such that nj � N , it holds xj 2 Bn0 , which is a compact set, so
there exists a convergent subsequence xj 0 ! x� 2 Bn0 . But also

xj 0 2
[

n�nj 0

	.n0; n0 � n;Dn0�n/

and
\

nj 0

[

n�nj 0

	.n0; n0 � n;Dn0�n/ � An0

by the definition of a pullback attractor. Hence x� 2 An0 and V.n0; x�/ D 0. But V
is Lipschitz continuous in its second variable by property 3, so

"0 � V.n0; xj 0/ D kV.n0; xj 0/� V.n0; x
�/k � kxj 0 � x�k;

which contradicts the convergence xj 0 ! x�. Hence property 4 must hold.

Proof of property 5

Define
Nn0 WD fx0 2 BŒBn0 I 1� W 	.n0 C 1; n0; x0/ 2 Bn0C1g ;

where BŒBn0 I 1� D fx0 W dist.x0; Bn0/ � 1g is bounded because Bn0 is compact
and R

d is locally compact, soNn0 is bounded. It is also closed, hence compact, since
	.n0 C 1; n0; �/ is continuous and Bn0C1 is compact. Now An0 � intBn0 and Bn0 �
Nn0 , so An0 � intNn0 . In addition,
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	.n0 C 1; n0;Nn0/ � Bn0C1 � Nn0C1;

so N is positive invariant.
It remains to establish the exponential decay inequality (40). This needs the

following Lipschitz condition on 	.n0 C 1; n0; �/
 fn0.�/:

k	.n0 C 1; n0; x0/ � 	.n0 C 1; n0; y0/k � e˛n0kx0 � y0k

for all x0, y0 2 Dn0 . It follows from this that

dist.	.n0 C 1; n0; x0/; 	.n0 C 1; n0; Cn0// � e˛n0dist.x0; Cn0/

for any compact subset Cn0 � R
d . From the definition of V ,

V.n0 C 1; 	.n0 C 1; n0; x0//

D sup
n�0

e�Tn0C1;ndist.	.n0 C 1; n0; x0/; 	.n0; n0 � n;Bn0�n//

D sup
n�1

e�Tn0C1;ndist.	.n0 C 1; n0; x0/; 	.n0; n0 � n;Bn0�n//

since 	.n0 C 1; n0; x0/ 2 Bn0C1 when x0 2 Nn0 . Hence re-indexing and then using
the two-parameter semigroup property and the Lipschitz condition on 	.1; n0; �/

V .n0 C 1; 	.n0 C 1; n0; x0//

D sup
j�0

e�Tn0C1;jC1dist.	.n0 C 1; n0; x0/; 	.n0; n0 � j � 1; Bn0�j�1//

D sup
j�0

e�Tn0C1;jC1dist.	.n0 C 1; n0; x0/; 	.n0 C 1; n0; 	.n0; n0 � j; Bn0�j ///

� sup
j�0

e�Tn0C1;jC1e˛n0dist.x0; 	.n0; n0 � j; Bn0�j //

Now Tn0C1;jC1 D Tn0;j C 1 � ˛C
n0

, so

V.n0 C 1; 	.n0 C 1; n0; x0//

� sup
j�0

e�Tn0C1;jC1C˛n0dist.x0; 	.n0 C j; n0 � j; Bn0�j //

D sup
j�0

e�Tn0;j�1�˛C
n0C˛n0dist.x0; 	.n0; n0 � j; Bn0�j //

� e�1 sup
j�0

e�Tn0;j dist.x0; 	.n0; n0 � j; Bn0�j // � e�1V .n0; x0/;
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which is the desired inequality. Moreover, since 	.1; n0; x0/ 2 Bn0C1 � Nn0C1, the
proof continues inductively to give

V.n0 C j; 	.n0 C j; n0; x0// � e�j V .n0; x0/ for all j 2 N:

This completes the proof of Theorem 6.4. ut

6.2.1 Comments on Theorem 6.4

Note 1: It would be nice to use 	.n0; n0 � n; x0/ for a fixed x0 in the pullback
convergence property (39), but this may not always be possible due to nonuniformity
of the attraction region, i.e., there may not be a D 2 Dat t with x0 2 Dn0�n for all
n 2 N.
Note 2: The forwards convergence inequality (41) does not imply forwards
Lyapunov stability or Lyapunov asymptotical stability. Although

a.n0 C j; dist.	.n0 C j; n0; x0/; An0Cj // � e�j V .n0; x0/

there is no guarantee (without additional assumptions) that

inf
j�0 a.n0 C j; r/ > 0

for r > 0, so dist.	.n0 C j; n0; x0/; An0Cj / need not become small as j ! 1.
As a counterexample consider Example 4.6 of the process 	 on R generated

by (�) with fn D g1 for n � 0 and fn D g2 for n � 1 where the mappings
g1; g2 W R ! R are given by g1.x/ WD 1

2
x and g2.x/ WD maxf0; 4x.1 � x/g for

all x 2 R. Then A with An0 D f0g for all n0 2 Z is pullback attracting for 	
but is not forwards Lyapunov asymptotically stable. (Note one can restrict g1; g2 to
Œ�R;R� ! Œ�R;R� for any fixed R > 1 to ensure the required uniform Lipschitz
continuity of the fn).
Note 3: The forwards convergence inequality (41) can be rewritten as

V.n0; 	.n0; n0 � j; xn0�j // � e�j V .n0 � j; xn0�j / � e�j dist.xn0�j ; An0�j /

for all xn0�j 2 Nn0�j and j 2 N.

Definition 6.6. A family D 2 Dat t is called past–tempered w.r.t. A if

lim
j!1

1

j
logC dist.Dn0�j ; An0�j / D 0 for all n0 2 Z ;

or equivalently if

lim
j!1 e��jdist.Dn0�j ; An0�j / D 0 for all n0 2 Z; � > 0:
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This says that there is at most subexponential growth backwards in time of the
starting sets. It is reasonable to restrict attention to such sets.

For a past-tempered family D � N it follows that

V.n0; 	.n0; n0 � j; xn0�j // � e�jdist.Dn0�j ; An0�j / �! 0

as j ! 1. Hence

a
�

n0; dist.	.n0; n0 � j; xn0�j /; An0/
� � e�jdist.Dn0�j ; An0�j / �! 0

as j ! 1. Since n0 is fixed in the lower expression, this implies the pullback
convergence

lim
j!1 dist.	.n0; n0 � j;Dn0�j /; An0/ D 0:

A rate of pullback convergence for more general sets D 2 Dat t will be considered
in the next subsection.

6.2.2 Rate of Pullback Convergence

Since B is a pullback absorbing neighbourhood system, then for every n0 2 Z,
n 2 N and D 2 Dat t there exists an N.D ; n0; n/ 2 N such that

	.n0 � n; n0 � n �m;Dn0�n�m/ � Bn0�n for all m � N:

Hence, by the two-parameter semigroup property,

	.n0; n0 � n �m;Dn0�n�m/

D 	.n0; n0 � n; 	.n0 � n; n0 � n �m;Dn0�n�m//

� 	.n0; n0 � n;Bn0�n/

D 	.n0; n0 � i; 	.n0 � i; n0 � n;Bn0�n//

� 	.n0; n0 � i; Bn0�i / for all m � N; 0 � i � n;

where the positive invariance of B was used in the last line. Hence

	.n0; n0 � n �m;Dn0�n�m/ � 	.n0; n0 � i; Bn0�i /

for all m � N.D ; n0; n/ and 0 � i � n, or equivalently

	.n0; n0 �m;Dn0�m/ � 	.n0; n0 � i; Bn0�i / for all m � nCN.D ; n0; n/
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and 0 � i � n. This means that for any zn0�m 2 Dn0�m the supremum in

V.n0; 	.n0; n0 �m; zn0�m//

D sup
i�0

e�Tn0;idist .	.n0; n0 �m; zn0�m/; 	.n0; n0 � i; Bn0�i //

need only be considered over i � n. Hence

V.n0; 	.n0; n0 �m; zn0�m//
D sup

i�n
e�Tn0;idist .	.n0; n0 �m; zn0�m/; 	.n0; n0 � i; Bn0�i //

� e�Tn0;n sup
j�0

e�Tn0�n;j dist
�

	.n0; n0 �m; zn0�m/; 	.n0; n0 � n � j; Bn0�n�j /
�

� e�Tn0;ndist .	.n0; n0 �m; zn0�m/; An0/

� e�Tn0;ndist .Bn0 ; An0/

since An0 � 	.n0; n0 � n � j; Bn0�n�j / and 	.n0; n0 �m; zn0�m/ 2 Bn0 . Thus

V.n0; 	.n0; n0 �m; zn0�m// � e�Tn0;ndist .Bn0 ; An0/

for all zn0�m 2 Dn0�m, m � n C N.D ; n0; n/ and n � 0.
It can be assumed that the mapping n 7! n C N.D ; n0; n/ is monotonic

increasing in n (by taking a largerN.D ; n0; n/ if necessary), and is hence invertible.
Let the inverse of m D n C N.D ; n0; n/ be n D M.m/ D M.D ; n0;m/. Then

V.n0; 	.n0; n0 �m; zn0�m// � e�Tn0;M.m/dist .Bn0 ; An0/

for all m � N.D ; n0; 0/ � 0. Usually N.D ; n0; 0/ > 0. This expression can be
modified to hold for all m � 0 by replacingM.m/ byM �.m/ defined for all m � 0

and introducing a constant KD ;n0 � 1 to account for the behaviour over the finite
time set 0 � m < N.D ; n0; 0/. For all m � 0 this gives

V.n0; 	.n0; n0 �m; zn0�m// � KD ;n0e
�Tn0;M�.m/dist .Bn0 ; An0/ :

7 Bifurcations

The classical theory of dynamical bifurcation focusses on autonomous difference
equations

xnC1 D g.xn; �/ (43)
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with a right-hand side g W Rd � � ! R
d depending on a parameter � from some

parameter space �, which is typically a subset of R
n (cf., e.g., [30] or [17]). A

central question is how stability and multiplicity of invariant sets for (43) changes
when the parameter � is varied. In the simplest, and most often considered situation,
these invariant sets are fixed points or periodic solutions to (43).

Given some parameter value ��, a fixed point x� D g.x�; ��/ of (43) is called
hyperbolic, if the derivative D1g.x

�; ��/ has no eigenvalue on the complex unit
circle S

1. Then it is an easy consequence of the implicit function theorem (cf. [31,
p. 365, Theorem 2.1]) that x� allows a unique continuation x.�/ 
 g.x.�/; �/ in a
neighborhood of ��. In particular, hyperbolicity rules out bifurcations understood as
topological changes in the set fx 2 R

d W g.x; �/ D xg near .x�; ��/ or a stability
change of x�.

On the other hand, eigenvalues on the complex unit circle give rise to various
well-understood autonomous bifurcation scenarios. Examples include fold, trans-
critical or pitchfork bifurcations (eigenvalue 1), flip bifurcations (eigenvalue �1)
or the Sacker–Neimark bifurcation (a pair of complex conjugate eigenvalues for
d � 2).

7.1 Hyperbolicity and Simple Examples

Even in the autonomous set-up of (43) one easily encounters intrinsically
nonautonomous problems, where the classical methods of, for instance, [17, 30]
do not apply:

1. Investigate the behaviour of (43) along an entire reference solution .
n/n2Z,
which is not constant or periodic. This is typically done using the (obviously
nonautonomous) equation of perturbed motion

xnC1 D g.xn C 
n; �/� g.
n; �/:

2. Replace the constant parameter � in (43) by a sequence .�n/n2Z in �, which
varies in time. Also the resulting parametrically perturbed equation

xnC1 D g.xn; �n/

becomes nonautonomous. This situation is highly relevant from an applied point
of view, since parameters in real world problems are typically subject to random
perturbations or an intrinsic background noise.

Both the above problems fit into the framework of general nonautonomous differ-
ence equations

xnC1 D fn.xn; �/ (��)

with a sufficiently smooth right-hand side fn W Rd �� ! R
d , n 2 Z. In addition,

suppose that fn and its derivatives map bounded subsets of Rd � � into bounded
sets uniformly in n 2 Z.
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Generically, nonautonomous equations (��) do not have constant solutions, and
the fixed point sequences x�

n D fn.x
�
n ; �

�/ are usually not solutions to (��). This
gives rise to the following question:

If there are no equilibria, what should bifurcate in a nonautonomous set-up?

Before suggesting an answer, a criterion to exclude bifurcations is proposed. For
motivational purposes consider again the autonomous case (43) and the problem of
parametric perturbations.

Example 7.1. The autonomous difference equation xnC1 D 1
2
xn C� has the unique

fixed point x�.�/ D 2� for all � 2 R. Replace � by a bounded sequence .�n/n2Z
and observe as in Example 4.5 that the nonautonomous counterpart

xnC1 D 1
2
xn C �n

has a unique bounded entire solution 
�
n WD Pn�1

kD�1
�

1
2

�n�k�1
�k. For the special

case �n 
 �, this solution reduces to the known fixed point 
�
n 
 2�.

This simple example yields the conjecture that equilibria of autonomous equa-
tions persist as bounded entire solutions under parametric perturbations. It will
be shown below in Theorem 7.5 (or in [37, Theorem 3.4]) that this conjecture is
generically true in the sense that the fixed point of (43) has to be hyperbolic in order
to persist under parametric perturbations.

Example 7.2. The linear difference equation xnC1 D xn C �n has the forward
solution xn D x0 C Pn�1

kD0 �n, whose boundedness requires the assumption that
the real sequence .�n/n�0 is summable. Thus, the nonhyperbolic equilibria x� of
xnC1 D xn do not necessarily persist as bounded entire solutions under arbitrary
bounded parametric perturbations.

Typical examples of nonautonomous equations having an equilibrium, given by
the trivial solution are equations of perturbed motion. Their variational equation
along .
n/n2Z is given by xnC1 D D1g.
n; �/xn and investigating the behaviour
of its trivial solution under variation of � requires an appropriate nonautonomous
notion of hyperbolicity.

Suppose that An 2 R
d�d , n 2 Z, is a sequence of invertible matrices, and

consider a linear difference equation

xnC1 D Anxn (44)

with the transition matrix

˚.n; l/ WD

8

ˆ
ˆ
<

ˆ
ˆ
:

An�1 � � �Al; l < n;

I; n D l;

A�1
n � � �A�1

l�1; n < l:
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Let I be a discrete interval and define I
0 WD fk 2 I W k C 1 2 Ig. An invariant

projector for (44) is a sequence Pn 2 R
d�d , n 2 I, of projections Pn D P2

n

such that
AnC1Pn D PnAn for all n 2 I

0:

Definition 7.3. A linear difference equation (44) is said to admit an exponential
dichotomy on I, if there exist an invariant projector Pn and real numbers K � 0,
˛ 2 .0; 1/ such that for all n; l 2 I one has

k˚.n; l/Plk � K˛n�l if l � n;

k˚.n; l/Œid � Pl�k � K˛l�n if n � l:

Remark 7.4. An autonomous difference equation xnC1 D Axn has an exponential
dichotomy, if and only if the coefficient matrix A 2 R

d�d has no eigenvalues on the
complex unit circle.

In terms of this terminology an entire solution .
n/n2Z of (��) is called
hyperbolic, if the variational equation

xnC1 D D1fn.
n; �/xn (V�)

has an exponential dichotomy on Z.
Let `1 denote the space of bounded sequences in R

d .

Theorem 7.5 (Continuation of bounded entire solutions). If 
� D .
�
n/n2Z is

an entire bounded and hyperbolic solution of .���/, then there exists an open
neighborhood�0 � � of �� and a unique function 
 W �0 ! `1 such that

(i) 
.��/ D 
�,
(ii) Each 
.�/ is a bounded entire and hyperbolic solution of (��),

(iii) 
 W �0 ! `1 is as smooth as the functions fn.

Proof. The proof is based on the idea to formulate a nonautonomous difference
equation (��) as an abstract equation F.
; �/ D 0 in the space `1. This is solved
using the implicit mapping theorem, where the invertibility of the Fréchet derivative
D1F.


�; ��/ is characterised by the hyperbolicity assumption on 
�. For details,
see [40, Theorem 2.11]. ut

Consequently, in order to deduce sufficient conditions for bifurcations, one must
violate the hyperbolicity of 
�. For this purpose, the following characterisation of
an exponential dichotomy is useful.

Theorem 7.6 (Characterization of exponential dichotomies). A variational
equation (V�) has an exponential dichotomy on Z, if and only if the following
conditions are fulfilled:

(i) (V�) has an exponential dichotomy on Z
C with projector PC

n , as well as an
exponential dichotomy on Z

� with projector P�
n ,
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(ii) R.PC
0 /˚N.P�

0 / D R
d .

Proof. See [9, Lemma 2.4]. ut
The subsequent examples illustrate various scenarios that can arise, if a condition

stated in Theorem 7.6 is violated.

Example 7.7 (Pitchfork bifurcation). Consider the difference equation

xnC1 D fn.xn; �/; fn.x; �/ WD �x

1C jxj
from Sect. 4.5. It is a prototypical example of a supercritical autonomous pitchfork
bifurcation (cf., e.g. [30, pp. 119ff, Sect. 4.4]), where the unique asymptotically
stable equilibrium x� D 0 for � 2 .0; 1/ bifurcates into two asymptotically stable
equilibria x˙ WD ˙.� � 1/ for � > 1.

Along the trivial solution the variational equation xnC1 D �xn becomes
nonhyperbolic for � D 1. Indeed, criterion (i) of Theorem 7.6 is violated, since
the variational equation does not admit a dichotomy on Z

C or on Z
�. This loss of

hyperbolicity causes an attractor bifurcation, since for

• � 2 .0; 1/, the set x� D 0 is the global attractor
• � > 1, the trivial equilibrium x� D 0 becomes unstable and the symmetric

interval A D Œx�; xC� is the global attractor.

Bifurcations of pullback attractors can be observed as nonautonomous versions
of pitchfork bifurcations.

Example 7.8 (Pullback attractor bifurcation). Consider for parameter values � > 0
the difference equation

xnC1 D �xn �
8

<

:

min
˚

anx
3
n;

�
2
xn

�

; xn � 0;

max
˚

anx
3
n;

�
2
xn

�

; xn < 0;

where .an/n2Z is a sequence which is both bounded and bounded away from zero.
Note that in a neighborhood U of 0, the difference equation is given by xnC1 D
�xn�anx3n, and outside of a set V � U , the difference equation is given by xnC1 D
�
2
xn. Both U and V here can be chosen independently of � near � D 1. Moreover,

for fixed n 2 Z, the right-hand side of this equation lies between the functions
x 7! �

2
x and x 7! �x.

It is clear that for � 2 .0; 1/, the global pullback attractor is given by the trivial
solution, which follows from the fact that points are contracted at each time step by
the factor �. For � > 1, the trivial solution is no longer attractive, but there exists
a (nontrivial) pullback attractor for � 2 .1; 2/. This follows from Theorem 5.4,
because the family B D fV W n 2 Zg is pullback absorbing (the right-hand is given
by x 7! �

2
x outside of V ).
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At the parameter value � D 1, the global pullback attractor changes its
dimension. Thus, this difference equation provides an example of a nonautonomous
pitchfork bifurcation, which will be treated below in Sect. 7.2.

While these two examples show how (autonomous) bifurcations can be
understood as attractor bifurcations, the following scenario is intrinsically
nonautonomous (see [36] for a deeper analysis).

Example 7.9 (Shovel bifurcation). Consider a scalar difference equation

xnC1 D an.�/xn; an.�/ WD
(

1
2

C �; n < 0;

�; n � 0;
(45)

with parameters � > 0. In order to understand the dynamics of (45), distinguish
three cases:

(i) � 2 .0; 1
2
/: The equation (45) has an exponential dichotomy on Z with

projector Pn 
 1. The uniquely determined bounded entire solution is the
trivial one, which is uniformly asymptotically stable.

(ii) � > 1: The equation (45) has an exponential dichotomy on Z with projector
Pk 
 0. Again, 0 is the unique bounded entire solution, but is now unstable.

(iii) � 2 . 1
2
; 1/: In this situation, (45) has an exponential dichotomy on Z

C
with projector PC

n 
 1, as well as an exponential dichotomy on Z
� with

projector P�
n D 0. Thus condition (ii) in Theorem 7.6 is violated and

0 is a nonhyperbolic solution. For this parameter regime, every solution
of (45) is bounded. Moreover, (45) is asymptotically stable, but not uniformly
asymptotically stable on the whole time axis Z.

The parameter values � 2 f 1
2
; 1g are critical. In both situations, the number of

bounded entire solutions to the linear difference equation (45) changes drastically.
Furthermore, there is a loss of stability in two steps: From uniformly asymptotically
stable to asymptotically stable, and finally to unstable, as � increases through the
values 1

2
and 1. Hence, both values can be considered as bifurcation values, since

the number of bounded entire solutions changes as well as their stability properties.

The next example requires the state space to be at least two-dimensional.

Example 7.10 (Fold solution bifurcation). Consider the planar equation

xnC1 D fn.xn; �/ WD



bn 0

0 cn

�

xn C



0

.x1n/
2

�

� �




0

1

�

(46)

with components xn D .x1n; x
2
n/, depending on a parameter � 2 R and asymptoti-

cally constant sequences

bn WD
(

2; n < 0;
1
2
; n � 0;

cn WD
(

1
2
; n < 0;

2; n � 0:
(47)
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Λ
λ < λ∗

λ = λ∗
λ > λ∗

R
2

R
2

R
2

Λ
λ < λ∗

λ = λ∗
λ > λ∗

R
2

R
2

R
2

Fig. 8 Left (supercritical fold): Initial values � 2 R
2 yielding a bounded solution 	�.�; 0; �/ of (46)

for different parameter values �.
Right (cusp): Initial values � 2 R

2 yielding a bounded solution 	�.�; 0; �/ of (49) for different
parameter values �

The variational equation for (46) corresponding to the trivial solution and the
parameter �� D 0 reads as

xnC1 D D1fn.0; 0/xn WD



bn 0

0 cn

�

xn:

It admits an exponential dichotomy on Z
C, as well as on Z

� with corresponding
invariant projectors PC

n 
 �

1 0
0 0

�

and P�
n 
 �

0 0
0 1

�

. This yields

R.PC
0 /\N.P�

0 / D R




1

0

�

; R.PC
0 /CN.P�

0 / D R




1

0

�

and therefore condition (ii) of Theorem 7.6 is violated. Hence, the trivial solution
to (46) for � D 0 is not hyperbolic.

Let 	�.�; 0; �/ be the general solution to (46). Its first component 	1� is

	1�.n; 0; �/ D 2�jnj�1 for all n 2 Z; (48)

while the variation of constants formula (cf. [1, p. 59]) can be used to deduce the
asymptotic representation

	2�.n; 0; �/ D
8

<

:

2n
�

�2 C 4
7
�21 � �� CO.1/; n ! 1;

1
2n

�

�2 � 1
2
�21 C 2�

� CO.1/; n ! �1:

Therefore, the sequence 	�.�; 0; �/ is bounded if and only if �2 D � 4
7
�21 C � and

�2 D 1
2
�21 � 2� holds, i.e., �21 D 7

2
�, �2 D ��. From the first relation, one sees that

there exist two bounded solutions if � > 0, the trivial solution is the unique bounded
solution for � D 0 and there are no bounded solutions for � < 0; see Fig. 8 (left)
for an illustration. For this reason, � D 0 can be interpreted as bifurcation value,
since the number of bounded entire solutions increases from 0 to 2 as � increases
through 0.
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The method of explicit solutions can also be applied to the nonlinear equation

xnC1 D fn.xn; �/ WD



bn 0

0 cn

�

xn C



0

.x1n/
3

�

� �




0

1

�

: (49)

However, using the variation of constants formula (cf. [1, p. 59]), it is possible to
show that the crucial second component of the general solution 	�.�; 0; �/ for (49)
fulfills

	2�.n; 0; �/ D
8

<

:

2n
�

�2 C 8
15
�31 � �

� CO.1/; n ! 1;

1
2n

�

�2 � 2
15
�31 C 2�

� CO.1/; n ! �1:

Since the first component is given in (48), 	�.�; 0; �/ is bounded if and only if �2 D
� 8
15
�31 C � and �2 D 2

15
�31 � 2�, which in turn is equivalent to

�1 D 3

r

9

2
�; �2 D �7

5
�:

Hence, these particular initial values � 2 R
2 given by the cusp shaped curve depicted

in Fig. 8 (right) lead to bounded entire solutions of (49).

7.2 Attractor Bifurcation

An easy example for a bifurcation of a pullback attractor was discussed already
in Example 7.8. Now a general bifurcation pattern will be derived, which ensures,
under certain conditions on Taylor coefficients, that a pullback attractor changes
qualitatively under variation of the parameter. This generalizes the autonomous
pitchfork bifurcation pattern. Although the pullback attractor discussed in Exam-
ple 7.8 is a global attractor, the pitchfork bifurcation only yields results for a local
pullback attractor.

Definition 7.11. Consider a process 	 on a metric state space X . A 	-invariant
family A D fAn W n 2 Zg of nonempty compact subsets of X is called a local
pullback attractor if there exists an � > 0 such that

lim
k!1 dist

�

	.n; n � k;B�.An�k//; An
� D 0 for all n 2 Z :

A local pullback attractor is a special case of a pullback attractor w.r.t. a certain
basin of attraction, which was introduced in Definition 5.11. Here, the basin of
attraction has to be chosen as a neighborhood of the local pullback attractor.

Suppose now that (��) is a scalar equation (d D 1) with the trivial solution for
all parameters � from an interval� � R. The transition matrix of the corresponding
variational equation

xnC1 D D1fn.0; �/xn

is denoted by ˚�.n; l/ 2 R.
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The hyperbolicity condition (i) in Theorem 7.6 will be violated when dealing
with attractor bifurcations. This yields a nonautonomous counterpart to the classical
pitchfork bifurcation pattern.

Theorem 7.12 (Nonautonomous pitchfork bifurcation). Suppose that fn.�; �/ W
R ! R is invertible and of class C4 with

D2
1fn.0; �/ D 0 for all n 2 Z and � 2 �:

Suppose there exists a �� 2 R such that the following hypotheses hold.

• Hypothesis on linear part: There exists a K � 1 and functions ˇ1; ˇ2 W � !
.0;1/ which are either both increasing or decreasing with lim�!�� b1.�/ D
lim�!�� b2.�/ D 1 and

˚�.n; l/ � Kˇ1.�/
n�l for all l � n;

˚�.n; l/ � Kˇ2.�/
n�l for all n � l

and all � 2 �.
• Hypothesis on nonlinearity: Assume that if the functions ˇ1 and ˇ2 are increas-

ing, then

�1 < lim inf
�!��

inf
n2ZD

3
1fn.0; �/ � lim sup

�!��

sup
n2Z

D3
1fn.0; �/ < 0;

and otherwise (i.e., if the functions ˇ1 and ˇ2 are decreasing), then

0 < lim inf
�!��

inf
n2ZD

3
1fn.0; �/ � lim sup

�!��

sup
n2Z

D3
1fn.0; �/ < 1:

In addition, suppose that the remainder satisfies

lim
x!0

sup
�2.���x2;��Cx2/

sup
n�0

x

Z 1

0

.1 � t/3D4fn.tx; �/ dt D 0;

lim sup
�!��

lim sup
x!0

sup
n�0

Kx3

1 � minfˇ1.�/; ˇ2.�/�1g
Z 1

0

.1 � t/3D4fn.tx; �/ dt < 3:

Then there exist �� < �� < �C so that the following statements hold:

1. If the functions ˇ1; ˇ2 are increasing, the trivial solution is a local pullback
attractor for � 2 .��; ��/, which bifurcates to a nontrivial local pullback
attractor fA�n W n 2 Zg, � 2 .��; �C/, satisfying the limit

lim
�!��

sup
n�0

dist.A�n; f0g/ D 0:



88 P.E. Kloeden et al.

2. If the functions ˇ1; ˇ2 are decreasing, the trivial solution is a local pullback
attractor for � 2 .��; �C/, which bifurcates to a nontrivial local pullback
attractor fA�n W n 2 Zg, � 2 .��; ��/, satisfying the limit

lim
�!��

sup
n�0

dist.A�n; f0g/ D 0:

For a proof of this theorem and extensions (to both different time domains and
repellers), see [43, 45].

The next example, taken from [15], illustrates the above theorem.

Example 7.13. Consider the nonautonomous difference equation

xnC1 D �xn

1C bnq

�
x
q
n

; (50)

where q 2 N and the sequence .bn/n2N is positive and both bounded and bounded
away from zero. For q D 1, this difference equation can be transformed into the
well-known Beverton–Holt equation, which describes the density of a population
in a fluctuating environment. It was shown in [15] that in this case, the system
admits a nonautonomous transcritical bifurcation (the bifurcation pattern of which
was derived in [43]).

For q D 2, a nonautonomous pitchfork bifurcation occurs. The above theorem
can be applied, because the Taylor expansion of the right-hand side of (50) reads
as �xn C bnx

qC1
n C O.x2qC1/, and the remainder fulfills the conditions of the

theorem (see [15] for details). This means that for � 2 .0; 1/, the trivial solution is a
local pullback attractor, which undergoes a transition to a nontrivial local pullback
attractor when � > 1. Note that the extreme solutions of the nontrivial local pullback
attractor for � > 1 are also local pullback attractors, which gives the interpretation
of this bifurcation as a bifurcation of locally pullback attractive solutions.

7.3 Solution Bifurcation

In the previous section on attractor bifurcations, the first hyperbolicity condition
(i) in Theorem 7.6, given by exponential dichotomies on both semiaxes, was
violated.

The present concept of solution bifurcation is based on the assumption that
merely condition (ii) of Theorem 7.6 does not hold. This requires the variational
difference equation (V�) to be intrinsically nonautonomous. Indeed, if (V�) is almost
periodic, then an exponential dichotomy on a semiaxis extends to the whole integer
axis (cf. [52, Theorem 2]) and the reference solution 
 D .
n/n2Z becomes
hyperbolic. For this reason the following bifurcation scenarios cannot occur for
periodic or autonomous difference equations.
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φ ∗ + W +
λ

φ∗ + W −
λ

φ1

φ2
R

d

ZSλ

k = 0

Fig. 9 Intersection S� � R
d of the stable fiber bundle 	� C W C

� � Z
C � R

d with the unstable
fiber bundle 	� C W �

� � Z
� � R

d at time k D 0 yields two bounded entire solutions 	1; 	2
to (��) indicated as dotted dashed lines

The crucial and standing assumption is the following:

Hypothesis: The variational equation (V�) admits an ED both on Z
C (with

projectorPC
n ) and on Z

� (with projector P�
n ) such that there exists nonzero vectors


1 2 R
d , 
 0

1 2 R
d satisfying

R.PC
0 / \N.P�

0 / D R
1; .R.PC
0 /CN.P�

0 //
? D R
 0

1: (51)

Then a solution bifurcation is understood as follows: Suppose that for a fixed
parameter �� 2 �, the difference equation .���/ has an entire bounded reference
solution 
� D 
.��/. One says that (��) undergoes a bifurcation at � D �� along

�, or 
� bifurcates at ��, if there exists a convergent parameter sequence .�n/n2N
in�with limit �� so that .��n/ has two distinct entire solutions 
1�n ; 


2
�n

2 `1 both
satisfying

lim
n!1
1�n D lim

n!1
2�n D 
�:

The above Hypothesis allows a geometrical insight into the following abstract
bifurcation results using invariant fiber bundles, i.e., nonautonomous counterparts
to invariant manifolds: Because (V�) has an exponential dichotomy on Z

C, there
exists a stable fiber bundle 
� CW C

� consisting of all solutions to (��) approaching

� in forward time. Here, W C

� is locally a graph over the stable vector bundle
fR.PC

n / W n 2 Z
Cg. Analogously, the dichotomy on Z

� guarantees an unstable
fiber bundle 
� C W �

� consisting of solutions decaying to 
� in backward time (cf.
[40, Corollary 2.23]). Then the bounded entire solutions to (��) are contained in the
intersection .
� C W C

� /\ .
� C W �
� /. In particular, the intersection of the fibers

S� WD
	


�
0 C W C

�;0




\ �


�
0 C W �

�;0

� � R
d

yields initial values for bounded entire solutions (see Fig. 9).
It can be assumed without loss of generality, using the equation of perturbed

motion, that 
� D 0. In addition suppose that

fn.0; �/ 
 0 on Z;
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which means that (��) has the trivial solution for all � 2 �. The corresponding
variational equation is

xnC1 D D1fn.0; �/xn

with transition matrix ˚�.n; l/ 2 R
d�d .

Theorem 7.14 (Bifurcation from known solutions). Let � � R and suppose fn
is of class Cm, m � 2. If the transversality condition

g11 WD
X

n2Z
h˚��.0; nC 1/0
 0

1;D1D2fn.0; �
�/˚��.n; 0/
1i ¤ 0 (52)

is satisfied, then the trivial solution of a difference equation (��) bifurcates at ��.
In particular, there exists a � > 0, open convex neighborhoods U � `1.˝/ of 0,
�0 � � of �� and Cm�1-functions  W .��; �/ ! U , � W .��; �/ ! �0 with

1.  .0/ D 0, �.0/ D �� and P .0/ D ˚�� .�; 0/
1,
2. Each  .s/ is a nontrivial solution of .�/�.s/ homoclinic to 0, i.e.,

lim
n!˙1 .s/n D 0:

Proof. See [39, Theorem 2.14]. ut
Corollary 7.15 (Transcritical bifurcation). Under the additional assumption

g20 WD
X

n2Z
h˚��.0; nC 1/0
 0

1;D
2
1fn.0; �

�/Œ˚�� .n; 0/
1�
2i ¤ 0

one has P�.0/ D � g20
2g11

and the following holds locally in U � �0: The difference
equation (��) has a unique nontrivial entire bounded solution  .�/ for � ¤ ��
and 0 is the unique entire bounded solution of .�/�� ; moreover, .�/ is homoclinic
to 0.

Proof. See [39, Corollary 2.16]. ut
Example 7.16. Consider the nonlinear difference equation

xnC1 D fn.xn; �/ WD



bn 0

� cn

�

xn C



0

.x1n/
2

�

(53)

depending on a bifurcation parameter � 2 R and sequences bn; cn defined in (47).
As in Example 7.10, the assumptions hold with �� D 0 and

g11 D 4

3
¤ 0; g20 D 12

7
¤ 0:
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Λ
λ < λ∗

λ = λ∗
λ > λ∗

R
2

R
2

R
2

Λ
λ < λ∗

λ = λ∗
λ > λ∗

R
2

R
2

R
2

Fig. 10 Left (transcritical): Initial values � 2 R
2 yielding a homoclinic solution 	�.�; 0; �/ of (53)

for different parameter values �.
Right (supercritical pitchfork): Initial values � 2 R

2 yielding a homoclinic solution 	�.�; 0; �/
of (54) for different parameter values �

Hence, Corollary 7.15 can be applied in order to see that the trivial solution of (53)
has a transcritical bifurcation at � D 0. Again, this bifurcation will be described
quantitatively. While the first component of the general solution 	�.�; 0; �/ given
by (48) is homoclinic, the second component satisfies

	2�.n; 0; �/ D
8

<

:

2n
�

�2 C 4
7
�21 C 2�

3
�1

� C o.1/; n ! 1;

2�n �

�2 � 2
7
�21 � 2�

3
�1

� C o.1/; n ! �1:

In conclusion, one sees that 	�.�; 0; �/ is bounded if and only if � D .0; 0/ or

�1 D �14
9
�; �2 D 28

81
�2:

Hence, besides the zero solution, there is a unique nontrivial entire solution passing
through the initial point � D .�1; �2/ at time n D 0 for � ¤ 0. This means the
solution bifurcation pattern sketched in Fig. 10 (left) holds.

Corollary 7.17 (Pitchfork bifurcation). For m � 3 and under the additional
assumptions

X

n2Z
h˚��.0; nC 1/0
 0

1;D
2
1fn.0; �

�/Œ˚�� .n; 0/
1�
2i D 0;

g30 WD
X

n2Z
h˚��.0; nC 1/0
 0

1;D
3
1fn.0; �

�/Œ˚�� .n; 0/
1�
3i ¤ 0

one has P�.0/ D 0, R�.0/ D � g30
3g11

and the following holds locally in U ��0:

3. Subcritical case: If g30=g11 > 0, then the unique entire bounded solution
of (��) is the trivial one for � � �� and (��) has exactly two nontrivial entire
solutions for � < ��; both are homoclinic to 0.
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4. Supercritical case: If g30=g11 < 0, then the unique entire bounded solution
of (��) is the trivial one for � � �� and (��) has exactly two nontrivial entire
solutions for � > ��; both are homoclinic to 0.

Proof. See [39, Corollary 2.16]. ut
Example 7.18. Let ı be a fixed nonzero real number and consider the nonlinear
difference equation

xnC1 D fn.xn; �/ WD



bn 0

� cn

�

xn C ı




0

.x1n/
3

�

(54)

depending on a bifurcation parameter � 2 R and the bn; cn defined in (47). As in our
above Example 7.16, the assumptions of Corollary 7.17 are fulfilled with �� D 0.
The transversality condition here reads g11 D 4

3
¤ 0. Moreover, D2

1fn.0; 0/ 
 0

on Z implies g20 D 0, whereas the relation D3
1fn.0; 0/�

3 D � 0
6ı�31

�

for all n 2 Z,

� 2 R
2 leads to g30 D 4ı ¤ 0. This gives the crucial quotient g30

g11
D 3ı. By

Corollary 7.17, the trivial solution to (54) undergoes a subcritical (supercritical)
pitchfork bifurcation at � D 0 provided ı > 0 (resp. ı < 0). As before one can
illustrate this result using the general solution 	�.�; 0; �/ to (54). The first component
is given by (48) and helps to show for the second component that

	2�.n; 0; �/ D
8

<

:

2n
�

�2 C 8ı
15
�31 C 2�

3
�1

� C o.1/; n ! 1;

2�n �

�2 � 2ı
15
�31 � 4�

3
�1

� C o.1/; n ! �1:

This asymptotic representation shows that 	�.�; 0; �/ is homoclinic to 0 if and only
if � D 0 or �21 D � 2

ı
� and �2 D 4

15

.5ıC16�/
ı2

�2. Hence, there is a correspondence to
the pitchfork solution bifurcation from in Corollary 7.17. See Fig. 10 (right) for an
illustration.

Remarks. In [43, Theorem 5.1] one finds a nonautonomous generalization for
transcritical bifurcations.

8 Random Dynamical Systems

Random dynamical systems on a state space X are nonautonomous by the very
nature of the driving noise. They can be formulated as skew-product systems with
the driving system acting a probability sample space ˝ rather than on a topological
or metric parameter space P . A major difference is that only measurability and
not continuity w.r.t. the parameter can be assumed, which changes the types of
results that can be proved. In particular, the skew-product system does not form
an autonomous semidynamical system on the product space ˝ � X . Nevertheless,
there are many interesting parallels with the theory of deterministic nonautonomous
dynamical systems.
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For further details see Arnold [2] and, for example, also [27], where the temporal
discretization of random differential equations is also considered.

8.1 Random Difference Equations

Let .˝;F ;P/ be a probability space and let f
n; n 2 Zg be a discrete-time
stochastic process taking values in some space � , i.e., a sequence of random
variables or, equivalently, F -measurable mappings 
n W ˝ ! � for n 2 Z. Let
.X; d/ be a complete metric space and consider a mapping g W � �X ! X .

Then
xnC1.!/ D g .
n.!/; xn.!// for all n 2 Z; ! 2 ˝; (55)

is a random difference equation on X driven by the stochastic process 
n.
Greater generality can be achieved by representing the driving noise process by

a metrical (i.e., measure theoretic) dynamical system � on some canonical sample
space ˝ , i.e., the group of F -measurable mappings f�n; n 2 Zg under composition
formed by iterating a measurable mapping � W ˝ ! ˝ and its measurable inverse
mapping ��1 W ˝ !˝ , i.e., with �0 D id˝ and

�nC1 WD � ı �n; ��n�1 WD ��1 ı ��n for all n 2 N;

where ��1 WD ��1. It is usually assumed that � generates an ergodic process on ˝ .
Let f W ˝ �X ! X be an F �B.X/-measurable mapping, where B.X/ is the

Borel �-algebra on X . Then, in this context, a random difference equation has the
form

xnC1.!/ D f .�n.!/; xn.!// for all n 2 Z; ! 2 ˝: (56)

Define recursively a solution mapping ' W Z
C � ˝� X ! X for the random

difference equation (56) by '.!; 0; x/ WD x and

'.!; nC 1; x/ D f .�n.!/; 	.�n.!/; n; x// for all n 2 N; x 2 X

and ! 2 ˝ . Then, ' satisfies the discrete-time cocycle property w.r.t. � , i.e.,

'.nCm;!; x/ D ' .n; �m.!/; '.m; !; x0// for all m; n 2 Z
C;

x 2 X and ! 2 ˝ . The mapping ' is called a cocycle mapping.
In terms of Arnold [2], the random difference equation (56) generates a discrete-

time random dynamical system .�; 	/ on˝�X with the metric dynamical system �

on the probability space .˝;F ;P/ and the cocycle mapping ' on the state spaceX .

Definition 8.1. A (discrete-time) random dynamical system .�; '/ on ˝ � X

consists of a metrical dynamical system � on˝ , i.e., a group of measure preserving
mappings �n W ˝ !˝ , n 2 Z, such that
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(i) �0 D id˝ and �n ı �m D �nCm for all n, m 2 Z,
(ii) The map ! 7! �n.!/ is measurable and invariant w.r.t. P in the sense that

�n.P/ D P for each n 2 Z,

and a cocycle mapping ' W ZC �˝ �X ! X such that

(a) '.0; !; x0/ D x0 for all x0 2 X and ! 2 ˝ ,
(b) '.n C m;!; x0/ D ' .n; �m.!/; '.m; !; x0// for all n,m 2 Z

C, x0 2 X and
! 2 ˝ ,

(c) x0 7! '.n; !; x0/ is continuous for each .n; !/ 2 Z
C �˝ ,

(d) ! 7! '.n; !; x0/ is F -measurable for all .n; x0/ 2 Z
C �X .

The notation �n.P/ D P for the measure preserving property of �n w.r.t. P is just
a compact way of writing

P.�n.A// D P.A/ for all n 2 Z; A 2 F :

A systematic treatment of the random dynamical system theory, both continuous
and discrete time, is propounded in Arnold [2]. Note that � D .�; 	/ has a skew-
product structure on ˝ � X , but it is not an autonomous semidynamical system on
˝ �X since no topological structure is assumed on˝ .

8.2 Random Attractors

Unlike a deterministic skew-product system, a random dynamical system .�; '/ on
˝ � X is not an autonomous semidynamical system on ˝ � X . Nevertheless,
skew-product deterministic systems and random dynamical systems have many
analogous properties, and concepts and results for one can often be used with
appropriate modifications for the other. The most significant modification concerns
measurability and the nonautonomous sets under consideration are random sets.

Let .X; d/ be a complete and separable metric space (i.e., a Polish space)

Definition 8.2. A family D D fD!;! 2 ˝g of nonempty subsets of X is called
a random set if the mapping ! 7! dist.x;D!/ is F -measurable for all x 2 X . A
random set D is called a random closed set if D! is closed for each ! 2 ˝ and is
called a random compact set if D! is compact for each ! 2 ˝ .

Random sets are called tempered if their growth w.r.t. the driving system � is
sub-exponential (cf. Definition 6.6).

Definition 8.3. A random set D D fD!;! 2 ˝g in X is said to be tempered if
there exists a x0 2 X such that

D! � fx 2 X W d.x; x0/ � r.!/g for all ! 2 ˝ ;

where the random variable r.!/ > 0 is tempered, i.e.,
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sup
n2Z

fr.�n.!//e�� jnjg < 1 for all ! 2 ˝; � > 0:

The collection of all tempered random sets in X will be denoted by D.

A random attractor of a random dynamical system is a random set which is
a pullback attractor in the pathwise sense w.r.t. the attracting basin of tempered
random sets.

Definition 8.4. A random compact set A D .A!/!2˝ from D is called a random
attractor of a random dynamical system .�; '/ on˝�X in D if A is a '-invariant
set, i.e.,

'.n; !;A!/ D A�n.!/ for all n 2 Z
C; ! 2 ˝ ;

and pathwise pullback attracting in D, i.e.,

lim
n!1 dist

�

'
�

n; ��n.!/;D.��n.!//
�

; A!
� D 0 for all ! 2 ˝; D 2 D:

If the random attractor consists of singleton sets, i.e., A! D fZ�.!/g for some
random variable Z� with Z�.!/ 2 X , then NZn.!/ WD Z�.�n.!// is a stationary
stochastic process on X .

The existence of a random attractor is ensured by that of a pullback absorbing
set. The tempered random set B D fB!; ! 2 ˝g in the following theorem is called
a pullback absorbing random set.

Theorem 8.5 (Existence of random attractors). Let .�; '/ be a random dynami-
cal system on ˝ �X such that '.n; !; �/ W X ! X is a compact operator for each
fixed n > 0 and ! 2 ˝ . If there exist a tempered random set B D fB!; ! 2 ˝g
with closed and bounded component sets and an ND ;! � 0 such that

'
�

n; ��n.!/;D.��n.!//
� � B! for all n � ND ;!; (57)

and every tempered random set D D fD!;! 2 ˝g, then the random dynamical
system .�; '/ possesses a random pullback attractor A D fA! W ! 2 ˝g with
component sets defined by

A! D
\

m>0

[

n�m
'.n; ��n.!/; B.��n.!// for all ! 2 ˝: (58)

The proof of Theorem 8.5 is essentially the same as its counterparts for
deterministic skew-product systems. The only new feature is that of measurability,
i.e., to show that A D fA!/; ! 2 ˝g is a random set. This follows from the fact that
the set-valued mappings ! 7! '

�

n; ��n.!/; B.��n.!//
�

are measurable for each
n 2 Z

C.
Arnold and Schmalfuß [3] showed that a random attractor is also a forward

attractor in the weaker sense of convergence in probability, i.e.,
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lim
n!1

Z

˝

dist
�

'.n; !;D!/; A�n.!/
�

P.d!/ D 0

for all D 2 D. This allows individual sample paths to have large deviations from
the attractor, but for all to converge in this probabilistic sense.

8.3 Random Markov Chains

Discrete-time finite state Markov chains with a tridiagonal structure are common in
biological applications. They have a transition matrix ŒIN C�Q�, where IN is the
N �N identity matrix andQ is the tridiagonalN �N -matrix

Q D

2

6

6

6

6

6

4

�q1 q2 �
q1 �.q2 C q3/ q4

: : :
: : :

: : :
: : :

: : :

q2N�5 �.q2N�4 C q2N�3/ q2N�2
� q2N�3 �q2N�2

3

7

7

7

7

7

5

(59)

where the qj are positive constants.
Such a Markov chain is a first order linear difference equation

p.nC1/ D ŒIN C�Q�p.n/ (60)

on the probability simplex˙N in R
N defined by

˙N D ˚

p D .p1; � � � ; pN /T W
N

X

jD1
pj D 1; p1; : : : ; pN 2 Œ0; 1��:

The Perron-Frobenius theorem applies to the matrix L� WD IN C �Q when �
> 0 is chosen sufficiently small. In particular, it has eigenvalue � D 1 and there
is a positive eigenvector Nx, which can be normalized (in the k � k1 norm) to give a
probability vector Np, i.e., ŒIN C�Q� Np D Np, soQ Np D 0. Specifically, the probability
vector

Np1 D 1

kNxk1 ; NpjC1 D 1

kNxk1
j

Y

iD1

q2i�1
q2i

for all j D 1; : : : ; N � 1;

where

kNxk1 D
N

X

jD1
Nxj D 1C

N�1
X

jD1

j
Y

iD1

q2i�1
q2i

:
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The following result is well known.

Theorem 8.6. The probability eigenvector Np is an asymptotically stable steady
state of the difference equation (60) on the simplex ˙N .

In a random environment, e.g., with randomly varying food supply, the transition
probabilities may be random, i.e., the band entries qi of the matric Q may depend
on the sample space parameter ! 2 ˝ . Thus, qi D qi .!/ for i D 1, 2, : : :, 2N � 2,
and these may vary in turn according to some metric dynamical system � on the
probability space .˝;F ;P/. The following basic assumption will be used.

Assumption 1. There exist numbers 0 < ˛ � ˇ < 1 such that the uniform
estimates hold

˛ � qi .!/ � ˇ for all ! 2 ˝; i D 1; 2; : : : ; 2N � 2: (61)

Let L be a set of linear operatorsL! W RN ! R
N parametrized by the parameter

! taking values in some set ˝ and let f�n; n 2 Zg be a group of maps of ˝ onto
itself. The maps L!x serve as the generator of a linear cocycle FL .n; !/. Then
.�; FL / is a random dynamical system on ˝ �˙N .

Theorem 8.7. Let FL .n; !/x be the linear cocycle

FL .n; !/x D L�n�1! � � �L�1!L�0!x:

with matrices L! WD IN C �Q.!/, where the tridiagonal matrices Q.!/ are of
the form (59) with the entries qi D qi .!/ satisfying the uniform estimates (61) in
Assumption 1. In addition, suppose that 0 < � < 1

2ˇ
.

Then, the simplex ˙N is positively invariant under FL .n; !/, i.e.,

FL .n; !/˙N � ˙N for all ! 2 ˝:

Moreover, for n large enough, the restriction of FL .n; !/x to the set ˙N is a
uniformly dissipative and uniformly contractive cocycle (w.r.t. the Hilbert metric),
which has a random attractor A D fA!; ! 2 ˝g such that each set A! , ! 2 ˝ ,
consists of a single point.

The proof can be found in [28]. It involves positive matrices and the Hilbert
projective metric on positive cones in R

N .
Henceforth write A! D fa!g for the singleton component subsets of the random

attractor A . Then the random attractor is an entire random sequence fa�n!; n 2 Zg
in ˙N .�/ � ı

˙N , where

˙N.�/ D
�

x D .x1; x2; : : : ; xN / W
N

X

iD1
xi D 1; x1; x2; : : : ; xN � �N�1

�

:
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with � WD minf�˛; 1 � 2�ˇg > 0: It attracts other iterates of the random Markov
chain in the pullback sense. Pullback convergence involves starting at earlier initial
times with a fixed end time. It is, generally, not the same as forward convergence
in the sense usually understood in dynamical systems, but in this case it is the same
due to the uniform boundedness of the contractive rate w.r.t. !.

Corollary 8.8. For any norm k � k on R
N , p.0/ 2 ˙N and ! 2 ˝

�

�p.n/.!/� a�n!
�

� ! 0 as n ! 1:

The random attractor is, in fact, asymptotically Lyapunov stable in the conventional
forward sense.

8.4 Approximating Invariant Measures

Consider now a compact metric space .X; d/. A random difference equation (56) on
X driven by the noise process � generates a random dynamical system .�; '/. It can
be reformulated as a difference equation with a triangular or skew-product structure

.!; x/ 7! F.!; x/ WD



�.!/

f .!; x/

�

An invariant measure � of F D .�; '/ on ˝ � X defined by � D F �� (which is
shorthand for an integral expression) can be decomposed as

�.!;B/ D �!.B/P.d!/ for all B 2 B.X/;

where the measures �! on X are �-invariant w.r.t. f , i.e.,

��.!/.B/ D �!
�

f �1.!;B/
�

for all B 2 B.X/; ! 2 ˝:

This decomposition is very important since only the state space X , but not the
sample space ˝ , can be discretized.

To compute a given invariant measure� consider a sequence of finite subsetsXN
of X given by

XN D fx.N/1 ; � � � ; x.N/N g � X;

for N 2 N with maximal step size

hN D sup
x2X

dist.x;XN /

such that hN ! 0 as N ! 1.
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Then the invariant measure � will be approximated by a sequence of invariant
stochastic vectors associated with random Markov chains describing transitions
between the states of the discretized state spacesXN . These involve randomN �N
matrices, i.e., measurable mappings

PN W ˝ ! SN ;

where SN denotes the set ofN �N (nonrandom) stochastic matrices, satisfying the
property

Pn
N .�

m.!//Pm
N .!/ D PmCn

N .!/ for all m; n 2 ZC: (62)

Recall that a stochastic matrix has non-negative entries with the columns summing
to 1.

Consider a random Markov chain fPN .!/; ! 2 ˝g and a random probability
vector fpN .!/; ! 2 ˝g on the deterministic grid XN . Then

pN;nC1.�nC1.!// D pN;n.�
n.!//PN .�

n.!//

and an equilibrium probability vector is defined by

NpN .�.!// D NpN .!/PN .!/ for all ! 2 ˝:

It can be represented trivially as a random measure �N;! on X .
The distance between random probability measures will be given with the

Prokhorov metric � and the distance of a random Markov chain P W ˝ ! SN

and the generating mapping f of the random dynamical system is defined by

D.P.!/; f / D
N

X

i;jD1

	

pi;j .!/ distX�X..x.N/i ; x
.N/
j /;Grf .!; �/




; (63)

where the distance to the random graph is given by

distX�X..x; y/;Grf .!; �// D inf
z2X maxfd.x; z/; d.y; f .!; z//g for all x; y 2 X:

The following necessary and sufficient result holds if �-semi-invariant rather than
�-invariant families of decomposed probability measures are used.

Definition 8.9. A family of probability measures �! on X is called
�-semi-invariant w.r.t. f , if

��.!/.B/ � �!
�

f �1.!;B/
�

for all B 2 B.X/; ! 2 ˝:

Such �-semi-invariant families are, in fact, �-invariant when the mappings x 7!
f .!; x/ are continuous.
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Theorem 8.10. A random probability measure f�!; ! 2 ˝g is �-semi-invariant
w.r.t. f onX if and only if it is randomly stochastically approachable, i.e., for each
N there exist

(i) A grid XN with fineness hN ! 0 as N ! 1
(ii) A random Markov chain fPN .!/; ! 2 ˝g on XN

(iii) Random probability measure f�N;! ; ! 2 ˝g onX corresponding to a random
equilibrium probability vector f NpN.!/; ! 2 ˝g of fPN .!/; ! 2 ˝g on XN

with the expected convergences

ED .PN .!/; f .!; �// ! 0; E� .�N;! ; �!/ ! 0 as n ! 1:

Proof. See Imkeller and Kloeden [16]. ut
The double terminology “random stochastic” seems to be an overkill, but just think
of a Markov chain for which the transition probabilities are not fixed, but can vary
randomly in time.
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34. C. Pötzsche, Discrete inertial manifolds. Math. Nachr. 281(6), 847–878 (2008)
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Resonance Problems for Some Non-autonomous
Ordinary Differential Equations

Jean Mawhin

Abstract Recent years have seen a lot of activity in the study of quasilinear
non-autonomous ordinary differential equations or systems of the form .�.y0//0 D
f .t; y; y0/, where � W A � R

n ! B � R
n is some homeomorphism such that

�.0/ D 0 between the open sets A and B . The situation generalizes the classical
case where A D B D R

n and � is the identity, and the well-studied case of the
p-Laplacian .p > 1/ where �.s/ D kskp�2s. Contemporary researches concern
less standard situations where � W B.a/ ! R

n (singular homeomorphism) and
� W R

n ! B.a/ (bounded homeomorphism), where B.a/ is the open ball of
centre 0 and radius a. For n D 1, a model for the first case, namely �.s/ D

sp
1�s2 , corresponds to acceleration in special relativity, and a model for the second

situation, namely �.s/ D sp
1Cs2 , corresponds to problem with curvature satisfying

various conditions. In those case, both topological and variational methods, and
sometimes combination of them give new complementary existence and multiplicity
results. We will describe some of them. Some attention will be given to the
generalized forced pendulum equation .�.y0//0 CA siny D h.t/ when � is singular
or bounded.

1 Introduction, Notations and Preliminary Results

1.1 Introduction

Recent years have seen a lot of activity in the study of quasilinear non-autonomous
ordinary differential equations of the form
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.�.u0//0 D f .t; u; u0/

where � W .�a; a/ ! .�b; b/ is an increasing homeomorphism such that �.0/ D 0

between the open intervals .�a; a/ and .�b; b/, with 0 < a; b � C1. The situation
generalizes the classical case where a D b D C1 and � is the identity, and the
well-studied case of the p-Laplacian .p > 1/ where a D b D C1 and �.s/ D
jsjp�2s. In this last case, the Fredholm alternative for the solvability of

.ju0jp�2u0/0 � �jujp�2u D h.t/

with classical Dirichlet, Neumann or periodic boundary conditions on Œ0; T �

u.0/ D 0 D u.T /; u0.0/ D 0 D u0.T /; u.0/ D u.T /; u0.0/ D u0.T / (1)

is far to be fully understood, despite of recent interesting partial results [6, 27, 29,
40, 43, 44, 70, 128, 129].

Contemporary researches concern less standard situations where � W .�a; a/
! R (singular homeomorphism) and � W R ! .�a; a/ (bounded homeomorphism).
A model for the first case, namely �.s/ D sp

1�s2 , corresponds to acceleration

in special relativity. A model for the second situation, namely �.s/ D sp
1Cs2 ,

corresponds to curvature or capillarity problem. In those cases, both topological
and variational methods give new complementary existence and multiplicity results.
The topological approach essentially makes use of Brouwer and Leray–Schauder’s
degrees, as described for example in [39, 73, 75, 76]. The variational approach uses
various tools from the direct method of calculus of variations and critical point
theory, as described for example in the monographs [85, 109] and is some papers
mentioned when they are used. Some attention will be given to the generalized
forced pendulum equation

.�.u0//0 C � sin u D h.t/:

The case of differential systems

.�.u0//0 D f .t; u; u0/

where now � W B.a/ ! B.b/ is a homeomorphism of the open ball B.a/ � R
n

onto the open ball B.b/ � R
n .0 < a; b � C1/ will be considered as well, when

�.0/ D 0 and � D r˚ , with ˚ W B.a/ ! R a strictly convex continuous function
of class C1 on B.a/ and such that ˚.0/ D 0. In the case of variational systems of
the form

.�.u0//0 D ruF.t; u/C h.t/
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with F W Œ0; T � � R
n ! R such that ruF is a Carathéodory function, some results

will be obtained using the Lagrangian formulation associated to the corresponding
action

I.u/ D
Z T

0

Œ˚.u0.t//C F.t; u.t//C hh.t/; u.t/i� dt

defined on a suitable set of T-periodic functions. Other results will be based upon
a Hamiltonian approach, consisting in writing the system above in the equivalent
form

u0 D ��1.v/; v0 D ruF.t; u/C h.t/;

which has the Hamiltonian structure

u0 D rvH.t; u; v/; v0 D �ruH.t; u; v/

for the HamiltonianH defined by

H.t; u; v/ D ˚�.v/ � F.t; u/� hh.t/; ui

with ˚� the Legendre–Fenchel transform of ˚ .
The study of radial solutions on a ball or an annulus of some partial differential

equations or systems with Dirichlet or Neumann boundary conditions have led to
differential equations or systems of the form

.rN�1�.v0//0 D rN�1f .r; v; v0/

for which existence and multiplicity results have been recently obtained in [17–19],
[21–25] by using methods similar to the ones described in this work. Those ques-
tions will not be considered here.

1.2 Notations

We will consider quasilinear second order differential systems of the form

.�.u0//0 D f .t; u; u0/; (2)

where f W Œ0; T � � R
2n ! R

n is continuous, � W B.a/ ! B.b/ belong to a suitable
class of homeomorphism with B.�/ � R

n the open ball of center 0 and radius �,
B.C1/ D R

n, 0 < a � C1, 0 < b � C1 and a C b D C1. We assume
moreover that �.0/ D 0. A solution of (2) on Œ0; T � is a function u 2 C1.Œ0; T �;Rn/

such that u0.t/ 2 B.a/ for all t 2 Œ0; T �; � ı u0 2 C1.Œ0; T �;Rn/ and (2) holds.
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We have assumed that f is continuous for simplicity. The case of Carathéodory f
can be treated as well.

In R
n;we denote the usual inner product by h�; �i and the corresponding Euclidian

norm by j�j:We denote the usual norm inLp WD Lp.0; T IRn/ .1 � p � 1) by j�jp.
We set C WD C.Œ0; T �;Rn/; C 1 D C1.Œ0; T �;Rn/, andW 1;1 WD W 1;1.Œ0; T �;Rn/.
The usual norm j � j1 is considered on C . The spaces W 1;1 and C1 are endowed
with the norm

jvj1;1 D jvj1 C jv0j1:
Each v 2 L1 can be written v.t/ D v Cev.t/, with

v WD T �1
Z T

0

v.t/ dt;
Z T

0

Qv.t/ dt D 0;

and each v 2 C can be written v.t/ D v0 Cbv.t/, with v0 D v.0/ andbv.0/ D 0. For
u 2 C1, we have the estimate

jbuj1 D max
t2Œ0;T �

ˇ̌
ˇ̌Z t

0

u0.s/ ds
ˇ̌
ˇ̌ � T ju0j1; (3)

and (3) is optimal as shown by taking n D 1 andbu.t/ D t . If we assume in addition
that u.0/ D u.T /, then

bu.t/ D
Z t

0

u0.s/ ds D �
Z T

t

u0.s/ ds;

and maxŒ0;T � jbuj being reached either in Œ0; T=2� or in ŒT=2; T �, we deduce from the
above inequality that

jbuj1 � T

2
ju0j1 (4)

when u.0/ D u.T /. Again it is easily shown that the constant T=2 is optimal. Now,
any u 2 C1 such that u.0/ D u.T / can also be decomposed as u.t/ D u Ceu.t/:
Using a result of Northcott [88], one has

jeuj1 � 2T

�2

" 1X
nD0

1

.2nC 1/2

#
ju0j1 D 2T

�2
� �

2

8
ju0j1 D T

4
ju0j1: (5)

Comparing (5) with (4) shows that the last decomposition will give better results.
Define, for k � 0 any integer,

Ck
T WD fu 2 Ck.Œ0; T �;Rn/ W u.0/ D u.T /; : : : ; u.k/.0/ D u.k/.T /g;
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and eCk
T WD fu 2 Ck

T W u D 0g:
It is well know that u 2 Ck has an antiderivative in CkC1

T if and only if u 2 eCk
T ,

and, if it is the case, it has a unique antiderivative belonging to eCkC1
T . We denote byeHu this antiderivative so that

eH W eCk
T ! eCkC1

T :

Let us define the mapping Nf W C1 ! C1 by

Nf .u/.t/ D
Z t

0

f Œs; u.s/; u0.s/� ds .t 2 Œ0; T �/;

the integration operatorH W C ! C1 by

Hu.t/ D
Z t

0

u.s/ ds .t 2 Œ0; T �/;

and the linear projectors P W C ! R
n � C andQ W C ! R

n � C by

P u D u.0/ D u0; Qu D T �1
Z T

0

u.t/ dt D u;

where R
n is identified with the subspace of C of constant mappings. In any vector

space E , we denote by B.�/ the open ball of center 0 and radius � > 0. We write
B.C1/ D E .

1.3 Classes of Homeomorphisms

A homeomorphism � W Rn ! R
n is called classical, a homeomorphism � W Rn !

B.b/ .b < C1/ bounded, and a homeomorphism � W B.a/ ! R
n .a < C1/

singular. All those types were already considered in [53] in the scalar case and for
periodic or Neumann problems with a nonlinearity depending only on the derivative.

Standard examples of classical homeomorphisms correspond to �.s/ D s, for
which (2) is the semilinear system

u00 D f .t; u; u0/;

or to

�.s/ D �p.s/ WD jsjp�2s .p > 1/;



108 J. Mawhin

(j � j the Euclidian norm in R
n), for which (2) is the quasilinear system associated to

the p-Laplacian

.ju0jp�2u0/0 D f .t; u; u0/:

An example of bounded homeomorphism corresponds to

�.s/ D �C .s/ WD sp
1C jsj2 ;

for which (2) reduces for n D 1 to quasilinear equations associated to curvature or
capillarity problems

�
u0

p
1C u02

�0
D f .t; u; u0/;

considered for example in [7,8,30,31,37,46,53–55,58,61,89–93,96,97,108] and in
papers of the author and Bereanu listed in the bibliography. An example of singular
homeomorphism corresponds to

�.s/ D �R.s/ WD sp
1 � jsj2 ;

for which (2) reduces to quasilinear equations associated to relativistic acceleration

 
u0p

1 � ju0j2

!0
D f .t; u; u0/;

considered for example in [35, 36, 46, 53, 121, 122], and in papers of the author and
Bereanu listed in the bibliography. Notice that if � is classical, the same is true
for ��1, if � is bounded, ��1 is singular, and if � is singular, ��1 is bounded. In
particular ��1

p D �p=.p�1/ and ��1
C D �R.

The class of homeomorphisms� occuring in (2) is characterized by the following
condition.
(H˚ ) � is a homeomorphism from B.a/ � R

n onto R
n such that �.0/ D 0,

� D r˚; with ˚ W B.a/ ! R of class C1 on B.a/, continuous strictly convex on
B.a/, and such that ˚.0/ D 0.
So, � is strictly monotone on B.a/; in the sense that

h�.u/� �.v/; u � vi > 0 for u ¤ v;

and ˚ reaches its minimum 0 at 0.
If ˚� W Rn ! R is the Legendre–Fenchel transform of ˚ defined by

˚�.v/ D h��1.v/; vi �˚Œ��1.v/� D sup
u2B.a/

fhu; vi �˚.u/g;



Resonance Problems for Some Non-autonomous Ordinary Differential Equations 109

then ˚� is also strictly convex, and, if d WD maxu2B.a/ ˚.u/,

hu; vi � d � hu; vi � ˚.u/ � hu; vi

for all u 2 B.a/ and v 2 R
n. Consequently,

ajvj � d � ˚�.v/ � ajvj .v 2 R
n/; (6)

so that ˚� is coercive on R
n. Adapting the reasoning of Proposition 2.4 in [85], we

obtain that ˚� is of class C1: Hence ��1 D r˚�, so that

v D r˚.u/ D �.u/; u 2 B.a/ , u D ��1.v/ D r˚�.v/; v 2 R
n:

1.4 A Nonlinear Projector

A technical result is needed for the construction of the equivalent fixed point
problems in the Dirichlet and periodic cases. For simplicity, we only consider the
cases where � is singular, so that ��1 W Rn ! B.a/ .0 < a � C1/. The classical
case has been considered elsewhere (see e.g. [68,69]), and the bounded case requires
some restrictions.

Given h 2 C and b 2 R
n; let us define � .bIh/ by

� .bIh/ D
Z T

0

��1Œh.t/ � b� dt D
Z T

0

rb˚
�Œh.t/ � b� dt

D rb

Z T

0

˚�Œh.t/ � b� dt D rb	.bIh/;

where 	.bIh/ is defined by

	.bIh/ D
Z T

0

˚�Œh.t/ � b� dt:

The following Lemma is taken from [12].

Lemma 1. If � D r˚; with ˚ verifying Assumption (H˚ ), then, for each h 2 C;

the system

Z T

0

��1Œh.t/ � b� dt D 0

has a unique solution b WD Q�.h/:Moreover,Q� W C ! R
n is continuous, andQ�

takes bounded sets of C into bounded sets of Rn.



110 J. Mawhin

Proof. For each b; c 2 R
n; b ¤ c, and any � 2�0; 1Œ; we have

	Œ.1 � �/b C �c� D
Z T

0

˚�Œ.1 � �/.b � h.t//C �.c � h.t//� dt

<

Z T

0

f.1� �/˚�.b � h.t//C �˚�.c � h.t//g dt

� .1 � �/	.bIh/C �	.cIh/;

so that 	.�Ih/ is strictly convex on R
n for each h 2 C: Hence, � .�Ih/ D rb	.�Ih/

is strictly monotone on R
n for each h 2 C: On the other hand, using (6), we get

Tajbj � Td � jhj1 � 	.bIh/ � Tajbj C jhj1; (7)

so that, for each h 2 C , 	.bIh/ is coercive. Consequently, for each h 2 C; 	.�Ih/
admits a unique minimum b WD Q�.h/, which corresponds to the unique critical
point of 	.�Ih/. This implies that, for each h 2 C , the system � .bIh/ D 0 has a
unique solution b WD Q�.h/.

Let us now show that Q� is continuous. Let .hn/ be a sequence converging in C
to h 2 C: Then .hn/ is bounded. Let bn D Q�.hn/: Then, by (7),

	.0Ihn/ � 	.bnIhn/ � Tajbnj � Td � jhnj1; (8)

so that

jbnj � .Ta/�1Œjhnj1 C Td C 	.0Ihn/�

which shows that .bn/ is bounded. Going if necessary to a subsequence, we can
assume that .bn/ converges to ˇ: From the relations

Z T

0

��1Œhn.t/ � bn� dt D 0 .n 2 N/;

and the dominated convergence theorem, we deduce that

Z T

0

��1Œh.t/ � ˇ� dt D 0;

i.e. by the uniquess of the solutions, ˇ D Q�.h/; a limit independent of the
subsequence. Hence

Q�.h/ D lim
n!1Q�.hn/;

andQ� is continuous. Notice also that Q�.0/ D 0:
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Finally, to show that Q� takes bounded sets of C into bounded sets of Rn, we
use again (8) to obtain

	.0Ih/ � TajQ�.h/j � Td � jhj1;

and hence, using (7),

jQ�.h/j � .Ta/�1 Œ.2jhj1 C Td/� :

ut
Remark 1. Lemma 1 shows that the mappingQ� verifies the identity

Q ı ��1 ı .I �Q�/ ı u D 0 for all u 2 C: (9)

In other terms, ��1 ı .I �Q�/ W C ! eC .
Furthermore, from the homeomorphic character of � and �.0/ D 0; we have

Q�.0/ D 0:

Remark 2. In the (classical) case where � D I , one has QI D Qh D h.

Remark 3. It is easy to see that, for n D 1, Lemma 1 holds, with an elementary
proof, for all increasing homeomorphisms � W .�a; a/ ! R such that �.0/ D 0.
So, for n D 1, there is no need of assumption of the existence of the primitive of �
on Œ�a; a�.
Example 1. Let us consider the C1-mapping ˚ W B.1/ � R

n ! R; given by

˚.u/ D 1 �
p
1 � juj2 .u 2 B.1//; (10)

so that 0 � ˚.u/ � 1 for all u 2 B.1/, and

�.u/ D r˚.u/ D up
1 � juj2 .u 2 B.1//:

As j � j2 is strictly convex on R
n; it follows that ˚ is strictly convex on B.1/:

Furthermore, � W B.1/ ! R
n is a homeomorphism such that, for any v 2 R

n:

��1.v/ D vp
1C jvj2 D r˚�.v/;

where ˚�.v/ D p
1C jvj2 � 1 is strictly convex and of class C1 on R

n. Hence,
Assumption .H˚/ with a D 1 holds for ˚ given by (10).
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2 Topological Approach

2.1 Introduction

The topological approach consists, as expected, in writing the boundary value
problem as a fixed point problem in a suitable function space, and using Leray–
Schauder degree to study the existence and multiplicity of the fixed points. A
somewhat suprising fact is that, in this approach, the case of singular �, which may
look the most difficult one when seeing the differential equation, is finally even
simpler than the classical case where � is identity. This is especially examplified
by the study of the corresponding Dirichlet problem. A reason may be seen in
the fact that problems with singular � have automatically an a priori bound for
the derivative of solution, which is an important step in using Leray–Schauder
continuation method.

2.2 Dirichlet Problem

Let f W Œ0; T � � R
2n ! R

n be continuous and consider for simplicity the homo-
geneous Dirichlet problem

.�.u0//0 D f .t; u; u0/; u.0/ D 0 D u.T /: (11)

The non-homogeneous case can be treated in a similar way, at the expense of a
generalization of Lemma 1 (see [15] for details).

2.2.1 Equivalent Fixed Point Problem

The following fixed point operator was introduced for scalar classical � in [51, 52],
for bounded � in [10] and for singular � in [11].

Theorem 1. u is a solution of problem (11) if and only if u 2 C1 is a fixed point of
the operator S defined on C1 by

S.u/ D H ı ��1 ı .I �Q�/ ıNf .u/:

Proof. If u is a solution of (11), then

�.u0/ D c CNf .u/;

where c D �.u0.0//, and hence

u0 D ��1 ı Œc CNf .u/�; (12)
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so that u.T / D 0 if Z T

0

��1Œc CNf .u/.t/� dt D 0;

i.e., using Lemma 1, if

c D �Q�ŒNf .u/�:

Hence, (12) and the boundary condition at 0 give

u D H ı ��1 ı .I �Q�/ ıNf .u/ D S.u/:

Conversely, if u 2 C1 is a fixed point of S , then taking respectively t D 0 and
t D T in u D S.u/, we get u.0/ D 0 and

u.T / D
Z T

0

��1Œ.I �Q�/.Nf .u/.t//� dt D 0

by (9). On the other hand, differentiating the fixed point equation gives

u0 D ��1 ı .I �Q�/ ıNf .u/

i.e.

�.u0/ D .I �Q�/ ıNf .u/;
and hence, �.u0/ 2 C1 and, differentiating again,

.�.u0//0 D f .t; u; u0/:

ut
It is standard to prove that S W C1 ! C1 is completely continuous.

Remark 4. The following diagram summarizes the construction of the fixed point
operator S :

Nf I �Q� ��1 H

C1 �! C1 �! C1 �! C �! C1

The operatorS mapsC1 into itself, but its fixed points satisfy the Dirichlet boundary
conditions.

2.2.2 Existence Result for Singular �

With this reduction to a fixed point problem, the existence of a solution to (11) for
any continuous f follows from Schauder’s fixed point theorem [105], as first proved
in [11].
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Theorem 2. For any continuous f W Œ0; T � � R
2n ! R

n, problem (11) has at least
one solution.

Proof. For any u 2 C1, we have

.S.u//0 D ��1 ı .I �Q�/ ıNf .u/;

and hence

j.S.u//0j1 < a: (13)

The second part of the proof of Theorem 1 also shows that, for any u 2 C1,

S.u/.0/ D 0 D S.u/.T /;

which, together with (13), gives

jS.u/j1 D jS.u/j1 C j.S.u//0j1 � .T C 1/a

for all u 2 C1. Thus S maps C1 into the closed ball B..T C 1/a/ � C1 and has a
fixed point using Schauder’s fixed point theorem. ut

A direct consequence of (2) if the following

Corollary 1. Given any h 2 C and any continuous g W Rn ! R
n, the problem

.�.u0//0 C g.u/ D h.t/; u.0/ D 0 D u.T / (14)

has at least one solution.

If we recall that the classical linear Dirichlet problem

u00 C g.u/ D h.t/; u.0/ D 0 D u.T /

is called non-resonant if it is solvable for any h 2 C , one can conclude that the
Dirichlet problem (14) is always non-resonant.

2.3 Periodic Problem

2.3.1 Equivalent Fixed Point Problem for Classical or Singular �

Let us consider now the periodic problem

.�.u0//0 D f .t; u; u0/; u.0/ D u.T /; u0.0/ D u0.T /: (15)
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Notice first that the problem

.�.u0//0 D 1; u.0/ D u.T /; u0.0/ D u0.T /

has no solution, because the existence of a solution would imply, by integration of
both members of the differential equation and use of the boundary conditions, that
0 D T . Hence we cannot expect an existence result like (2). This can be interpreted
also by saying that the periodic problem

.�.u0//0 D h.t/; u.0/ D u.T /; u0.0/ D u0.T /

is resonant.
The following result was essentially proved for classical � in [68], for bounded

� in [10] and for singular � in [11], in a slightly different setting.

Theorem 3. u is a solution of problem (15) if and only if u 2 C1 is a fixed point of
the operatorM W C1 ! C1 defined by

M.u/ D P u �Nf .u/.T /CH ı ��1 ı .I �Q�/ ıNf .u/: (16)

Furthermore, j.M.u//0j1 < a for all u 2 C1 and M is completely continuous
on C1.

Proof. If u is a solution of problem (15), then u 2 C1, �.u0/ 2 C1 and, integrating
both members of the differential equation over Œ0; T � gives

Nf .u/.T / D 0: (17)

The differential equation in (15) is equivalent to

�.u0/ D c CNf .u/

and hence to

u0 D ��1Œc CNf .u/� (18)

where c D �.u0.0//. The first boundary condition implies that c must be such that

Z T

0

��1Œc CNf .u/.t/� dt D 0

which, using Lemma 1, gives

c D �Q�ŒNf .u/�:
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Thus, (18) becomes

u0 D ��1 ı .I �Q�/ ıNf .u/ (19)

which is equivalent to the integrated form

u � P u D H ı ��1 ı .I �Q�/ ıNf .u/: (20)

Finally, as (17) and (20) take values in supplementary subspaces of C , they can be
written as the unique fixed point problem

u D P u �Nf .u/.T /CH ı ��1 ı .I �Q�/ ıNf .u/: (21)

Conversely, if u is a fixed point of M , i.e. a solution of (21), then taking t D 0 in
(21) gives (17). Differentiating both members of (21) gives (19) which, integrated
over Œ0; T � gives

u.T / � u.0/ D TQ ı ��1 ı .I �Q�/ ıNf .u/ D 0

using (9), so that the first boundary condition is satisfied. Now (19) is equivalent to

�.u0/ D .I �Q�/ ıNf .u/;

which gives, using (17)

�.u0.T // � �.u0.0// D Nf .u/.T / D 0; i.e. u0.T / D u0.0/;

and, by differentiating both members

.�.u0//0 D f .t; u; u0/:

ut
Remark 5. The following diagram summarizes the construction of the non-constant
part of the fixed point operatorM :

Nf I �Q� ��1 H

C1 �! C1 �! C1 �! C �! C1

The operator M maps C1 into itself, but its fixed points satisfy the periodic
boundary conditions.
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2.3.2 Existence Theorem for Singular �

Again we concentrate on the case of a singular � W B.a/ ! R
n. In order to find

conditions for the existence of fixed points of M using Leray–Schauder degree, we
introduce the homotopy M defined on C � Œ0; 1� by

M .u/ D P u �Nf .u/.T /CH ı ��1 ı .I �Q�/ ı �Nf .u/:

Notice that, for � 2 .0; 1�, an argument entirely similar to that of Theorem 3 shows
that the fixed points of M .�; �/ are the solutions of the problem

.�.u0/0 D �f .t; u; u0/; u.0/ D u.T /; u0.0/ D u0.T /:

For � D 0, the fixed points of M .�; 0/ are the solutions of

u D P u �Nf .u/.T /;

so that they are constant u 2 R
n, solutions of the n-dimensional system

Nf .u/.T / D 0:

We can now prove the following Leray–Schauder type existence result for
problem (15). We denote by dB the Brouwer degree for continuous mappings in R

n,
and by dLS the Leray–Schauder degree [60] for compact perturbations of identity
in a Banach space (see e.g. [39]).

Theorem 4. Assume that there exists an open bounded set ˝ � C such that the
following conditions hold :

1. For each � 2 .0; 1�, there is no solution of problem

.�.u0//0 D �f .t; u; u0/; u.0/ D u.T /; u0.0/ D u0.T / (22)

such that u 2 @˝ .
2. There is no solution u 2 @˝ \ R

n of equation

f .u/ WD Nf .u/.T / D 0; (23)

where R
n denotes the subspace of constant functions in C .

3. dBŒf ;˝ \ R
n; 0� ¤ 0.

Then problem (15) has at least one solution such that

u 2 ˝a WD fu 2 C1 W u 2 ˝; ju0j1 < ag;
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and, for the associated fixed point operatorM , one has

dLS ŒI �M;˝�; 0� D dBŒf ;˝ \ R; 0�;

for any � � a.

Proof. Let u be a possible fixed point of M .�; �/. If � 2 .0; 1�; then, by the
reasoning above, u is a solution of problem (22), and u 62 @˝ by Assumption 1.
Furthermore,

ju0j1 D j.M .�; �//0j1 < a:

If � D 0, then, by the reasoning above, u is a constant solution of (23). By
Assumption 2, u 62 @˝ . Consequently, for � 2 Œ0; 1�, and any � � a, M .�; �/
has no fixed point on @˝�. The homotopy invariance of Leray–Schauder degree
implies that

dLS ŒI �M;˝�; 0� D dLS ŒI � M .�; 0/;˝�; 0�: (24)

Now,
M .�; 0/ W C1 ! R

n

with R
n identified to the the subset of constant functions in C , and hence the

reduction formula for Leray–Schauder degree gives

dLS ŒI � M .�; 0/;˝�; 0� D dBŒ.I � M .�; 0//jRn;˝� \ R
n; 0�

D dBŒf ;˝ \ R
n; 0� ¤ 0; (25)

by Assumption 3. The result follows from relations (24), (25) and the existence
property of Leray–Schauder degree. ut

2.3.3 Forced Planar Polynomial Systems with Singular �

In this section, let us provide R
2 with the multiplication structure of the complex

plane C, and consider the planar periodic problem

.�.z0//0 D p.z/C h.t/; z.0/ D z.T /; z0.0/ D z0.T /; (26)

where h 2 C and p W C ! C is a polynomial of effective degreeN � 1, namely

p.z/ D
NX
kD0

akzk .ak 2 C .k D 0; : : : ; N /; aN ¤ 0/:
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Theorem 5. Problem (26) has at least one solution for every h 2 C .

Proof. In order to use Theorem 4, consider the family of problems

.�.z0//0 D �Œp.z/C h.t/�; z.0/ D z.T /; z0.0/ D z0.T /; .� 2 .0; 1�/; (27)

and let z be a possible solution of (27). We know that

jz0j1 < a;

so that letting
z.t/ D z0 Cbz.t/

with z0 D z.0/, we have, by (4),

jbzj1 <
Ta

2
:

Integrating both members of (27) over Œ0; T � and using the boundary conditions, we
get

0 D
Z T

0

Œp.z0 Cbz.t//C h.t/� dt D 0;

i.e., explicitely,

0 D
Z T

0

2
4 NX
kD0

ak

0
@ kX
jkD0

kŠ

jkŠ.k � jk/Š z
jk
0 bz.t/k�jk

1
AC h.t/

3
5 dt:

This equation has the form

0 D
Z T

0

ŒaN zN0 C
N�1X
jD0

pj Œbz.t/�zj0 C h.t/� dt;

where the pj are polynomials on C whose coefficients only depend upon those of p,
and hence

jaN jjz0jN �
N�1X
jD0

bj jz0jj C T �1jhj1;

where
jbj j D max

juj�Ta=2
jpj .u/j .j D 0; 1; : : : ; N /:
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This implies the existence of R1 > 0 such that jz0j < R and hence such that

jzj1 < R1 C a

�
T

2
C 1

�
:

On the other hand, for any � 2 Œ0; 1� and any possible zero u of

F .u; �/ WD T

"
aN uN C

N�1X
kD0

akuk C h

#

we have

jaN jjujN �
N�1X
kD0

jakjjujk C jhj

and hence there exists R2 > 0 such that juj < R2. Consequently, for any R � R2;

dBŒf ; B.R/; 0� D dBŒaN zN ;B.R/; 0� D N:

Taking

˝ D fz 2 C1 W jzj1 < B.R/; jz0j1 < ag
with R � maxfR1 C aŒ.T=2/ C 1�; R2g, all the assumptions of Theorem 4 are
satisfied. ut
Remark 6. Such a result does not holds in classical case, as shown by the example

z00 D �z C sin t; z.0/ D z.2�/; z0.0/ D z0.2�/;

whose first term in right-hand side is a polynomial of degree one and which has no
solution, as shown by multiplying each member by sin t and integrating the result
over Œ0; 2��.

2.3.4 Asymptotic Sign Conditions for Scalar Problems with Singular �

We now restrict ourself to scalar equations .n D 1/. For u 2 C1
T , we write

uL WD min
Œ0;T �

u; uM WD max
Œ0;T �

u:

The following results can be found in [11]. Conditions of type (28) were first
introduced by Villari [123] in classical periodic problems.
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Theorem 6. Assume that there exist R > 0 and 
 2 f�1; 1g such that




Z T

0

f Œt; u.t/; u0.t/� dt > 0 if u 2 C1
T ; uL � R; ju0j1 < a; (28)




Z T

0

f .t; u.t/; u0.t// dt < 0 if u 2 C1
T ; uM � �R; ju0j1 < a:

Then problem (15) with n D 1 has at least one solution and, for the associated fixed
point operatorM , one has, for any �1 � RC Ta and �2 � a.

dLS ŒI �M;˝�1;�2 ; 0� D sgn ";

where

˝�1;�2 D fu 2 C1 W juj1 < �1; ju0j1 < �2g:

Proof. We construct an open bounded set ˝ � C having the properties requested
by Theorem 4. Let � 2 .0; 1� and u be a possible solution of (22). Then, ju0j1 < a.
Integrating both members of (22) on Œ0; T � gives

Z T

0

f Œs; u.s/; u0.s/� ds D 0 (29)

If uM � �R (resp. uL � R) then it follows from (28) that




Z T

0

f Œt; u.t/; u0.t/� dt < 0 (resp. 


Z T

0

f Œt; u.t/; u0.t/� dt > 0/:

Using (29) we deduce that

uM > �R and uL < R:

From

uM � uL C
Z T

0

ju0.t/j dt;

we obtain

�.RC Ta/ < uL � uM < RC Ta:

and hence

juj1 < RC Ta:
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Hence if we take, for any �1 � RC Ta and �2 � a,

˝�1;�2 D fu 2 C1 W juj1 < �1; ju0j1 < �2g;

in Theorem 4, its Assumption (1) and (2) hold. Using (24) and (25) and elementary
results on the one-dimensional Brouwer degree, we get, for �1 � R C Ta and
�2 � a,

dLSŒI �M;˝�1;�2 ; 0� D dBŒf ; .��1; �1/; 0� D sign 
:

The result follows from Theorem 4. ut
Corollary 2. Let h W Œ0; T � � R

2 ! R; k W R ! R, and g W Œ0; T � � R ! R be
continuous, with h is bounded on Œ0; T � � R � .�a; a/ and g satisfies condition

lim
u!�1g.t; u/ D C1; lim

u!C1g.t; u/ D �1
(resp. lim

u!�1g.t; u/ D �1; lim
u!C1g.t; u/ D C1/

uniformly in t 2 Œ0; T �: Then the problem

.�.u0//0 C k.u/u0 C g.t; u/ D h.t; u; u0/; u.0/ D u.T /; u0.0/ D u0.T /

has at least one solution.

Example 2. If c 2 R n f0g ; d 2 R; q � 0 and p > 1; the problem

�
u0

p
1 � u02

�0
C d ju0jq C cjujp�1u D h.t/;

u.0/ D u.T /; u0.0/ D u0.T /;

has at least one solution for all h 2 C .

Corollary 3. Let k W R ! R and h W Œ0; T � � R
2 ! R be continuous, with h

bounded on Œ0; T � � R � .�a; a/. Then, for each � ¤ 0; the problem

.�.u0//0 C k.u/u0 C �u D h.t; u; u0/; u.0/ D u.T /; u0.0/ D u0.T /

has at least one solution, and, for the associated fixed point operator M we have,
for all sufficiently large �1 > 0, �2 � a and

˝�1;�2 D fu 2 C1 W juj1 < �1; ju0j1 < �2g;
dLS ŒI �M;˝�1;�2 ; 0� D �sgn �:
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When h.t; u;w/ D h.t/ only depends upon t , Corollary 3 shows that, for � ¤ 0,
problem

.�.u0//0 C �u D h.t/; u.0/ D u.T /; u0.0/ D u0.T / (30)

has at least one solution for any h 2 C . In this sense one can say that problem (30)
with � ¤ 0 is non-resonant. Consequently, � D 0 is the only value for which
resonance occurs in (30).

Another easy consequence is a Landesman-Lazer-type existence condition for
the forced Liénard equation with singular �.

Corollary 4. Let k; g W R ! R be continuous. Then problem

.�.u0//0 C k.u/u0 C g.u/ D h.t/; u.0/ D u.T /; u0.0/ D u0.T /

has at least one solution for each h 2 C such that

lim sup
u!�1

g.u/ < h < lim inf
u!C1 g.u/

or such that

lim sup
u!C1

g.u/ < h < lim inf
u!�1 g.u/:

Proof. Let us consider, say, the first case, the proof of the other one being similar.
By Assumptions, there exists R > 0 such that

h � g.u/ < 0 for u � R; h� g.u/ < 0 for u � �R:

Consequently, for all u 2 C1
T with uL � R we have

Z T

0

Œh.s/ � k.u.s//u0.s/ � g.u.s//� ds < 0

and, for all u 2 C1
T with uM � �R we have

Z T

0

Œh.s/ � k.u.s//u0.s/� g.u.s//� ds > 0:

ut
Example 3. Assume that k W R ! R is continuous and c ¤ 0.
The problem

�
u0

p
1 � u02

�0
C k.u/u0 C c arctan u D h.t/; u.0/ D u.T /; u0.0/ D u0.T /
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has at least one solution if and only if

�jcj�
2

< h <
jcj�
2
:

The problem

�
u0

p
1 � u02

�0
C k.u/u0 C c exp u D h.t/; u.0/ D u.T /; u0.0/ D u0.T /

has at least one solution if and only if

ah > 0:

If p > 1, the problem

�
u0

p
1 � u02

�0
C k.u/u0 C cjujp�2u D h.t/; u.0/ D u.T /; u0.0/ D u0.T /

has at least one solution for all h 2 C .

2.3.5 Another Equivalent Fixed Point Problem

To obtain sharper existence results under conditions which are not of asymptotic
type, it is useful to introduce another fixed point problem equivalent to problem (15),
involving an operator mapping C1

T into itself associated to another decomposition
of a function into a constant and a non-constant part.

Define the operatorM# on C1
T by

M#.u/ D Qu �Nf .u/.T /C eH ı ��1 ı .I �Q�/ ıN.I�Q/f .u/: (31)

The sequence of relations

N.I�Q/f I �Q� ��1 eH
C1
T �! C1

T �! C1
T �! eCT �! eC1

T ;

where use has been made of (1), shows that M# W C1
T ! C1

T and it is standard to
show thatM# is completely continuous. In a way very similar to Theorem 3, on can
prove the following result.

Theorem 7. u is a solution of problem (15) if and only if u 2 C1
T is a fixed point of

the operatorM# W C1
T ! C1

T defined by (31). Furthermore, j.M#.u//0j1 < a for all
u 2 C1

T and M# is completely continuous on C1
T .
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2.3.6 A Continuum Containing the Solution Set for Singular �

When � is singular, a variant of Theorem 7 is useful in scalar problems, first proved
in [11] in a slightly different form. We assume that n D 1.

Lemma 2. The set S of solutions Œu;eu� 2 R � eC1
T of the modified problem

.�.eu0//0 D .I �Q/f .�; u Ceu;eu0/; eu.0/ Deu.T /; eu0.0/ Deu0.T / (32)

contains a continuum C whose projection on R is R and projection on eC1
T is

contained in the ball B.aŒ.T=4/C 1�/.

Proof. Using an argument similar to the one of Theorem 7, on can show that, for
each fixed u 2 R; problem (32) is equivalent to the fixed point problem in bC1

T

eu D eH ı ��1 ı .I �Q�/ ıN.I�Q/f .u Ceu/ WD fM #.u;eu/:
Again,fM # is completely continuous on R� bC1

T ; and, for each Œu;eu� 2 R� eC1
T , we

have, using (5),

j.fM #.u;eu//0j1 < a; jfM #.u;eu/j1 < Ta=4: (33)

It follows from (33) that, for each u 2 R; any possible fixed pointeu of fM #.u; �/ is
such that

jeuj1 < aŒ.T=4/C 1�: (34)

Furthermore, for each � 2 Œ0; 1�; and each u 2 R, any possible fixed pointbu of

fM .u; �; �/ WD eH ı ��1 ı .I �Q�/ ı Œ�N.I�Q/f .u C �/�

satisfies, for the same reasons, inequality (34), which implies that

dLS ŒI �fM #.0; �/; B.aŒ.T=4/C 1�/; 0�

D dLS ŒI � fM .0; �; 1/; B.aŒ.T=4/C 1�/; 0� (35)

D dLS ŒI � fM .0; �; 0/; B.aŒ.T=4/C 1�/; 0� D dLSŒI; B.aŒ.T=4/C 1�/; 0� D 1:

Conditions (34), (35) and Leray–Schauder theory [50, 60, 72] then imply the
existence of C : ut

2.3.7 Weak Asymptotic Sign Conditions for Singular �

The existence part of Theorem 6 can be obtained under non-strict asymptotic sign
conditions upon f .
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Theorem 8. Assume that there exist R > 0 and 
 2 f�1; 1g such that




Z T

0

f .t; u.t/; u0.t// dt � 0 if u 2 C1
T ; uL � R; ju0j1 < a; (36)




Z T

0

f .t; u.t/; u0.t// dt � 0 if u 2 C1
T ; uM � �R; ju0j1 < a;

Then problem (15) has at least one solution.

Proof. Consider the continuum C given by Lemma 2. If ŒRC.Ta=4/;eu� 2 C , then,
for each t 2 Œ0; T �;

R C Ta

4
Ceu.t/ > R

and hence, using (36)




Z T

0

f .t; RC Ta=4Ceu.t/;eu0.t// dt � 0:

Similarly, if Œ�R � .Ta=4/;eu� 2 C , then




Z T

0

f .t;�R � Ta=4Ceu.t/;eu0.t// dt � 0:

The existence of Œu;eu� 2 C such that




Z T

0

f .t; u Ceu.t/;eu0.t// dt D 0;

and hence such that u D u Ceu is a solution of (15) follows from the intermediate
value theorem for a continuous function on a connected set. ut

In the special case where f .t; u;w/ D h.t/ only depends upon t , condition (36)
reduces to h D 0, which is easily seen to be also necessary for the existence of a
solution to the problem

.�.u0//0 D h.t/; u.0/ D u.T /; u0.0/ D u0.T /: (37)

So we have the result.

Corollary 5. Problem (37) has at least one solution u if and only if h D 0, in which
case it has the one parameter family of solutions c C u .c 2 R/.

Corollary 6. Let h 2 C , k W R ! R, g W R ! R be continuous. If h D 0, and if
there exists R > 0 and 
 2 f�1; 1g such that
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g.u/u � 0 whenever juj � R;

then the periodic problem for the Liénard equation with singular �

.�.u0//0 C k.u/u0 C g.u/ D h.t/; u.0/ D u.T /; u0.0/ D u0.T /

has at least one solution.

Proof. Notice that, if u 2 C1
T ; uL � R and ju0j1 < a, using the boundary

conditions,




Z T

0

fh.t/ � kŒu.t/�u0.t/ � gŒu.t/�g dt D �

Z T

0

gŒu.t/� dt � 0;

and if u 2 C1
T ; uM � R and ju0j1 < a;




Z T

0

fh.t/ � kŒu.t/�u0.t/ � gŒu.t/�g dt D �

Z T

0

gŒu.t/� dt � 0:

ut

2.3.8 A Localized Sign Condition and Periodic Nonlinearities
for Singular �

We first prove, generalizing [20], an existence theorem for (15) which does not
involve asymptotic conditions upon the nonlinearity. Let g W Œ0; T � � R

2 ! R be
continuous and h 2 C .

Theorem 9. Assume that there exists r < s and A � B such that

T �1
Z T

0

gŒt; r Ceu.t/;eu0.t/� dt � A

and (38)

T �1
Z T

0

Œg.t; s Ceu.t/;eu0.t/� dt � B

or

T �1
Z T

0

gŒt; r Ceu.t/;eu0.t/� dt � B

and (39)

T �1
Z T

0

gŒt; s Ceu.t/;eu0.t/� dt � A



128 J. Mawhin

for anyeu 2 eC1
T satisfying jeuj1 < Ta

4
: If A < B , then for any h 2 C satisfying

A < h < B; (40)

the problem

.�.u0//0 C g.t; u; u0/ D h.t/; u.0/ D u.T /; u0.0/ D u0.T / (41)

has at least one solution u such that r < u < s. If A � B , then for any h 2 C

satisfying

A � h � B; (42)

problem (41) has at least one solution u such that r � u � s.

Proof. Assume, say, that (38) holds, and let C be the continuum in R � eC1
T

associated to (41) by Lemma 2. If A < B and condition (40) holds, then,

h� T �1
Z T

0

gŒt; r Ceu.t/;eu0.t/� dt � h� A > 0

h� T �1
Z T

0

Œg.t; s Ceu.t/;eu0.t/� dt � h� B < 0

for alleu 2 eC1
T such that jeuj1 < Ta

4
. Hence, there is some Œr;ev� on C such that

h � T �1
Z T

0

gŒt; r Cev.t/;ev0.t/� dt � h� A > 0;

and some Œs;ew� on C such that

h � T �1
Z T

0

Œg.t; s Cew.t/;ew0.t/� dt � h � B < 0:

Consequently, there is some Œu;eu� 2 C with r < u < s such that

h � T �1
Z T

0

Œg.t; u Ceu.t/;eu0.t/� dt D 0;

i.e. such that u D u Ceu is a solution of (41). The other cases are entirely similar.
ut

An immediate consequence of Lemma 9 is the following result of [20], improv-
ing an earlier one of Torres [121] (see also [122]).
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Theorem 10. Let k W R ! R be continuous, h 2 C and � > 0: If

Ta < 2�; jhj < � cos

�
Ta

4

�
;

then the problem

.�.u0//0 C k.u/u0 C � sin u D h.t/; u.0/ D u.T /; u0.0/ D u0.T / (43)

has at least two solution u1; u2 such that ��
2
< u1 <

�
2
< u2 <

3�
2
: If Ta D 2�;

then problem (43) has at least one solution for any h 2 C with h D 0.

Proof. A simple computation shows that we can apply Theorem 9 (i) with

r D ��
2
; s D �

2
and A D � sin

�
��
2

C Ta

4

�
D �BI

r D �

2
; s D 3�

2
and A D � sin

�
��
2

C Ta

4

�
D � sin

�
3�

2
C Ta

4

�
D �B:

ut
Example 4. Let k W R ! R be continuous, h 2 C and � > 0: If

T < 2�; jhj < � cos

�
T

4

�
;

then the problem

�
u0

p
1� u02

�0
C k.u/u0 C � sin u D h.t/; u.0/ D u.T /; u0.0/ D u0.T / (44)

has at least two solution u1; u2 such that ��
2
< u1 < �

2
< u2 < 3�

2
: If

Ta D 2�;

then problem (44) has at least one solution for any h 2 C with h D 0.

2.3.9 Lower and Upper Solutions for Singular �

In this subsection, we extend, following [11], the method of upper and lower
solutions [38, 100, 101] to the periodic boundary value problem (15) with n D 1

and � singular.

Definition 1. A lower solution ˛ (resp. upper solution ˇ) of (15) is a function
˛ 2 C1 such that j˛0j1 < a, �.˛0/ 2 C1; ˛.0/ D ˛.T /; ˛0.0/ � ˛0.T / (resp.
ˇ 2 C1; jˇ0j1 < a; �.ˇ0/ 2 C1; ˇ.0/ D ˇ.T /; ˇ0.0/ � ˇ0.T /) and
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.�.˛0.t///0 � f .t; ˛.t/; ˛0.t// .resp: .�.ˇ0.t///0 � f .t; ˇ.t/; ˇ0.t/// (45)

for all t 2 Œ0; T �: Such a lower or upper solution is called strict if the inequality
(45) is strict for all t 2 Œ0; T �:
Theorem 11. If (15) has a lower solution ˛ and a upper solutionˇ such that ˛.t/ �
ˇ.t/ for all t 2 Œ0; T �; then problem (15) has a solution u such that ˛.t/ � u.t/ �
ˇ.t/ for all t 2 Œ0; T �: Moreover, if ˛ and ˇ are strict, then ˛.t/ < u.t/ < ˇ.t/ for
all t 2 Œ0; T �; and dLS ŒI �M;˝˛;ˇ;a; 0� D 1; where

˝˛;ˇ;a D fu 2 C1 W ˛.t/ < u.t/ < ˇ.t/ for all t 2 Œ0; T �; ju0j1 < ag;

andM is the fixed point operator associated to (15).

Proof. Let 	 W Œ0; T � � R ! R be the continuous function defined by

	.t; u/ D
8<
:
ˇ.t/ if u > ˇ.t/
u if ˛.t/ � u � ˇ.t/

˛.t/ if u < ˛.t/;

and define F W Œ0; T � � R
2 ! R by F.t; u; v/ D f .t; 	.t; u/; v/: We consider the

modified problem

.�.u0//0 D F.t; u; u0/C u � 	.t; u/; u.0/ D u.T /; u0.0/ D u0.T /; (46)

and first show that if u is a solution of (46) then ˛.t/ � u.t/ � ˇ.t/ for all t 2 Œ0; T �;
so that u is a solution of (15). Suppose by contradiction that there is some t0 2 Œ0; T �
such that Œ˛ � u�M D ˛.t0/ � u.t0/ > 0: If t0 2 .0; T /; then ˛0.t0/ D u0.t0/ and
there are sequences .tk/ in Œt0�"; t0Œ and .t 0k/ in .t0; t0C"� converging to t0 such that
˛0.tk/� u0.tk/ � 0 and ˛0.t 0k/� u0.t 0k/ � 0: As � is an increasing homeomorphism,
this implies .�.˛0.t0///0 � .�.u0.t0///0:Hence, because ˛ is a lower solution of (15)
we obtain

.�.˛0.t0///0 � .�.u0.t0///0 D f .t0; ˛.t0/; ˛
0.t0//C u.t0/� ˛.t0/�

< f .t0; ˛.t0/; ˛
0.t0// � .�.˛0.t0///0;

a contradiction. If Œ˛� u�M D ˛.0/� u.0/ D ˛.T /� u.T /; then ˛0.0/� u0.0/ � 0;

˛0.T / � u0.T / � 0: Using that ˛0.0/ � ˛0.T /; we deduce that ˛0.0/ � u0.0/ D
0 D ˛0.T / � u0.T /: This implies that �.˛0.0// D �.u0.0//: On the other hand,
Œ˛ � u�M D ˛.0/� u.0/ implies, reasoning in a similar way as for t0 2 .0; T /; that

.�.˛0.0///0 � .�.u0.0///0:

Using the inequality above and ˛0.0/ D u0.0/, we can proceed as in the case
t0 2 .0; T / to obtain again a contradiction. In consequence we have that ˛.t/ � u.t/
for all t 2 Œ0; T �: Analogously, using the fact that ˇ is a upper solution of (15),
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we can show that u.t/ � ˇ.t/ for all t 2 Œ0; T �: We remark that if ˛; ˇ are strict,
then ˛.t/ < u.t/ < ˇ.t/ for all t 2 Œ0; T �:

We now apply Corollary 3 to the modified problem (46) to obtain the existence
of a solution, and the relation

dLSŒI �fM;B.�/; 0� D 1 (47)

for the equivalent fixed point operatorfM and all sufficiently large � > 0:
Moreover, if ˛ and ˇ are strict, then ˛.t/ < u.t/ < ˇ.t/ for all t 2 Œ0; T �: If �

is large enough, then, using (47) and the additivity-excision property of the Leray–
Schauder degree, we have

dLS ŒI �fM;˝˛;ˇ;a; 0� D dLS ŒI �fM;B.�/; 0� D 1:

On the other hand, as the completely continuous operator M associated to (15) is
equal to fM on˝˛;ˇ;a; we deduce that dLS ŒI �M;˝˛;ˇ;a; 0� D 1: ut
Remark 7. In contrast to the case of a classical �, no Nagumo-type condition is
required upon f in Theorem 11.

Remark 8. A careful analysis of the above proof implies that Theorem 11 holds also
if f W Œ0; T � � .0;C1/ � R ! R is continuous.

We now show, using an argument introduced by Amann–Ambrosetti–Mancini
[2] for semilinear Dirichlet problems with bounded nonlinearity, that the existence
conclusion in Theorem 11 also holds when the lower and upper solutions are not
ordered.

Theorem 12. If (15) has a lower solution ˛ and an upper solution ˇ; then problem
(15) has at least one solution.

Proof. Let C be given by Lemma 2. If there is some Œu;eu� 2 C such that

Z T

0

f .t; u Ceu.t/;eu0.t// dt D 0;

then u Ceu solves (15). If
Z T

0

f .t; u Ceu.t/;eu0.t// dt > 0

for all Œu;eu� 2 C ; then, using (32), u Ceu is an upper solution for (15) for each
Œu;eu� 2 C : Then, for Œ˛M C .Ta=4/;eu� 2 C ; ˛M C .Ta=4/Ceu.t/ � ˛.t/ for all
t 2 Œ0; T � is an upper solution and the existence of a solution to (15) follows from
Theorem 11. Similarly, if

Z T

0

f .t; u Ceu.t/;eu0.t// dt < 0
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for all Œu;eu� 2 C ; then ŒˇL�.Ta=4/;eu� 2 C gives the lower solution ˇL�.Ta=4/C
eu.t/ � ˇ.t/ for all t 2 Œ0; T � and the existence of a solution. ut

The choice of constant lower and upper solutions in Theorems 11 and 12 leads
to the following simple existence condition.

Corollary 7. Problem (15) has at least one solution if there exist constants a and b
such that

f .t; a; 0/ � f .t; b; 0/ � 0

for all t 2 Œ0; T �:
Another application of Theorems 11 and 12 gives necessary and sufficient

conditions for the existence of a solution of problem

.�.u0//0 D g.t; u/; u.0/ D u.T /; u0.0/ D u0.T / (48)

when g W Œ0; T � � R ! R is continuous and g.t; �/ monotone for each fixed t 2
Œ0; T �.

Corollary 8. If g W Œ0; T ��R ! R is continuous and g.t; �/ is either non decreasing
for all t 2 Œ0; T � or non increasing for all t 2 Œ0; T �; then problem (48) is solvable
if and only if there exists c 2 R such that

Z T

0

g.s; c/ ds D 0: (49)

Proof. Necessity. If problem (48) has a solution u; then, integrating both members
of the differential equation in (48) and using the boundary condition, it follows that

Z T

0

g.s; u.s// ds D 0: (50)

Assuming for example that g.s; �/ is non decreasing for every s 2 Œ0; T �, we deduce
from (50) that Z T

0

g.s; uL/ ds � 0 �
Z T

0

g.s; uM / ds;

so that, by the intermediate value theorem, there exists some c 2 ŒuL; uM � satisfying
(49). The reasoning is similar when g.t; �/ is non decreasing for each t 2 Œ0; T �.
Sufficiency. If c 2 R satisfies (49), then, by Corollary 5, the problem

.�.u0//0 D g.t; c/; u.0 D u.T /; u0.0/ D u0.T /

has a one-parameter family of solutions of the form d Ceu.t/ witheu 2 eC1
T : There

exists d1 � d2 such that, for all t 2 Œ0; T �;
˛.t/ WD d1 Ceu.t/ � c � d2 Ceu.t/ DW ˇ.t/:
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Hence, if g.t; �/ is non decreasing for each t 2 Œ0; T �;

.�.˛0.t///0 D .�.eu0.t///0 D g.t; c/ � g.t; ˛.t//

and ˛ is a lower solution for (48). Similarly ˇ is an upper solution for (48). A similar
argument shows that, if g.t; �/ is non increasing for every t 2 Œ0; T �; ˛ is an upper
solution and ˇ a lower solution for (48). So the result follows from Theorem 12.

ut
Example 5. For h 2 C , p > 0 and c ¤ 0, the problem

�
u0

p
1 � u02

�0
C c.uC/p D h.t/; u.0/ D u.T /; u0.0/ D u0.T /

has a solution if and only if

c

Z T

0

h.t/ dt � 0:

2.3.10 Periodic Nonlinearity for Singular or Bounded �

We describe in this subsection some existence results of [20] on the forced pendulum
problem

.�.u0//0 C k.u/u0 C � sin u D h.t/; u.0/ D u.T /; u0.0/ D u0.T /; (51)

where k W R ! R is continuous, � > 0 and h 2 C .
We first assume that � W .�a; a/ ! R is singular.

Theorem 13. Let � > 0 and assume that h 2 C satisfies

jhj1 � �:

Then problem (51) has at least one solution. Moreover, if

jhj1 < �;

then problem (51) has at least two solutions not differing by a multiple of 2� .

Proof. Assume that jhj1 � �: Then ˛ D � 3�
2

is a constant lower solution for (51)
and ˇ D ��

2
is a constant upper solution for (51) such that ˛ < ˇ: Hence, using

Theorem 11, it follows that (51) has a solution u1 such that ˛ � u1 � ˇ: Note that
if jhj1 < �; then ˛; ˇ are strict and ˛ < u1 < ˇ: In this case, let M� be the fixed
point operator associated to (51) and let

˝ D ˝� 3�
2 ;

3�
2 ;a

n .˝� 3�
2 ;� �

2 ;a
[˝ �

2 ;
3�
2 ;a
/:
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Then using the additivity property of the Leray–Schauder degree and Theorem 11,
we deduce that

dLS ŒI �M�;˝; 0� D �1:
Hence, the existence property of the Leray–Schauder degree yields the existence of
a solution u2 2 ˝ of (51). If we assume that u2 D u1 C 2j� for some j 2 Z then,
as �3�=2 < u1 < ��=2, one has

�3�
2

C 2j� < u2 D u1 C 2j� < ��
2

C 2j�:

This leads to one of the contradictions : u2 2 ˝�
2 ;
3�
2 ;a

if j D 1 or u2 D u1 2
˝� 3�

2 ;� �
2 ;a

for j D 0. ut
Example 6. If � > 0; problem (44) has at least two solutions not differing by a
multiple of 2� for all h 2 C such that jhj1 < �; and at least one solution for all
h 2 C such that jhj1 D �:

To obtain the same type of result for the case of bounded �-Laplacians, i.e. when
� W R ! .�b; b/ is an increasing homeomorphism such that �.0/ D 0; we use the
following a priori estimate result [14].

Lemma 3. Let 0 < b; c � 1,  W .�c; c/ ! .�b; b/ be a homeomorphism such
that  .0/ D 0 and f W Œ0; T � � R

2 ! R be a continuous function. Assume that
there exists e 2 C such that 2je�j1 < b and

f .t; u; v/ � e.t/ for all .t; u; v/ 2 Œ0; T � � R
2: (52)

If u is a possible solution of the problem

. .u0//0 D f .t; u; u0/; u.0/ D u.T /; u0.0/ D u0.T /; (53)

then ju0j1 � R ; where R D max.j �1.˙2je�j1/j/:
Proof. Let u be a solution of (53). This implies that

Z T

0

f .t; u.t/; u0.t// dt D 0: (54)

Using (52), we deduce the inequality

jf .t; u; v/j � f .t; u; v/C 2e�.t/ for all .t; u; v/ 2 Œ0; T � � R
2: (55)

From (53), (54) and (55) it follows that

j. .u0//0j1 D jf .�; u.�/; u0.�//j1 �
Z T

0

f .t; u.t/; u0.t// dt C 2je�j1 D 2je�j1:

(56)
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Because u 2 C1
T , there exists � 2 Œ0; T � such that u0.�/ D 0; hence  .u0.�// D 0

and

 .u0.t// D
Z t

�

. .u0.s///0 ds .t 2 Œ0; T �/:

Using the equality above and (56) we have that

j .u0.t//j � 2je�j1 .t 2 Œ0; T �/;

and hence ju0j1 � R . ut
We can use this result to obtain a sufficient condition for the existence of multiple

solution for a forced pendulum equation with bounded �.

Corollary 9. Assume that  W R ! .�b; b/ .0 < b � 1/ is an increasing
homeomorphism such that  .0/ D 0 and

jŒh � ���j1 < b

2
:

If jhj1 D �, the problem

. .u0//0 C � sin u D h.t/; u.0/ D u.T /; u0.0/ D u0.T / (57)

has at least one solution. Moreover, if jhj1 < �; problem (57) has at least two
solutions not differing by a multiple of 2� .

Proof. Let R be the constant given in Lemma 3 with e D h��: Let c D R C 1

and consider an increasing homeomorphism � W .�c; c/ ! R such that � D  on
Œ�R ;R �: It follows that R D R� and applying Lemma 3, we deduce that u is
a solution of (51) with k � 0 if and only if u is a solution of (57). Now the result
follows from Theorem 13. ut
Example 7. If h 2 C is such that h D 0 and jhj1 < � < 1

2T
, the problem

� u0p
1C u02

�0 C � sin u D h.t/; u.0/ D u.T /; u0.0/ D u0.T /;

has at least two classical solutions not differing by a multiple of 2� .

2.3.11 Ambrosetti–Prodi Problem: Coercive Restoring Force
and Singular �

In this subsection, we consider, following [11], periodic problems of the type

.�.u0//0 C k.u/u0 C g.t; u; u0/ D s; u.0/ D u.T /; u0.0/� u0.T /; (58)
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where s 2 R, k W R ! R and g W Œ0; T � � R
2 ! R are continuous and g satisfies

the coercivity condition

.Hf / g.t; u; v/ ! C1 if juj ! 1 uniformly in Œ0; T � � .�a; a/: (59)

We are interested in studying the existence and multiplicity of the solutions of (58)
in terms of the value of the parameter s (Ambrosetti–Prodi problem [3, 45, 78]).

We first obtain an a priori bound for the set of possible solutions.

Lemma 4. For each b 2 R; there exists � D �.b/ > 0 such that any possible
solution u of (58) with s � b belongs to the open ball B.�/:

Proof. Let s � b and u be a solution of (58). This implies that u satisfies ju0j1 < a

and

T �1
Z T

0

g.t; u.t/; u0.t// dt D s: (60)

Using (59) we can find R > 0 such that

g.t; u; v/ > b if juj � R; .t; v/ 2 Œ0; T � � .�a; a/: (61)

If uL � R; then using (61), we deduce that

T �1
Z T

0

g.t; u.t/; u0.t// dt > b;

which, together with (60) gives s > b; a contradiction. So we have uL < R:

Analogously we can show that uM > �R: Then using the inequality

uM � uL C
Z T

0

ju0.�/jd�;

we obtain juj1 < RC Ta: We can take any � � R C .T C 1/a: ut
Theorem 14. If g satisfies condition (59), there exists s1 2 R such that problem
(58) has zero, at least one or at least two solutions according to s < s1; s D s1 or
s > s1:

Proof. For j � 1 an integer, let

Sj D fs 2 R W (58) has at least j solutionsg:
(a) S1 ¤ ¿:

Take s� > maxt2Œ0;T � g.t; 0; 0/ and use (59) to find R�C > 0 such that

max
t2Œ0;T � g.t; R

�C; 0/ > s�:



Resonance Problems for Some Non-autonomous Ordinary Differential Equations 137

Then ˇ � R�C > 0 is a strict upper solution and ˛ � 0 is a strict lower solution
for (58) with s D s�. Hence, using Theorem 11, s� 2 S1.

(b) If es 2 S1 and s >es then s 2 S1:
Leteu be a solution of (58) with s Des; and let s >es. Theneu is a strict upper

solution for (58). Take now R� < euL such that mint2Œ0;T � g.t; R�; 0/ > s W
˛ � R� is a strict lower solution for (58). From Theorem 11, s 2 S1:

(c) s1 D infS1 is finite and S1 	 .s1;1/.
Let s 2 R and suppose that (58) has a solution u. Then (60) hold, implying

that s � c; with c D infŒ0;T ��R� ��a;aŒ g: To obtain the second part of claim (c),
we apply (b).

(d) S2 	 .s1;1/.
Let s3 < s1 < s2. For each s 2 R; let M .s; �/ be the fixed point operator

in C1 associated to problem (58). Using Lemma 4 we find � such that each
possible zero of I � M .s; �/ with s 2 Œs3; s2� is such that u 2 B.�/: Conse-
quently, the Leray–Schauder degree dLS ŒI � M .s; �/; B.�/; 0� is well defined
and does not depend upon s 2 Œs3; s2�: However, using (c), we see that u �
M .s3; u/ ¤ 0 for all u 2 C1. This implies that dLS ŒI �M .s3; �/; B.�/; 0� D 0;

so that dLSŒI � M .s2; �/; B.�/; 0� D 0 and, by excision property of Leray–
Schauder degree, dLSŒI �M .s2; �/; B.�0/; 0� D 0 if �0 > �: Let s 2 .s1; s2/ and
bu be a solution of (58) (using (c)). Thenbu is a strict upper solution of (58) with
s D s2. Let R < buL be such that mint2Œ0;T � g.t; R; 0/ > s2. Then R is a strict
lower solution of (58) with s D s2. Consequently, using Theorem 11, problem
(58) with s D s2 has a solution in ˝

R;bu and dLS ŒI � M .s2; �/;˝R;bu; 0� D �1:
Taking �0 sufficiently large, we deduce from the additivity property of Leray–
Schauder degree that

dLS ŒI � M .s2; �/; B.�0/n˝
R;bu; 0� D dLS ŒI � M .s2; �/; B.�0/; 0�

�dLS ŒI � M .s2; �/;˝R;bu; 0� D �dLS ŒI � M .s2; �/;˝R;bu; 0� D �1;

and (58) with s D s2 has a second solution in B.�0/ n˝
R;bu:

(e) s1 2 S1:
Let .�k/ be a sequence in .s1;C1/ converging to s1; and let uk be a solution

of (58) with s D �k given by .c/: Using Theorem 3 we deduce that

uk D M .�k; uk/: (62)

From Lemma 4, there exists � > 0 such that jukj1 < � for all k � 1: The
complete continuity of M implies that, up to a subsequence, the right-hand
member of (62) converges in C1; and hence .uk/ converges to some u 2 C1

such that u D M .s1; u/; i.e. to a solution of (58) with s D s1. ut
A similar proof provides the following dual Ambrosetti–Prodi condition.
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Theorem 15. If g satisfies the anticoercivity condition

g.t; u; v/ ! �1 if juj ! 1 uniformly in Œ0; T � � .�a; a/:

there exists s1 2 R such that problem (58) has zero, at least one or at least two
solutions according to s > s1; s D s1 or s < s1:

Corollary 10. Let e 2 C , k; g W R ! R be continuous and such that

g.u/ ! C1 .resp. � 1/ if juj ! 1:

Then, there exists s1 2 R such that the problem

.�.u0//0 C k.u/u0 C g.u/ D s C e.t/; u.0/ D u.T /; u0.0/ D u0.T /

has no solution if s < s1 (resp. s > s1), at least one solution if s D s1 and at least
two solutions if s > s1 (resp. s < s1).

Example 8. For each e 2 C; k W R ! R continuous, p > 0 and c > 0 (resp.
c < 0), there exists s1 2 R such that the problem

�
u0

p
1 � u02

�0
C f .u/u0 C cjujp D s C e.t/; u.0/ D u.T /; u0.0/ D u0.T /

has no solution if s < s1 (resp. s > s1), at least one solution if s D s1 and at least
two solutions if s > s1 (resp. s < s1).

2.3.12 Ambrosetti–Prodi Problem: Bounded Restoring Force
and Singular �

The coercivity condition upon g can be replaced by a boundedness condition
without loosing the Ambrosetti–Prodi type conclusion. Consider the periodic
boundary value problem

.�.u0//0 C k.u/u0 C g.u/ D e.t/C s; u.0/ D u.T /; u0.0/ D u0.T /; (63)

where s 2 R is a parameter, e 2 C , k W R ! R, g W R ! R are continuous and the
following conditions hold :

(H1) e D 0:

(H2) g.u/ > 0 for all u 2 R:

(H3) limu!˙1 g.u/ D 0.

We write gM WD maxR g: The classical problem

u00 C g.u/ D e.t/C s
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was considered by Ward in [125] using a variational method and under the
supplementary condition that the indefinite integral G is g is bounded. The case
of singular � presented here was given in [13].

Consider, for any integer j � 1

Sj D fs 2 R W (63) has at least j solutionsg:

Lemma 5. If s 2 S1, then 0 < s � gM :

Proof. Assumptions (H2) and (H3) imply that g is bounded and 0 < g.u/ � gM
for all u 2 R: Hence, if u is a solution of (63) then, using (H1), it follows that

T �1
Z T

0

g.u.t//dt D s; (64)

and 0 < s � gM : ut
For s 2 R; we define the continuous operator Nf W C1 � R ! C1 by

Nf .u; s/.t/ D
Z t

0

Œe.�/C s � k.u.�//u0.�/� g.u.�//� d� .t 2 Œ0; T �/:

Using Theorem 3, it follows that u 2 C1 is a solution of (63) if and only if

u D P u �Nf .u; s/.T /CH ı ��1 ı .I �Q�/ ıNf .u; s/ WD G .u; s/;

and the nonlinear operator G .�; s/ W C1 ! C1 is completely continuous.
Let fM W R � eC1

T ! eC1
T be the completely continuous operator defined by

fM.u;eu/ D eH ı ��1 ı .I �Q�/ ıNf .u Ceu; 0/:
If u is a solution of (63), then (64) holds andeu D fM.u;eu/: Reciprocally, if Œu;eu� 2
R � eC1

T is such that eu D fM.u;eu/; then u D u Ceu is a solution of (63) with

s D T �1 R T
0 g.u.t//dt:

Using Lemma 2, we deduce the following useful result.

Lemma 6. The set of the solutions Œu;eu� 2 R � eC1
T of the problem

.�.eu 0//0 C k.u Ceu /eu 0 C g.u Ceu / D e.t/C T �1
Z T

0

g.u Ceu.t/;eu 0.t// dt

contains a continuum C whose projection on R is R and projection on bC1
T is

contained in the open ball B.aŒ.T=4/C 1�/.

Let 	 W R � bC1
T ! R be the continuous function defined by

	.u;eu/ D T �1
Z T

0

g.u Ceu.t// dt:
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Lemma 7. S1 ¤ ¿:

Proof. Let Œu;eu� 2 C : Then u D u Ceu is a solution of problem (63) with s D
	.u;eu/: ut

Let us consider s�.e/ WD supS1.

Lemma 8. We have that 0 < s�.e/ � gM and s�.e/ 2 S1:
Proof. The first assertion follows from Lemma 5. Let fsng be a sequence belonging
to S1 which converges to s�.e/: Let un D un C eun be a solution of (63) with s D
sn D 	.un; eun/: It follows that eun D fM.un; eun/ and feung belongs toB.aŒ.T=4/C1�/.
Hence, if up to a subsequence un ! ˙1; then using (H3) it follows that
	.un; eun/ ! 0; which means that s�.e/ D 0; a contradiction. We have proved that
f.un; eun/g is a bounded sequence in R � eC1

T : Because fM is completely continuous,
we can assume, passing to a subsequence, that fM.un; eun/ ! eu and un ! u: We
deduce thateu D fM.u;eu/; 	.u;eu/ D s�.e/ and u D u Ceu is a solution of (63) with
s D s�.e/: ut

Arguing as in the proof of Lemma 8 we deduce the following a priori estimate.

Lemma 9. Let 0 < s1 < s�.e/: Then, there is �0 > 0 such that any possible
solution u of problem (63) with s 2 Œs1; s�.e/� belongs to B.�0/:

Lemma 10. We have .0; s�.e// � S2:

Proof. Let s1; s2 2 R such that 0 < s1 < s�.e/ < s2: Using Lemma 5, Lemma 9
and the invariance property of Leray–Schauder degree, it follows that there is �0 > 0
sufficiently large such that dLS ŒI�G .s; �/; B.�0/; 0� is well defined and independent
of s 2 Œs1; s2�: However, using Lemma 5 we deduce that u � G .s2; u/ ¤ 0 for
all u 2 C1. This implies that dLS ŒI � G .s2; �/; B.�0/; 0� D 0; so that dLSŒI �
G .s1; �/; B.�0/; 0� D 0 and, by excision property of Leray–Schauder degree,

dLSŒI � G .s1; �/; B�00 ; 0� D 0 if �00 � �0: (65)

Let u� be a solution of (63) with s D s�.e/ (using Lemma 8). Then, u� is a strict
lower solution of (63) with s D s1: Using Lemma 6 and (H3), there is Œu�; eu�� 2 C
such that u� D u� C eu� > u� on Œ0; T � and 	.u�; eu�/ < s1: It follows that u� is an
upper solution of (63) with s D s1: So, using Theorem 11, we have that

dLSŒI � G .s1; �/;˝u�;u�;a; 0� D 1; (66)

and (63) has a solution in ˝u�;u�;a: Taking �00 sufficiently large and using (65) and
(66), we deduce from the additivity property of Leray–Schauder degree that

dLSŒI � G .s1; �/; B�00n˝u�;u� ;a; 0� D dLSŒI � G .s1; �/; B�00 ; 0�

�dLSŒI � G .s1; �/;˝u�;u� ;a; 0� D �dLSŒI � G .s1; �/;˝u�;u�;a; 0� D 1;

and (63) with s D s1 has a second solution in B�00 n˝u�;u�;a: ut
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Theorem 16. If conditions (H1)–(H3) hold, there exists s�.e/ 2 .0; gM � such
that problem (63) has zero, at least one or at least two solutions according to
s … .0; s�.e/�, s D s�.e/ or s 2 .0; s�.e//:

Proof. The conclusion of Theorem 16 follows from Lemmas 5, 8 and 10. ut
Example 9. Let e 2 C be such that e D 0: If b > 0 and c � 0 then there is s� > 0
such that the problem

�
u0

p
1 � u02

�0
C cu04 C b

1C juj D e.t/C s; u.0/ D u.T /; u0.0/� u0.T /

has zero, at least one or at least two solutions according to s … .0; s��, s D s� or
s 2 .0; s�/:

2.3.13 Singular Restoring Forces and Singular �

In this subsection we prove, following [11], the existence of positive solutions for
the following periodic problems with singular attractive restoring force

.�.u0//0 C g.u/ D h.t/; u.0/ D u.T /; u0.0/ D u0.T / (67)

or with singular repulsive restoring force

.�.u0//0 � g.u/ D h.t/; u.0/ D u.T /; u0.0/ D u0.T / (68)

where h 2 C and g W .0;C1/ ! .0;C1/ is continuous and such that

g.u/ ! C1 as u ! 0C; (69)

g.u/ ! 0 as u ! C1: (70)

The classical case where �.s/ � s was first considered by Lazer and Solimini in
[59] (see also [74] for another approach) and the case of a p-Laplacian in [56].

Theorem 17. Suppose that g satisfies conditions (69) and (70). Then problem (67)
has at least one solution if and only if h > 0:

Proof. If u is a solution of (67), then h D Qg.u/ > 0 because g is positive.
Conversely, suppose that h > 0:Using (69), there exists 
 > 0 such that g.
/ > h.t/
for all t 2 Œ0; T �: Hence, ˛ � 
 is a strict lower solution for (67). On the other hand,
using Corollary 5, there exists w 2 C1

T such that .�.w0//0 Deh.t/: Using (70), there
exists some ı > 0 such that ˇ.t/ D ı C w.t/ > ˛.t/ and g.ˇ.t// < h for all
t 2 Œ0; T �: Then, ˇ is a strict upper solution for (67) and Theorem 11 implies the
result. ut
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Example 10. If � > 0 and h 2 C; the problem

�
u0

p
1 � u02

�0
C 1

u�
D h.t/; u.0/ D u.T /; u0.0/ D u0.T /

has at least one solution if and only if h > 0:

To solve (68) we need the following supplementary condition

Z 1

0

g.u/ du D C1: (71)

Lemma 11. Suppose that g satisfies conditions (69), (70), and (71). There exists

 > 0 such that if � 2 Œ0; 1� and u is any positive solution of problem

.�.u0//0 D .1 � �/ŒQg.u/C h�C �g.u/C �h.t/;

u.0/ D u.T /; u0.0/ D u0.T /; (72)

then u.t/ > 
 for all t 2 Œ0; T �:
Proof. Let � 2 Œ0; 1� and u be a possible positive solution of (72). Then

Qg.u/C h D 0 (73)

and hence, if � 2 .0; 1�, (72) is equivalent to

.�.u0//0 D �g.u/C �h.t/; u.0/ D u.T /; u0.0/ D u0.T /: (74)

Using the positivity of g, we deduce that

jg.u/C h.t/j � g.u/C jh.t/j D g.u/C h.t/C 2h�.t/ (75)

for all .t; u/ 2 Œ0; T � � R: From (74), (73) and (75) it follows that

j.�.u0//0j1 D �jg.u/C hj1 � 2�jh�j1: (76)

Because u 2 C1 is such that u.0/ D u.T /; there exists 
 2 Œ0; T � such that
u0.
/ D 0; which implies �.u0.
// D 0 and

�.u0.t// D
Z t




.�.u0.s///0 ds .t 2 Œ0; T �/:

Using the equality above and (76) we have that

j�.u0.t//j � 2�jh�j1 .t 2 Œ0; T �/; (77)
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Using (69), there exists � > 0 such that

g.u/ > �h for all 0 < u � �: (78)

and therefore, by (78) and (73), there exists t1 2 Œ0; T � such that u.t1/ > �. Now, let

v.t/ D �.u0.t// (79)

which implies

u0.t/ D ��1.v.t// (80)

for all t 2 Œ0; T �: Introducing (79) in (74) we obtain

v0.t/ � �g.u.t// D �h.t/ (81)

for all t 2 Œ0; T �: Multiplying (80) by v0.t/ and (81) by u0.t/ and subtracting we get

v0.t/��1.v.t// � �g.u.t//u0.t/ D �h.t/u0.t/

i.e.

 Z v.t/

0

��1.s/ ds
!0

� �g.u.t//u0.t/ D �h.t/u0.t/

for all t 2 Œ0; T �: This implies that

Z v.t/

0

��1.s/ ds �
Z v.t1/

0

��1.s/ ds � �
Z u.t/

u.t1/
g.s/ds D �

Z t

t1

h.s/u0.s/ds

for all t 2 Œ0; T �: Using the fact that
R v
0
��1.s/ ds � 0 for all v 2 R, we deduce that

�

Z u.t1/

u.t/
g.s/ds �

Z v.t1/

0

��1.s/ ds C �

Z t

t1

h.s/u0.s/ds (82)

for all t 2 Œ0; T �: Using (77), (79) and (82), we obtain

Z u.t1/

u.t/
g.s/ds � 1

�

 Z 2�jh� j1

0

��1.s/ ds C
Z �2�jh�j1

0

��1.s/ ds
!

C ajhj1

� max
Œ�2jh� j1;2jh�j1�

2j��1jjh�j1 C ajhj1 WD c (83)
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for all t 2 Œ0; T �: Using (71) we can find 0 < 
 < � such that

Z �




g.t/dt > c: (84)

Since u.t1/ > � and g is positive, from (83) and (84) one gets u.t/ > 
 for all
t 2 Œ0; T �: Now, for � D 0; the solutions of (72) are the constant functions u
solutions of

g.u/C h D 0

and they satisfy u > � > 
: ut
Theorem 18. Suppose that e 2 C and g satisfies conditions (69), (70), and (71).
Then problem (68) has at least one positive solution if and only if h < 0:

Proof. If u is a solution, then h D �Qg.u/ < 0: For sufficiency, we use the
homotopy (72) and the corresponding homotopy for the associated family of fixed
point operators M .�; �/ defined in (16) with f D g C h: Let � 2 Œ0; 1� and u be a
possible positive solution of (72). We already know from Lemma 11 that u.t/ > 


for some 
 > 0 and all t 2 Œ0; T �: From assumption (70) follows easily the existence
of R > 0 such that g.u/ < �h if u � R: Hence, because of (73), there exists
t2 2 Œ0; T � such that u.t2/ < R, which implies u.t/ < R C Ta .t 2 Œ0; T �/:

Hence, all the possible positive solutions of problem (72) are contained in the open
bounded set

˝ WD fu 2 C1 W 
 < u.t/ < RC Ta .0 � t � T /; ju0j1 < ag:

From the homotopy invariance of Leray–Schauder degree, we obtain

dLSŒI � M .1; �/;˝; 0� D dLS ŒI � M .0; �/;˝; 0�
D dBŒg.�/C h;˝ \ R; 0�

D dBŒg.�/C h; .
; R/; 0� D �1;

so that that M .1; �/ has a fixed point. ut
Example 11. If � � 1 and h 2 C; the problem

�
u0

p
1 � u02

�0
� 1

u�
D h.t/; u.0/ D u.T /; u0.0/� u0.T /

has at least one positive solution if and only if h < 0:
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2.4 Neumann Problem for Singular �

2.4.1 Equivalent Fixed Point Problem

Let us consider the homogeneous Neumann problem for continuous f W Œ0; T � �
R
2n ! R

n

.�.u0//0 D f .t; u; u0/; u0.0/ D 0 D u0.T /: (85)

The proofs of the following results are similar to the corresponding ones for
the periodic problem and left to the reader as an exercise. The approach already
appeared in [9] together with an application to sign conditions for existence.

Theorem 19. u is a solution of the problem (85) if and only if u 2 C1 is a fixed
point of the operatorK defined on C1 by

K.u/ D P u �Nf .u/.T /CH ı ��1 ıNf .u/:

Furthermore, j.K.u//0j1 < a for all u 2 C1 andK is completely continuous onC1.

Theorem 20. Assume that there exists an open bounded set ˝ � C such that the
following conditions hold :

1. For each � 2 .0; 1�, there is no solution of problem

.�.u0/0 D �f .t; u; u0/; u0.0/ D 0 D u0.T /

such that u 2 @˝ .
2. There is no solution on @˝ \ R

n of equation

f .u/ WD Nf .u/.T / D 0;

where R
n denotes the subspace of constant functions in C .

3. dBŒf ;˝ \ R
n; 0� ¤ 0.

Then problem (85) has at least one solution such that u 2 ˝ , and, for the associated
fixed point operatorK , one has

dLSŒI �K;˝�; 0� D dBŒf ;˝ \ R; 0�;

where � � a and˝� � C1 is the open bounded set defined by

˝� D fu 2 C1 W u 2 ˝; ju0j1 < �g:
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Let C1
N be the space

C1
N WD fu 2 C1 W u0.0/ D 0 D u0.T /g:

For u 2 C1
N , we write

uL WD min
Œ0;T �

u; uM WD max
Œ0;T �

u; u D T �1
Z T

0

u.s/ ds; eu.t/ D u.t/ � u:

Theorem 21. The set S of the solutions Œu;eu� 2 R � eC1 of problem

.�.eu0//0 D .I �Q/f .�; u Ceu;eu0/; u0.0/ D 0 D u0.T /

contains a continuum C whose projection on R is R and projection on eC1 is
contained in the ball B.a.T C 1//.

2.4.2 Existence Theorems

One can prove, in a similar way as in the periodic case, the Neumann version of
Theorem 8 with C1

T replaced by C1
N , so that condition h D 0 is also necessary and

sufficient for the existence of a solution to the problem

.�.u0//0 D h.t/; u0.0/ D 0 D u0.T /:

Similarly, the conclusion of Corollary 2 holds, with the same assumptions, for the
problem

.�.u0//0 C g.t; u/ D h.t; u; u0/; u0.0/ D 0 D u0.T /

and the conclusion of Corollary 3 holds, with the same assumptions, for the problem

.�.u0//0 C �u D h.t; u; u0/; u.0/ D u.T /; u0.0/ D u0.T /

In particular, the problem

.�.u0//0 C �u D h.t/; u.0/ D u.T /; u0.0/ D u0.T /

has at least one solution for any h 2 C , and one can say again that the problem is
non-resonant. Consequently, � D 0 is the only value for which resonance occurs
for Neumann boundary conditions.

One can easily check also that the conclusions of Corollaries 6 and 4 hold, with
the same assumptions, but for “relativistic Duffing equations” only

.�.u0//0 C g.u/ D h.t/; u0.0/ D 0 D u0.T /;

instead of the more general class of Liénard equations.
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The results about lower and upper solutions, Ambrosetti–Prodi-type results,
singular nonlinearities and periodic nonlinearities have their counterpart, with
similar proofs, for the Neumann problem.

3 Lagrangian Variational Approach for Periodic Solutions

3.1 Introduction

In this section, we consider the existence of solutions of the periodic problem

.�.u0//0 D ruF.t; u/C h.t/; u.0/ D u.T /; u0.0/ D u0.T /; (86)

where � W B.a/ � R
n ! R

n is a homeomorphism satisfying Assumption .H�/,
F W Œ0; T � � R

n ! R is such that ruF W Œ0; T � � R
n ! R

n exists and satisfies
Carathéodory conditions, F.t; 0/ D 0 for a.e. t 2 Œ0; T / (without loss of generality)
and h 2 L1. For the classical case

u00 D ruF.t; u/C h.t/; u.0/ D u.T /; u0.0/ D u0.T /; (87)

existence results were proved through the direct method of the calculus of variations
by Berger and Schechter [26,28], when F.t; u/�hh.t/; ui is coercive in u uniformly
in t 2 Œ0; T �; and in [85] when

R T
0
ŒF .t; u/� hh.t/; ui� dt is coercive in u and, either

ruF.t; u/ is bounded or F.t; �/ is convex for a.e. t 2 Œ0; T �: Many extensions have
been given for wider classes of potentials F and for u00 replaced by the p-Laplacian
.ju0jp�2u/0 (see [64,106–120,124–130] and their references). The case of a bounded
� has been considered in [33], whose results are described in this section using a
variant of the method of [33] introduced in [23].

An existence theorem was proved for (87) in [84,85], when F is periodic in each
variable ui for a.e. t 2 Œ0; T � and h has mean value zero, easily extended to the
case of the p-Laplacian as shown in [79]. When u00 is replaced by a “relativistic”
differential operator .�.u0//0 like above, the scalar case was considered in [32] and
the case of system (86), under conditions upon F of the type covered in [28] and
[85] was studied in [33]. No proof based upon topological methods of the results
given here is known by now.

3.2 The Functional Framework

3.2.1 The Functional

The following variational setting for dealing with equations or systems of type (86)
was first introduced in [23].
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Putting

K WD fv 2 W 1;1 W jv0j1 � a; v.0/ D v.T /g;
it is clear that K is a convex subset of W 1;1.

Let � W C ! .�1;C1� be defined by

�.v/ D
8<
:
'.v/; if v 2 K;

C1; otherwise,
(88)

with ' W K ! R given by

'.v/ D
Z T

0

˚.v0.t// dt; v 2 K:

Obviously, � is proper and convex. The following lemma allows to prove the lower
semicontinuity of � .

Lemma 12. If fung � K and u 2 C are such that un.t/ ! u.t/ for all t 2 Œ0; T �,
then

(i) u 2 K;
(ii) u0

n ! u0 in the w�–topology �.L1; L1/.

Proof. From the relation

jun.t1/ � un.t2/j D
ˇ̌
ˇ̌
Z t1

t2

u0
n.t/ dt

ˇ̌
ˇ̌ � ajt1 � t2j;

letting n ! 1, we get

ju.t1/� u.t2/j � ajt1 � t2j .t1; t2 2 Œ0; T �/;

which yields u 2 K .
Next, we show that that if fu0

kg is a subsequence of fu0
ng with u0

k ! v 2 L1 in
the w�–topology �.L1; L1/ then

v D u0 a.e. on Œ0; T �: (89)

Indeed, as

Z T

0

u0
k.t/f .t/ dt !

Z T

0

v.t/f .t/ dt for all f 2 L1.0; T IR/;
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taking f � �t1;t2 , the characteristic function of the interval having the endpoints
t1; t2 2 Œ0; T �, it follows

Z t2

t1

u0
k.t/ dt !

Z t2

t1

v.t/ dt .t1; t2 2 Œ0; T �/:

Then, letting k ! 1 in

uk.t2/ � uk.t1/ D
Z t2

t1

u0
k.t/ dt

we obtain

u.t2/� u.t1/ D
Z t2

t1

v.t/ dt .t1; t2 2 Œ0; T �/

which, clearly implies (89).
Now, to prove (ii) it suffices to show that if fu0

j g is an arbitrary subsequence of
fu0
ng, then it contains itself a subsequence fu0

kg such that u0
k ! u0 in the w�–topology

�.L1; L1/. Since L1 is separable and fu0
j g is bounded in L1 D .L1/�, we know

that it has a subsequence fu0
kg convergent to some v 2 L1 in the w�–topology

�.L1; L1/. Then, as shown before (see (89)), we have v D u0. ut
Consequently, if fung � K and u 2 C are such that un.t/ ! u.t/ for all t 2

Œ0; T �, then u 2 K and

'.u/ � lim inf
n!1 '.un/: (90)

This implies that � is lower semicontinuous on C . Also, note thatK is closed in C .
Next, let G W C ! R be defined by

G .u/ D
Z T

0

ŒF .t; u.t//C hh.t/; u.t/i� dt; u 2 C:

A standard reasoning shows that G is of class C1 on C and its derivative is given by

G 0.u/.v/ D
Z T

0

hrF.t; u.t//C h.t/; v.t/i dt; u; v 2 C:

3.2.2 Critical Points and Solutions of Differential Systems

The functional I W C ! .�1;C1� defined by

I D � C G (91)
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has the structure required by Szulkin’s critical point theory [111], namely the sum
of a proper convex lower semicontinuous function and of a function of class C1.

Accordingly, a function u 2 C is a critical point of I if u 2 K and satisfies the
inequality

�.v/ � �.u/C G 0.u/.v � u/ � 0 for all v 2 C; (92)

or, equivalently

Z T

0

Œ˚.v0.t// � ˚.u0.t//� dt C
Z T

0

hrF.t; u.t//C h.t/; v.t/ � u.t/i dt � 0

for all v 2 K:
The following simple result is given in [111].

Lemma 13. Each local minimum of I is a critical point of I .

Proof. Let u be a local minimum of I . By the convexity of � , given v 2 C , we
have, for all t 2 .0; 1� sufficiently small,

0 � ��1fI Œ.1 � �/u C �v� � I.u/g
D ��1f�Œ.1 � �/u C �v� � �.u/C G Œu C �.v � u/�� G .u/g
� �.v/ � �.u/C ��1fG Œu C �.v � u/�� G .u/g

which gives (92) by letting � ! 0. ut
Now, we consider the periodic boundary value problem (86) under the basic

hypothesis .H˚/. Recall that by a solution of (86) we mean a function u 2 C1, such
that ju0j1 < a, �.u0/ is differentiable a.e. and (86) is satisfied a.e. The following
elementary lemma will be useful is relating the critical points of I to the solutions
of (86).

Lemma 14. For every f 2 L1; the problem

.�.u0//0 D u C f; u.0/ D u.T /; u0.0/ D u0.T / (93)

has a unique solution uf , which is also the unique solution of the variational
inequality

Z T

0

Œ˚.v0.t// � ˚.u0.t//C hu.t/; v.t/ � u.t/i C hf .t/; v.t/ � u.t/i� dt � 0

for all v 2 K; (94)

and the unique minimum overK of the strictly convex functional J defined by

J.u/ D
Z T

0

�
˚.u0.t//C juj2

2
C hf .t/; u.t/i

�
dt: (95)
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Proof. Problem (93) is equivalent to finding u D u Ceu with u andeu solutions of

8<
:
.�.eu0//0 D ef ; eu.0/ Deu.T /; eu0.0/ Deu0.T /;

u D �f ;
Z T

0

eu.t/ dt D 0:

Now the first equation gives

�.eu0.t// � �.eu0/ D eHef
so that, if we let c D �.eu0/,

eu0.t/ D ��1Œc C eHef .t/�:
Now u will satisfy the first boundary condition if c is such that

Z T

0

��1Œc C eHef .t/� dt D 0:

Lemma 1 implies the existence and uniqueness of c D �Q�.eHef /, and hence the
unique solvability of problem (93).

Now, if u is a solution of (93), then, taking v 2 K , taking the inner product of
each member of the differential system by v � u, integrating over Œ0; T �, and using
integration by parts and the boundary conditions, we get

Z T

0

Œh�.u0.t//; v0.t/ � u0.t/i C hu; v � ui C hf .t/; v.t/ � u.t/i� dt D 0;

which gives (94) if we use the convexity inequality for ˚

˚.v0/�˚.u0/ � h�.u0/; v0 � u0i:

The convexity inequality

jvj2
2

� juj2
2

� hu; v � ui

introduced in (94) implies that

Z T

0

�
˚.v0.t// � ˚.u0.t//C jvj2

2
C hf .t/; v.t/i � juj2

2
� hf .t/; u.t/i

�
dt � 0

for all v 2 K;
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which shows that J has a minimum on K at u. Conversely if it is the case, then, for
all � 2 .0; 1� and all v 2 K , we get

Z T

0

f˚Œ.1 � �/u0.t/C �v0.t/�C j.1 � �/u C �vj2
2

C hf .t/; .1 � �/u.t/C �v.t/ig dt

�
Z T

0

Œ˚.u0.t//C juj2
2

C hf .t/; u.t/i� dt;

which, using the convexity of ˚ , simplifying, dividing both members by � and
letting � ! 0; gives the variational inequality (94). Thus solving (94) is equivalent
to minimizing (95) over K . Now, it is straightforward to check that J is strictly
convex overK and therefore has a unique minimum there, which gives the required
uniqueness conclusions of Lemma 32. ut

The idea of proof of the result below first occured in [32].

Proposition 1. If u is a critical point of I , then u is a solution of problem (86).

Proof. For u a critical point of I , we set

fu WD rF.�; u/C h� u 2 L1

and consider the problem

.�.w0//0 D w C fu.t/; w.0/ D w.T /; w0.0/ D w0.T /: (96)

By virtue of Lemma 32, problem (96) has an unique solution u# and it is also the
unique solution of the variational inequality

Z T

0

Œ˚.v0.t// � ˚.u#0
.t//C hu#; .v � u#i C hfu.t/; v.t/ � u#.t/� dt � 0

for all v 2 K:

Since u is a critical point of I , we infer that

Z T

0

Œ˚.v0.t// � ˚.u0.t//C hu; v � ui C hfu.t/; v.t/ � u.t/i� dt � 0

for all v 2 K:

It follows by uniqueness that u D u#. Hence, u solves problem (86). ut
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3.3 Ground State Solutions

The following results come from [33] and [17].

3.3.1 A Sufficient Condition for Minimization

We begin by a lemma which is the main tool for the minimization problems in this
subsection. With this aim, for any � > 0, set

bK� WD fu 2 K W juj � �g:

Lemma 15. Assume that there is some � > 0 such that

infbK� I D inf
K
I: (97)

Then I is bounded from below on C and attains its infimum at some u 2 bK�, which
solves problem (86).

Proof. By virtue of (97) and inf
C
I D inf

K
I , it suffices to prove that there is some

u 2 bK� such that

I.u/ D infbK�

I: (98)

Then, we get that u is a minimum point of I on C; so, on account of Lemma 13,
u is a critical point of I , and by virtue of Proposition 1, a solution of (86).

If v 2 bK� then, using (5) we obtain

jvj1 � jvj C jevj1 � �C Ta

4
:

This, together with jv0j1 � a show that bK� is bounded in W 1;1 and, by the
compactness of the embedding W 1;1 � C , the set bK� is relatively compact in C .
Let fung � bK� be a minimizing sequence for I . Passing to a subsequence if
necessary and using Lemma 12, we may assume that fung converges uniformly to
some u 2 K . It is easily seen that actually u 2 bK�. From (90) and the continuity of
F on C , we obtain

I.u/ � lim inf
n!1 I.un/ D lim

n!1 I.un/ D infbK� I;

showing that (98) holds true. ut
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3.3.2 Periodic Nonlinearities

The following result deals with problem (86) with periodic nonlinearities. It was
first proved in the scalar case in [32] and in the vector case in [33] using slightly
different arguments.

Theorem 22. If there are some !1 > 0; : : : ; !n > 0 such that

F.t; u/ D F.t; u1 C !1; : : : ; un C !n/

for all .t; u/ 2 Œ0; T � � R
n; then, for any h 2 L1 with h D 0, problem (86) has at

least one solution which minimizes I on C (orK).

Proof. Let ! D n1=2 max1�j�n !j , so that

Œ0; !1� � : : : � Œ0; !n� � B.!/:

Due to the periodicity of F.t; �/ and because of h D 0, it holds

I.v C j1!1e1 C : : :C jn!nen/ D I.v/

for all v 2 K and .j1; : : : ; jn/ 2 Z
n: Then, the conclusion follows from the equality

fI.v/ W v 2 Kg D fI.v/ W v 2 bK!g

and Lemma 15. ut
For the use in examples, let us introduce the continuous mapping S W Rn ! R

n

by

S.u/ WD .�1 sin u1; �2 sin u2; : : : ; �n sin un/ .�j 2 R; j D 1; : : : ; n/

so that

S.u/ D rc.u/ with c.u/ WD
nX

jD1
�j .1 � cos uj /: (99)

Example 12. For any � 2 R and any h 2 L1 such that h D 0; the problem

 
u0p

1 � ju0j2

!0
C S.u/ D h.t/; u.0/ D u.T /; u0.0/ D u0.T /

has at least one solution.

This corresponds to F.t; u/ D c.u/ such that F.t; u1 C 2�; : : : ; un C 2�/ D
F.t; u/ for all t 2 Œ0; T � and all u 2 R

n.
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In particular, in the scalar case, the forced relativistic pendulum problem

�
u0

p
1� u02

�0
C � sin u D h.t/; u.0/ D u.T /; u0.0/ D u0.T /

has at least one solution whenever h D 0.
With respect to Example 4, we suppress the restriction 4T < 1, but the existence

only holds for k � 0 and h D 0. With respect to Example 6, we have h D 0 instead
of jhj1 < �. The multiplicity conclusion will be proved in Sect. 4.

3.3.3 Asymptotically Positive Potential

Theorem 23. If

lim inf
juj!1

ŒF .t; u/C hh.t/; ui� > 0 uniformly a.e. in t 2 Œ0; T �; (100)

then problem (86) has at least one solution which minimizes I on C:

Proof. Using (5) and (100) it follows that there exists � > 0 such that

F.t; u.t//C hh.t/; u.t/i > 0

for any u 2 K such that juj > �: It follows that I.u/ > 0 provided that u 2 K and
juj > �: The proof follows from Lemma 15, as I.0/ D 0. ut
Example 13. The problem

�
u0

p
1 � u02

�0
D u C h.t/

1C Œu C h.t/�2
C cos u; u.0/ D u.T /; u0.0/ D u0.T /

has at least one solution for all h 2 C .

Example 14. If b 2 L1 and essinf b > 0, the problem

�
u0

p
1 � u02

�0
D b.t/

up
1C juj2 C S.u/C h.t/; (101)

u.0/ D u.T /; u0.0/ D u0.T /

has at least one solution for all h 2 L1 such that jhj1 < essinf b.

Indeed,
F.t; u/ D b.t/.

p
1C juj2 � 1/C c.u/
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and

lim inf
juj!1

Œb.t/.
p
1C juj2 � 1/C c.u/� hh.t/; ui�

� lim inf
juj!1

Œjuj.essinf b � jhj1/�
nX

jD1
j�j j � essinf b� > 0:

Example 15. For any b 2 L1 such that b.t/ � 0 for a.e. t 2 Œ0; T � and b > 0, the
problem

 
u0p

1 � ju0j2

!0
D b.t/ejuj2u C S.u/C h.t/; u.0/ D u.T /; u0.0/ D u0.T /

has at least one solution for all h 2 L1.

Indeed,

F.t; u/ D 1

2
b.t/Œejuj2 � 1�C c.u/C hh.t/; ui

and

lim inf
juj!1

Œ.1=2/b.t/Œejuj2 � 1�C c.u/C hh.t/; ui

� lim inf
juj!1

Œ.1=2/.essinf b/ejuj2 �
nX

jD1
j�j j � .1=2/essinf b � jhj1juj� > 0:

3.3.4 Nonlinearities with Power Growth Restriction

Let us consider the case of problem (86) with a nonlinearity ruF having an arbitrary
power growth in u and a potential F satisfying a semi-coercivity condition of the
Ahmad–Lazer–Paul type [1]. The growth condition on ruF is :

.HP / There exists ˛ � 0; g 2 L1 nonnegative and k 2 L1 nonnegative such that,
for a.e. t 2 Œ0; T � and all u 2 R

n; one has

jruF.t; u/j � g.t/juj˛ C k.t/:

For the classical problem with .�.u0//0 replaced by u00, the case where ˛ D
0 was considered in [85], and the case where ˛ 2 Œ0; 1/ in [116]. Define the
mapping F W Rn ! R by

F .u/ D T �1
Z T

0

F.t; u/ dt:
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Theorem 24. Assume that Assumptions .H�/; .HF / and .HP / hold. Then, for all
h 2 L1 such that

lim
juj!1

juj�˛
h
F .u/� hh; ui

i
D C1; (102)

problem (86) has at least one solution which minimizes I over C (orK).

Proof. Using the elementary inequality in R
n

jy C zj˛ � 2˛.jyj˛ C jzj˛/;

we have, for all u 2 K;

I.u/ D
Z T

0

Œ˚.u0.t//C F.t; u/C F.t; u.t// � F.t; u/C hh.t/; u.t/i� dt

�
Z T

0

ŒF .t; u/C hh.t/; ui� dt

C
Z T

0

h
Z 1

0

ruF.t; u C seu.t// ds Ceh.t/;eu.t/i dt
� T ŒF .u/C hh; ui�

�
Z T

0

Z 1

0

Œg.t/ju C seu.t/j˛ C k.t/� jeuj ds dt � jhj1jeuj1

� T ŒF .u/C hh; ui�
� jgj12˛Œjuj˛ C .Ta=4/˛�.Ta=4/ � .jkj1 C jhj1/.Ta=4/;

where we have used inequality (5). Hence

I.u/ � juj˛
n
T juj�˛ŒF .u/C hh; ui� � jgj12.˛ � 2/Ta

o

� Œ.Ta=2/˛jgj1 C jkj1 C jhj1�.Ta=4/: (103)

Assumption (102) implies the existence of some � > 0 such that the second term
in the right-hand member of (103) is positive for juj � �. As I.0/ D 0, the result
follows from Lemma 15. ut
Remark 9. The classical case where .�.u0//0 is replaced by u00 requires, as shown
in [116], ˛ 2 Œ0; 1/ and Assumption (102) replaced by the stronger one

lim
juj!1

juj�2˛
h
F .u/� hh; ui

i
D C1:

Example 16. For any b 2 L1 such that b > 0, problem (101) has at least one
solution for all h 2 L1 such that jhj < b:
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Indeed, we have in this case F.t; u/ D b.t/Œ
p
1C juj2 � 1�C c.u/; ˛ D 0, and,

for any v 2 R
n n f0g;

bŒ
p
1C jvj2 � 1�C c.v/C hh; vi � jvjŒb � jhj� �

nX
jD1

j�j j � b;

with the right-hand member tending to C1 when jvj ! 1.
With respect to Example 14, the use of the boundedness condition allows

weakening the conditions upon b and h from essinf b > 0 and jhj1 < essinf b
to b > 0 and jhj < b.

In particular, in the scalar case, for every h 2 L1 such that ��
2
< h < �

2
; the

problem
�

u0
p
1 � u02

�0
� arctan u � cos u D h.t/; u.0/ D u.T /; u0.0/ D u0.T /

has at least one solution. Corollary 4 does not apply to this example.

Remark 10. When ˛ D 0, condition (102) is of the type introduced by Ahmad–
Lazer–Paul [1] for the Laplacian with Dirichlet conditions. The reader will observe
that for ˛ D 0, the conclusion of Theorem 24 still remains true if (102) is replaced
by the weaker but more technical condition

lim inf
juj!1

ŒF .u/C hh; ui� dt > Ta
Z T

0

Œg.t/C k.t/C jeh.t/j� dt:

3.3.5 Convex Potentials

Theorem 25. If F.t; �/ is convex for all t 2 Œ0; T �; then, problem (86) has at least
one solution which minimizes I on C (or K) for all h 2 L1 such that condition
(102) with ˛ D 0 holds.

Proof. By Assumption (102) with ˛ D 0, the real function F C hh; �i achieves a
minimum at some v 2 R

n; for which

rF .v/C h D 0:

Now, by the convexity of F.t; �/;

I.u/ � T ŒF .v/C hh; vi�C
Z T

0

hruF.t; v/C h.t/; u.t/ � vi dt

D T ŒF .v/C hh; vi�C
Z T

0

hruF.t; v/C h.t/;eu.t/i dt
� T ŒF .v/C hh; vi�� .Ta=4/jruF.�; v/C hj1:
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From (102) we can find � > 0 such that I.u/ > 0 provided that juj � �. Furthermore
I.0/ D 0. Therefore (97) is fulfilled and the result follows from Lemma 15. ut
Example 17. If b 2 L1 is such that b.t/ � 0 for a.e. t 2 Œ0; T � and b > 0, the
problem

 
u0p

1 � ju0j2

!0
D b.t/ejuj2u C h.t/; u.0/ D u.T /; u0.0/ D u0.T /

has at least one solution for any h 2 L1.
Indeed, F.t; u/ D b.t/

2
Œejuj2 � 1� is convex in u for a.e. t 2 Œ0; T �,

F .u/C hh; ui � b

2
Œejuj2 � 1� � jhjjuj;

and the right-hand member tends to C1 as juj ! 1.
With respect to Example 15, the use of the convexity of F allows to replace the

assumption essinf b > 0 by the weaker one b.t/ � 0 and b > 0. But the oscillatory
term S.u/ has to be dropped.

3.4 Saddle Point Solutions for Bounded Nonlinearities

The following results are inspired from [17].

3.4.1 Palais–Smale Condition

Towards the application of the minimax results obtained by Szulkin in [111] to the
functional I defined by (91) we have to know when I satisfies the compactness
Palais–Smale (in short (PS)) condition.

We say that a sequence fung � K is a (PS)-sequence if I.un/ ! c 2 R and

Z T

0

Œ˚.v0.t//�˚.u0
n.t//C hruF.t; un.t//C h.t/; v.t/ � un.t/i� dt

� �"njv � unj1 for all v 2 K; (104)

where "n ! 0C. According to [111], the functional I is said to satisfy the (PS)
condition if any (PS)-sequence has a convergent subsequence in C .

The lemma below provides useful properties of the (PS)-sequences.

Lemma 16. Let fung be a (PS)-sequence. Then the following hold true:

(i) The sequence

�Z T

0

ŒF .t; un.t//C hh.t/; un.t/i� dt
	

is bounded;

(ii) If fung is bounded, then fung has a convergent subsequence in C ;
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(iii) One has that

ˇ̌
ˇ̌Z T

0

hruF.t; un.t//C h.t/; un.t/i dt
ˇ̌
ˇ̌ � "n for all n 2 N: (105)

Proof. (i) This is immediate from the fact that fI.un/g and ˚ are bounded.
(ii) From (5) and un 2 K; the sequence feung is bounded in W 1;1. By the

compactness of the embedding W 1;1 � C , we deduce that feung has a
convergent subsequence in C . Using then the boundedness of fung � R it
follows that fung has a convergent subsequence in C .

(iii) Taking v D un C w with w 2 R
n such that jwj D 1 in (104) one obtains

h
Z T

0

ŒruF.t; un.t//C h.t/� dt;wi � �"n

for all w 2 R
n with jwj D 1, and hence (105).

ut

3.4.2 Bounded Nonlinearities with Anti-coercive Potential

Theorem 26. Let F W Œ0; T � � R
n ! R and g; k 2 L1 nonnegative be such that

condition .HP / with ˛ D 0 is satisfied. If h 2 L1 is such that

lim
jxj!1

ŒF .x/C hh; xi� D �1; (106)

then problem (86) has at least one solution.

Proof. We apply the Saddle Point theorem for functionals of Szulkin’s type [111,
Theorem 3.5]. From (106) the functional I is not bounded from below. Indeed, if
v D c 2 R

n is a constant function then

I.c/ D
Z T

0

ŒF .t; c/C hh.t/; ci� dt ! �1 as jcj ! 1: (107)

We split C D R
n
LeC , where eC D fv 2 C W v D 0g. Note that

I.v/ �
Z T

0

ŒF .t;ev.t//C hh.t/;ev.t/i� dt for all v 2 K \ eC ;

which together with (5) imply that there is a constant ˛ 2 R such that

I.v/ � ˛ for all v 2 X: (108)
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Using (107) and (108) we can find some R > 0 so that

sup
SR

I < infeC I;

where SR D fc 2 R
n W jcj D Rg.

It remains to show that I satisfies the (PS) condition. Let fung � K be a (PS)-
sequence. fI.un/g, f'.un/g are bounded and, by .HP / with ˛ D 0, we have, letting
l.t/ D g.t/C k.t/,

ˇ̌
ˇ̌Z T

0

ŒF .t; un.t//C hh.t/; un.t/i � F.t; un/� hh.t/; uni� dt
ˇ̌
ˇ̌

�
Z T

0

Z 1

0

jhruF.t; un.t/C seun.t//C h.t/;eun.t/ij ds dt

� .Ta=4/

Z T

0

Œg.t/C k.t/� dt:

From

I.un/ D '.un/C
Z T

0

ŒF .t; un/C hh.t/; uni� dt

C
Z T

0

ŒF .t; un.t// � F.t; un/C hh.t/;eun.t/i� dt
it follows that there exists a constant ˇ 2 R such that

Z T

0

ŒF .t; un/C hh.t/; uni� dt � ˇ:

Then by (106) the sequence fung is bounded and Lemma 16 (ii) ensures that fung
has a convergent subsequence in C . Consequently, I satisfies the (PS) condition and
the conclusion follows from [111, Theorem 3.5] and Proposition 1. ut
Remark 11. Condition (106), also of the Ahmad–Lazer–Paul type [1] is, in some
sense, “dual” to condition (102).

Example 18. Given b 2 L1 such that b < 0, problem (101) has at least one solution
for all h 2 L1 such that jhj < jbj:

Indeed, we have in this case F.t; u/ D b.t/Œ
p
1C juj2 � 1�C c.u/; and, for any

v 2 R
n n f0g;

bŒ
p
1C jvj2 � 1�C c.v/C hh; vi � Œb C jhj�jvj � b C

nX
jD1

j�j j;

with the right-hand member tending to �1 when jvj ! 1.
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Theorem 27. If

lim
jxj!1

ŒF .t; x/C hh.t/; xi� D �1; uniformly in t 2 Œ0; T �; (109)

then problem (86) has at least one solution.

Proof. We keep the notations introduced in the proof of Theorem 26. Clearly, (109)
implies (106) and from the proof of Theorem 26 it follows that I has the geometry
required by the Saddle Point Theorem. To show that I satisfies the (PS) condition,
let fung � K be a (PS)-sequence. If fjunjg is not bounded, we may assume going if
necessary to a subsequence, that junj ! 1: Using (5) and (109) we deduce that

F.t; un.t//C hh.t/; un.t/i ! �1; uniformly in t 2 Œ0; T �:
This implies

Z T

0

ŒF .t; un.t// � hh.t/; un.t/i� dt ! �1;

contradicting Lemma 16 (i). Hence, fung is bounded and by Lemma 16 (ii), the
sequence fung has a convergent subsequence in C . Therefore, I satisfies the (PS)
condition. The proof is complete. ut
Remark 12. No result corresponding to Theorem 27 holds for the classical case
where .�.u0//0 is replaced by u00. Indeed, if �k is a positive eigenvalue of �u00 on
Œ0; T � with periodic boundary conditions, and 'k a corresponding eigenfunction, the
problem

u00 D ��ku C 'k.t/; u.0/ D u.T /; u0.0/ D u0.T /

has no solution, but ��k u2

2
C 'k.t/u ! �1 uniformly in Œ0; T � when juj ! 1.

Example 19. The problem
�

u0
p
1 � u02

�0
C u C h.t/

1C Œu C h.t/�2
D cos u; u.0/ D u.T /; u0.0/ D u0.T /

has at least one solution for all h 2 C .

3.5 Multiple Solutions Near Resonance

3.5.1 Introduction and Hypotheses

This subsection, which presents some of the results of [25], is devoted to the
existence of multiple solutions for the scalar periodic problems of the form
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.�.u0//0 D �jujm�2u � g.t; u/C h.t/; u.0/ D u.T /; u0.0/ D u0.T /; (110)

where � W .�a; a/ ! R satisfies Assumption .H˚/ for n D 1, m � 2, � > 0,
h D 0 and g W Œ0; T � � R ! R satisfies suitable conditions. We show in
particular the existence of at least three solutions when G.t; x/ D R x

0
g.t; s/ ds

has a polynomial growth of order strictly smaller than m, satisfies a Ahmad–
Lazer–Paul condition, and � > 0 is sufficiently small. Results of this type, called
multiplicity results near resonance, have been initiated in the classical case where
.�.u0//0 is replaced by u00 by Schmitt and the author in [82], using bifurcation from
infinity and Leray–Schauder degree theory. A variational approach was introduced
by Sanchez in [104] to deal with such multiplicity problems, and conditions of type
(i)’ and (ii)’ were introduced by Ma, Ramos and Sanchez in [67,102] for semilinear
and quasilinear Dirichlet problems involving the p-Laplacian. See also [41, 65,
66, 86, 94] for a similar variational treatment of various semilinear or quasilinear
equations, systems or inequalities with Dirichlet conditions, [87] for perturbations of
p-Laplacian with Neumann boundary conditions, and [63] for periodic solutions of
perturbations of the one-dimensional p-Laplacian. The existence of at least two
solutions near resonance at a non-principal eigenvalue was first obtained in [81]
using a topological approach and then for semilinear or quasilinear problems using
critical point theory in [42, 57, 110]. This question seems to be meaningless for the
singular � considered here because resonance only occurs at � D 0.

The main used tools are local minimization results combined with mountain pass
techniques in the frame of the Szulkin’s critical point theory [111].

Throughout this subsection we assume that the following hypothesis upon g and
h hold true.
.Hf / The functions g W Œ0; T � � R ! R, b; h W Œ0; T � ! R are continuous; the
constantm � 2 is fixed and � is a real positive parameter.

We denote by G the indefinite integral of g with respect to the second variable
defined by

G.t; x/ WD
Z x

0

g.t; �/ d�; .t; x/ 2 Œ0; T � � R;

and assume that G satisfies the following hypotheses :

(i)’ There exists k1; k2 > 0 and 0 < � < m such that

� l.t/ � G.t; x/ � k1jxj� C k2; for all .t; x/ 2 Œ0; T � � R; (111)

where l � 0 and l 2 L1 ;
(ii)’ One has that either

lim
jxj!1

Z T

0

G.t; x/ dt D C1; (112)
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or the limits G˙.t/ D lim
x!˙1G.t; x/ exist for all t 2 Œ0; T � and

G.t; x/ < GC.t/; for all t 2 Œ0; T �; x � 0;

G.t; x/ < G�.t/; for all t 2 Œ0; T �; x � 0I (113)

(iii)’ It holds

h D 0; (114)

We define bF � W C ! R by

bF �.u/ D
Z T

0

�
�

m
ju.t/jm �G.t; u.t//C h.t/u.t/

�
dt; u 2 C:

A standard reasoning shows that bF � is of class C1 on C and

bF 0
�.u/.v/ D

Z T

0



�ju.t/jm�2u.t/ � g.t; u.t//C h.t/

�
v.t/ dt; u; v 2 C:

Then it is clear thatbI � W C ! .�1;C1� defined by

bI � D bF � C �;

where � is defined in (88) with n D 1, has the structure required by Szulkin’s
critical point theory. By the results of the beginning of Sect. 2, the search of solutions
of problem (110) reduces to finding critical points of the energy functionalbI �.

We also need in the proof the following inequalities for u 2 K .

Lemma 17. Let p � 1 be a real number. Then

ju.t/jp � jujp � pTa

4
jujp�1 for all u 2 K and all t 2 Œ0; T � (115)

and there are constants ˛1; ˛2 � 0 such that

ju.t/jp � jujp C ˛1jujp�1 C ˛2 (116)

for all u 2 K with juj � 1 and all t 2 Œ0; T �:

Proof. The result is trivial for p D 1. If p > 1, u 2 K and t 2 Œ0; T �, then, using
the convexity of the differentiable function s 7! jsjp, we get

ju.t/jp D ju Ceu.t/jp � jujp C pjujp�2u eu.t/ � jujp � pjujp�1 Ta
4
:
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On the other hand, denoting by ep the smallest integer larger or equal to p and
letting M WD Ta=4; we have, for all t 2 Œ0; T �,

ju.t/jp D ju Ceu.t/jp � .juj CM/p D jujp
�
1C M

juj
�p

� jujp
�
1C M

juj
�ep

D jujp
0
@1C

epX
kD1

epŠ
kŠ.ep � k/Š

Mk

jujk

1
A

D jujp C
epX
kD1

epŠ
kŠ.ep � k/Š

Mkjujp�k;

and (116) follows easily. ut

3.5.2 Existence of Three Periodic Solutions

The following existence result, inspired from [67, 102] provides a useful tool in
obtaining multiple solutions.

Lemma 18. Assume that condition (114) holds, and that there exists k1; k2 > 0

and 0 < � < m such that

� l.t/ � G.t; x/ � k1jxj� C k2 for all .t; x/ 2 Œ0; T � � RC; (117)

with some l 2 L1; l � 0. If either

lim
x!C1

Z T

0

G.t; x/ dt D C1; (118)

or GC.t/ WD limx!C1G.t; x/ exists for all t 2 Œ0; T � and

G.t; x/ < GC.r/ for all t 2 Œ0; T �; x � 0; (119)

then there exists �C > 0 such that problem (110) has at least one solution u� > 0

for any 0 < � < �C which minimizebI � on CC D fv 2 C W v � 0g. Moreover, u� is
a local minimum forbI �.

Proof. First, notice that, using (5), one has

u � Ta

4
� u.t/ � u C Ta

4
for all u 2 K; (120)

hence

u ! C1 as juj1 ! 1 if u 2 CC \K: (121)
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Also, it is clear that

ju.t/j � juj C Ta

4
for all u 2 K and t 2 Œ0; T �: (122)

From (117) it follows that

bI �.u/ �
Z T

0

�
�

m
ju.t/jm � k1ju.t/j� � k2 � jhj1ju.t/j

�
dt;

for all u 2 CC: Hence, using (115), (122), (121) and � < m; we deduce immedi-
ately that

bI �.u/ ! C1 whenever juj1 ! 1 in CC; (123)

that is bI � is coercive on CC; and hence bounded from below on CC: Now, let
fung � CC \ K be a minimizing sequence, i.e. bI �.un/ ! infCC

bI � as n ! 1.
From (123), fung is bounded in C; and using the fact that fung � K , we infer that
fung is bounded inW 1;1; compactly embedded in C:Hence fung has a subsequence
converging in C to some u� 2 CC\K: By the lower semicontinuity ofbI � it follows

bI �.u�/ D inf
CC

bI �:

We claim that

u� ! C1 as � ! 0: (124)

Assuming this for the moment, it follows from (120) and (124) that there exists
�C > 0 such that u� > 0 for any 0 < � < �C; implying that u� is a local minimum
forbI �. Consequently, u� is a critical point ofbI �; and hence a solution of (110) for
any 0 < � < �C:

In order to prove the claim, assume first that (118) holds true. Then, consider
M > 0 and xM > 0 such that

Z T

0

G.t; xM / dt > 2M: (125)

On the other hand, as h D 0, one has that for all � > 0;

bI �.x/ D �T

m
jxjm �

Z T

0

G.t; x/ dt .x 2 R/: (126)

Choosing �M > 0 such that
�MT

m
xmM < M;
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and using (125), (126), it follows that

bI �.xM / < �M for all 0 < � < �M :

Consequently,

inf
CC

bI � ! �1 as � ! 0;

which, together with (120) implies (124), as claimed.
Now, let (119) holds true, and assume also by contradiction that there exists

�n ! 0 such that fu�ng is bounded. On account of (120) and of the compactness of
the embedding ofW 1;1 in C , one can assume, going if necessary to a subsequence,
that fu�ng converges in C to some u 2 CC. Using (119) and Fatou’s lemma it
follows that

Z T

0

G.t; u.t// dt <
Z T

0

GC.t/ dt � lim inf
s!1

Z T

0

G.t; s Ceu.t// dt;

which implies the existence of s0 > 0 sufficiently large, with s0 Cev 2 CC for all
v 2 K; and of � > 0 such that

Z T

0

ŒG.t; u.t// �G.t; s0 Ceu.t//� dt < ��:

So, for n sufficiently large, we have

Z T

0

ŒG.t; u�n.t// �G.t; s0 Ceu�n.t//� dt < ��: (127)

On the other hand, using (120), we get

Z T

0

�n

m
Œjs0 Ceu�n.t/jm � ju�n.t/jm� dt ! 0 as n ! 1: (128)

Notice that, as h D 0, for all � > 0 and s 2 R; one has

bI �.s Ceu�/ D
Z T

0

˚.u0
�/.t/ dt C

Z T

0

�

m
js Ceu�.t/jm dt

�
Z T

0

G.t; s Ceu�.t// dt �
Z T

0

h.t/eu�.t/ dt:

Then, by (127) and (128) we obtain

bI �n.s0 Ceu�n/ <bI �n.u�n/;
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for n sufficiently large, contradicting the definition of u�n: This proves the claim and
the proof is complete. ut

The multiplicity result will follow from Lemma 18 and the following version of
the mountain pass lemma given in [111].

Lemma 19. If I D � CG satisfies (PS)-condition, 0 is a local minimum of I and
if I.e/ � I.0/ for some e ¤ 0, then I has a critical point different from 0 and e. In
particular, if I has two local minima, then it has at least a third critical point.

Theorem 28. Assume that conditions (114), (111) and either (112) or (113) hold
true. Then there exists �0 > 0 such that problem (110) has at least three solutions
for any � 2 .0; �0/:
Proof. From Lemma 18, it follows that there exists �C > 0 such thatbI � has a local
minimum at some u�;1 > 0 for any 0 < � < �C: Using exactly the same strategy,
we can find �� > 0 such that bI � has a local minimum at some u�;2 < 0 for any
0 < � < ��: Taking �0 D minf��; �Cg it follows that bI � has two local minima
for any � 2 .0; �0/: On the other hand, from the proof of Lemma 18, it is easy to
see that bI � is coercive on C; implying that bI � satisfies the (PS) condition for any
� > 0: Hence, from Lemma 19, we infer thatbI � has at least three critical points for
all � 2 .0; �0/ which are solutions of (110). ut
Remark 13. (i) When g is bounded, it is well known [1] that the Ahmad–Lazer–

Paul condition (112) generalizes the Landesman-Lazer condition

Z T

0

g�.t/ dt < 0 <
Z T

0

gC.t/ dt;

where g�.t/ D lim supx!�1 g.t; x/ and gC.t/ D lim infx!C1 g.t; x/:

(ii) Condition (113) holds true whenever one has the sign condition

xg.t; x/ > 0 for all t 2 Œ0; T � and x ¤ 0:

(iii) The condition :
there exists 0 < � < m such that

xg.t; x/ � �G.t; x/ ! �1 as jxj ! 1; uniformly in t 2 Œ0; T �;

introduced in [66, 104], together with the sign condition

xg.t; x/ > 0 for all t 2 Œ0; T � and jxj � x0

for some x0 > 0, imply (111) and (112).

Example 20. Let m 2 N be even and h 2 C be with h D 0. Then there exists
�0 > 0 such that the problem



Resonance Problems for Some Non-autonomous Ordinary Differential Equations 169

�
u0

p
1 � u02

�0
D �jujm�2u � um�1

1C um
C h.t/; u.0/ D u.T /; u0.0/ D u0.T /

has at least three solutions for all � 2 .0; �0/:

3.6 BV Periodic Solutions of the Forced Pendulum
with Curvature Operator

In this section we sketch Obersnel-Omari’s recent proof [93] of the existence of at
least two solutions for problems of the form

�
u0

p
1C u02

�0
D f .t; x/C h.t/; u.0/ D u.T /; u0.0/ D u0.T /; (129)

where f W Œ0; T � � R ! R is supposed, for simplicity, continuous, and satisfies the
following periodicity condition, where F W Œ0; T ��R ! R is the indefinite integral
of f defined by

F.t; u/ D
Z u

0

f .t; x/ dx .t 2 Œ0; T �; u 2 R/:

.H!/ The function F satisfies the !-periodicity condition

F.t; x C !/ D F.t; x/ for all t 2 Œ0; T �; x 2 R: (130)

This condition is in particular satisfied, with ! D 2� , for the forced pendulum
equation with curvature operator, i.e. for the problem

�
u0

p
1C u02

�0
C � sin u D h.t/; u.0/ D u.T /; u0.0/ D u0.T /: (131)

We assume in addition that h 2 C and that

h D 0: (132)

3.6.1 The Action Functional

The action functional E associated to problem (129), given by

E .u/ D
Z T

0

Œ
p
1C u02.t/C F.t; u.t//C h.t/u.t/� dt;
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is well defined on the space

W
1;1
T D fu 2 W 1;1.Œ0; T �/ W u.0/ D u.T /g

and, using the Assumptions .H!/, (132), and Sobolev inequality, it is not difficult
to see that E is bounded from below. Furthermore, standard reasonings imply that
E is Gateaux-differentiable and lower semi-continuous. Consequently, E admits
a bounded minimizing sequence but, because W 1;1

T is not reflexive, the usual
extraction of a weakly converging subsequence fails. Indeed, one can construct an
example of such sequences having no subsequence converging to some element of
W

1;1
T even when f � 0 (see [93]).
Various considerations lead to the choice of the larger space BV D BV.0; T / of

functions having finite total variation, namely such that

Z T

0

jDvj D supf
Z T

0

v.t/w0.t/ dt W w 2 C1
0 ..0; T // and jwj1 � 1g < C1:

Here

C1
0 .0; T / D fu 2 C1.0; T / with compact support in .0; T /g:

BV is a Banach space with respect to the norm

jvjBV D
Z T

0

jDvj C jvjq

for any q 2 Œ1;C1/ fixed. To take in account the periodic boundary condition, the
relaxed functional I W BV ! R is defined by

I .u/ D
Z T

0

p
1C jDuj2 C

Z T

0

ŒF .t; u.t//C h.t/u.t/� dt C ju.T �/ � u.0C/j;

where

Z T

0

q
1C jDuj2 dt D supf

Z T

0
Œv.t/w0

1.t/Cw2.t/� dt W w1; w2 2 C10 and jw21Cw22j1 � 1g:

Define J W BV ! R by

J .u/ D
Z T

0

p
1C jDuj2 C ju.T �/ � u.0C/j:

It is a nontrivial fact to prove [93] that J is convex, Lipschitz continuous, and lower
semicontinuous with respect to the L1-convergence. As F W BV ! R defined by
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F .u/ D
Z T

0

ŒF .t; u.t//C h.t/u.t/� dt

is of class C1, we are again in the setting of Szulkin’s critical point theory [112] and
a critical point of I is some u 2 BV satisfying the differential inequality

J .v/� J .u/C
Z T

0

f .t; u.t//.v.t/ � u.t// dt � 0

for all v 2 BV . Any solution u of this variational inequality belonging to W 1;1
T will

be a weak solution of (129). The proof of the lower semicontinuity property of J
depends upon the following approximation lemma essentially due to Anzellotti [5].

Lemma 20. For any given v 2 BV , there exists a sequence .vn/ in W 1;1
T such that

lim
n!1 vn D v in L1;

lim
n!1

Z T

0

jv0
n.t/j dt D

Z T

0

ŒjDvj C jv.T �/� v.0C/j;

lim
n!1

Z T

0

q
1C jv0

n.t/j2 dt D
Z T

0

p
1C jDvj2 C jv.T �/ � v.0C/j:

3.6.2 Existence of Two BV Solutions

The proof of existence of a solution depends on the following BV-version of
Wirtinger inequality [93].

Lemma 21. For every v 2 BV such that v D 0, one has

jvj1 � T

4

�Z T

0

jDvj C jv.T �/� v.0C/j
�

and the constant T=4 is sharp.

Hence one can prove the following multiplicity result [93].

Theorem 29. Assume that h 2 Lp for some p > 1, and assumption .H!/ holds.
Then problem (129) has at least two geometrically distinct solutions if conditions
(132) and

supf
Z T

0

h.t/w.t/ dt W w 2 BV;
Z T

0

jDwj C jw.T �/ � w.0C/j � 1g < 1(133)

hold.
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Proof. (sketched). The first solution u0 is obtained as a global minimum of I in a
rather standard way. Letting u1 D u0C! (also a global minimum of I ), the second
solution is obtained through a modified problem constructed in such a way that any
critical point of the association functional H in BV lies between u0 and u1 The
functional H is then extended to a functional M on Lq where 1

p
C 1

q
D 1 which

is shown to be bounded from below and coercive. Furthermore, M satisfies Palais–
Smale condition in Szulkin’s sense. Hence M has a global minimum u, shown to
be a critical point of H too, so that u0.t/ � u.t/ � u1.t/. From this information,
the existence of a second geometrically distinct critical point follows. ut
Corollary 11. Assumption (133) holds if either

jhj1 <
4

T

or h has a primitive H such that

jH j1 < 1:

Remark 14. On can compare the result of Corollary 11 with that of Example 7
where the existence of at least two classical solutions for

�
u0

p
1C u02

�0
C � sin u D h.t/; u.0/ D u.T /; u0.0/ D u0.T /

is proved under the stronger conditions h D 0, jhj1 < � < 1
2T

.

4 Hamiltonian Variational Approach for Periodic Solutions

4.1 Introduction

Using Lusternik-Schnirelman theory in Hilbert manifolds [95] or variants of it,
Chang [34], Rabinowitz [99] and the author [74] have independently obtained
results which imply that the problem

q00 D rqF.t; q/C h.t/; q.0/ D q.T /; q0.0/ D q0.T / (134)

with F W Œ0; T � � R
n ! R satisfying assumption

(HF) F is continuous, !i -periodic with respect to each qi .i D 1; 2; : : : ; n/

and such that rqF exists and is continuous on Œ0; T � � R
n, has at least n C 1

geometrically distinct solutions for every h 2 L2 verifying the Assumption
(Hh)

R T
0
h.t/ dt D 0.
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Because of the periodicity property of F , if q.t/ is a solution of (134), the same is
true for .q1.t/Cj1!1; q2.t/Cj2!2; : : : ; qn.t/Cjn!n/ for any .j1; j2; : : : ; jn/ 2 Z

n,
and hence two solutions q andbq of (134) are called geometrically distinct if

q 6�bq .mod !j ej ; j D 1; 2; : : : ; n/:

This result is an extension of an earlier one of the author and Willem [84]
who proved, under the same conditions, the existence of at least two geometrically
distinct solutions, using the variant of the mountain pass lemma introduced in [83]
to treat the special case where n D 1, and in particular the forced pendulum problem

q00 C � sin q D h.t/; q.0/ D q.T /; q0.0/ D q0.T /:

See [77] for a survey of this problem.
The corresponding existence result for the relativistic forced pendulum equation

 
q0p
1 � q02

!0
C � sin q D h.t/; q.0/ D q.T /; q0.0/ D q0.T / (135)

has been recently considered by Brezis and the author [32], who proved the
existence of at least one solution of (135) when Assumption (Hh) holds, by
minimizing the corresponding action functional

u 7!
Z T

0

Œ1 �
p
1 � q0.t/2 C A cos q.t/ � h.t/q.t/� dt

over the closed convex subset made of functions in W 1;1 such that q.0/ D q.T /

and jq0j1 � 1. The main difficulty consisted in showing that such a minimum
indeed satisfies (135). The result is obtained in [32] for the more general problem

�
�.q0/


0 D @qF.t; q/C h.t/; q.0/ D q.T /; q0.0/ D q0.T /; (136)

where � W .�a; a/ ! R is an increasing homeomorphism such that �.0/ D 0, F
is !1-periodic in q, continuous, @qF is continuous and h verifies Assumption (Hh).
The same authors in [33] have extended their existence result to the corresponding
n-dimensional problem

�
�.q0/


0 D rqF.t; q/C h.t/; q.0/ D q.T /; q0.0/ D q0.T /; (137)

when Assumptions (HF) and (Hh) hold, and � satisfies condition .H�/. Very
recently, Bereanu and Torres [16] have extended the mountain pass approach of [83]
to obtain the existence of at least two geometrically distinct solutions for problem
(136). It is not clear if their approach is applicable to system (136) and, would it be
the case, the existence of two solutions only would be insured.
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The aim of this section which describes some results of [80], is to prove
that, under Assumptions .H�/, (HF) and (Hh), problem (136) has at least nC 1

geometrically distinct solutions. To do this, we reduce problem (136) to an
equivalent Hamiltonian system, and apply an abstract result of Szulkin [112] to
this system. The advantage of the Hamiltonian formulation with respect to the
Lagrangian one used in [32, 33] and presented in Sect. 3 is that the Hamiltonian
action functional is now defined on the whole space, so that the Hamiltonian system
is trivially its Euler–Lagrange equation, and many standard techniques of critical
point theory can be directly applied. The price to pay in the Hamiltonian formalism
is that the Hamiltonian action functional is now indefinite, excluding the obtention
of existence results by minimization and of multiplicity results through classical
Lusternik-Schnirelman category. Although its final result is stated in terms of the
classical cuplength of a finite-dimensional manifold, the underlying technique in
Szulkin’s paper [112] (see also variants in [49, 62]) is a more sophisticated concept
of relative category inspired by [47, 48, 103].

4.2 An Equivalent Hamiltonian System and Its Action

4.2.1 Equivalent Hamiltonian System

We introduce the change of variables

r˚.q0/ D p

which is equivalent to

q0 D r˚�.p/;

to transform the problem (136) is the equivalent one

q0 D r˚�.p/; p0 D rqF.t; q/C h.t/; q.0/ D q.T /; p.0/ D p.T /:

(138)

With the Hamiltonian functionH W Œ0; T � � R
n � R

n ! R defined by

H.t; p; q/ D ˚�.p/� F.t; q/� hh.t/; qi;
problem (138) takes the Hamiltonian form

p0 D �rqH.t; p; q/; q0 D rpH.t; p; q/; q.0/ D q.T /; p.0/ D p.T /;

or, in a more concise way, letting z D .p; q/ and introducing the 2n�2n symplectic
matrix
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J D
�
0 I

�I 0
�
;

J z0 D rzH.t; z/; z.0/ D z.T /: (139)

We use the same notations h�; �i and j � j for the inner product and the corresponding
norm in R

n and in R
2n. It is well known that, formally, system (139) is the Euler–

Lagrange equation associated to the (action) functional A defined on a suitable
space of T-periodic functions by

A .z/ D
Z T

0

�
�1
2

hJ z0.t/; z.t/i CH.t; z.t//

�
dt;

or, in terms of the .p; q/ variables and original data, after integrating by parts and
using the periodicity, by

A .p; q/ D
Z T

0


�hp.t/; q0.t/i C ˚�.p.t// � F.t; q.t// � hh.t/; q.t/i� dt:

4.2.2 The Hamiltonian Action Functional

Define (see e.g. [98]) the space H1=2
# WD H

1=2
# .0; T IR2n/ as the space of functions

z 2 L2.0; T IR2n/ with Fourier series z.t/ D P
k2Z ek!tJ zk (! D 2�

T
), such that

zk 2 R
2n .k 2 Z/ and

jzj21=2 WD
X
k2Z
.1C jkj/jzkj2 < C1:

With the corresponding inner product

.zjw/ WD
X
k2Z
.1C jkj/hzk;wki;

H
1=2
# is a Hilbert space such that H1

# .0; T IR2n/ � H
1=2
# � Ls.0; T IR2n/ for any

s 2 Œ1;C1/. We have also, by easy computations based on Fourier series and use
of Cauchy-Schwarz inequality, for z smooth,

ˇ̌
ˇ̌Z T

0

Œ�hJ z0.t/;w.t/i� dt
ˇ̌
ˇ̌ � C jzj1=2jwj1=2;

so that the bilinear form defined in the left-hand member can be extended to H1=2
#

as a continuous quadratic form B.z;w/; and the linear self-adjoint operator A W
H
1=2
# ! H

1=2
# defined through Riesz’s representation theorem by the relation

.Azjw/ D B.z;w/ .z;w 2 H1=2
# / (140)
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is continuous. In terms of Fourier series,

.Azjw/ D 2�
X
k2Z

khzk;wki

and hence

.Azjz/ D 2�
X
k2Z

kjzk j2: (141)

It is easily seen that the spectrum of A is made of the eigenvalues �k D 2� k
1Cjkj

.k 2 Z/, each of multiplicity 2n, and of the elements �2� , 2� in the essential
spectrum. Therefore, if we let, with E.�k/ the eigenspace associated to �k ,

H0 D ker A D E.�0/ ' R
2n;

H� D f[k��1E.�k/g; HC D f[k�1E.�k/g;
thenH1=2

# D H� ˚H0˚HC (orthogonal sum with respect to .�j�/ and to L2), and,
using (141), we have, for z� 2 H�; zC 2 HC,

.Az�jz�/ D 2�
X
k��1

k

1C jkj .1C jkj/jzkj2

� ��
X
k��1

.1C jkj/jzkj2 D ��jz�j21=2;

.AzCjzC/ D 2�
X
k�1

k

1C jkj .1C jkj/jzkj2

� �
X
k�1
.1C jkj/jzkj2 D �jzCj21=2:

Furthermore the subspacesH� andHC are invariant for A.
Finally, using estimate (6), it is well known [98] that the assumptions (H˚) and

(HF) imply that A is of class C1 on H1=2
# and that any critical point .bp;bq/ of the

functional

A .p; q/ D �1
2
.A.p; q/j.p; q//C

Z T

0

Œ˚�.p.t// � F.t; q.t//� hh.t/; q.t/i� dt

satisfies the Euler equation

.A.bp;bq/j.p; q//C
Z T

0

Œhr˚�.bp.t//; p.t/i � hrqF.t;bq.t// � h.t/; q.t/i� dt D 0;

for all .p; q/ 2 H
1=2
# . A classical reasoning shows then that .bp;bq/ is a

(Carathéodory) solution of (139) (see e.g. [98]).
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4.3 Multiplicity of Periodic Solutions

4.3.1 Szulkin’s Theorem

IfX is a closed smooth manifold of dimension n, let�k.X/ denote the vector space
of all smooth differential k-forms onX . Taking for coboundary operator the exterior
differential d W �k.X/ ! �kC1.X/, one can define De Rham cohomologyH�.X/
through the vector spaces

Zk.X/ D f! 2 �k.X/ W d! D 0g; Bk.X/ D dC k�1.X/;

by Hk.X/ D Zk.X/=Bk.X/. If !1 2 �k1.X/; !2 2 �k2.X/; then !1 ^ !2 2
�k1Ck2.X/, and the easily checked fact that the exterior differential of the wedge
product of two cocycles is a cocycle and the wedge product of a cocycle and a
coboundary is a coboundary implies that the exterior product induces on H�.X/ a
product [, the cup product, operating as follows

[ W Hk1.X/ �Hk2.X/ 7! Hk1Ck2.X/:

Then the cuplength of X is the greatest number of elements of non-zero degree
in H�.X/ with non vanishing cup product, namely the largest integer m for
which there exists ˛j 2 Hkj .X/, 1 � j � m, such that k1; : : : ; km � 1

and ˛1 [ : : : [ ˛m ¤ 0 in Hk1C:::Ckm.X/. For the n-dimensional torus T
n,

cuplength.Tn/ D n.
Let E be a real Hilbert space with inner product .�j�/ and norm k � k, and V d

a compact d -dimensional C2-manifold without boundary. Let L W E ! E be
a bounded linear self-adjoint operator to which there corresponds an orthogonal
decomposition E D E� ˚ E0 ˚ EC into invariant subspaces, with E0 D ker L,
and a number " > 0 such that

hLxC; xCi � "kxCk2 .xC 2 EC/; hLx�; x�i � �"kx�k2 .x� 2 E�/:

The following result is due to Szulkin [112]

Lemma 22. Let � 2 C1.E � V d ;R/ be given by �.x; v/ D 1
2
.Lxjx/ �  .x; v/,

where  0 is compact. Suppose that  0.E � V d / is a bounded set, E0 is finite
dimensional and, if dim E0 > 0;  .x0; v/ ! �1 (or  .x0; v/ ! C1) as
kx0k ! 1, x0 2 E0. Then ˚ has at least cuplength .V d /C 1 critical points.

4.3.2 Existence of Multiple Periodic Solutions

Lemma 22 applied to a suitable reformulation of A will give our multiplicity
theorem.
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Theorem 30. If ˚ W B.a/ ! R satisfies Assumption (H˚) and F W Œ0; T � � R
n !

R satisfies Assumption (HF), then, for every h 2 Ls .s > 1/ verifying assumption
(Hh), problem (136) has at least nC 1 geometrically distinct solutions.

Proof. Assumptions (HF) and (Hh) imply that, for any .j1; : : : ; jn/ 2 Z
n,

A .p; q1 C !1; : : : ; qn C !n/

D 1

2
.A.p; q/j.p; q//C

Z T

0

Œ˚�.p.t// � F.t; q1.t/C !1; : : : ; qn.t/C !n/

� hh.t/; q.t/i �
nX

kD1
hk.t/!k� dt

D 1

2
.A.p; q/j.p; q//C

Z T

0

Œ˚�.p.t// � F.t; q.t// � hh.t/; q.t/i� dt D A .p; q/:

To each critical point .bp;bq/ of A on H1=2
# , corresponds the orbit

.bp;bq1 C j1!1; : : : ;bqn C jn!n/ ..j1; : : : ; jn/ 2 Z
n/

of critical points, which can be considered as a single critical point lying on the
manifoldE � V n, with V n the n-torus Tn D R

n=.!1Z; : : : ; !nZ/, and

E D f.p; q/ 2 H1=2
# W q D 0g:

Denoting by L W E ! E the restriction to E of A given in (140), we have E D
H� ˚ E0 ˚HC, where E0 ' R

n D f.p; 0/ 2 R
2n W p 2 R

ng D ker L. Hence, A
has the equivalent expression

1

2
.L.p;eq/j.p;eq/C

Z T

0

Œ˚�.p.t// � F.t; q Ceq.t// � hh.t/;eq.t/i� dt;
namely

�.x; v/ D 1

2
hL.p;eq/; .p;eq/i �  .p;eqI q/

requested by Szulkin’s lemma with x D .p;eq/, v D q; considered as an element of
V n, and

 .p;eqI q/ WD
Z T

0

ŒF .t; q Ceq.t//C hh.t/;eq.t/i �˚�.p.t//� dt:

Therefore, for any v;ew;w, we have

. 0.p;eqI q/j.v;ewI w//

D
Z T

0

ŒhrqF.t; q Ceq.t//;w Cewi C hh.t/;ew.t/i � h��1.p.t//; v.t/i� dt:
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Because rqF.t; �/ and ��1 have a bounded range,  0 has a bounded range, and  0

is compact using the compact embedding ofH1=2
# in Ls for any s � 1. On the other

hand, because of (6) and the fact that any .p;eq/ 2 E0 has the form .p0; 0/ with
p0 2 R

n, we have, for jp0j ! 1,

 .p0; q/ D
Z T

0

Œ�F.t; q/ �˚�.p0/� dt D �T ŒF.�; q/C T˚�.p0/� ! �1:

All the assumptions of Lemma 22 are satisfied, and � has at least cuplength .Tn/C
1 D n C 1 critical points, i.e. A has at least n C 1 geometrically distinct critical
points. ut
Example 21. For any h 2 Ls .s > 1/ such that h D 0 and S defined in (99), the
problem

 
q0p

1 � jq0j2

!0
C S.q/ D h.t/; q.0/ D q.T /; q0.0/ D q0.T /

has at least nC 1 geometrically distinct solutions.
In particular, for any � 2 R and h 2 Ls .s > 1/ such that h D 0, the forced

relativistic pendulum problem
 

q0p
1� q02

!0
C � sin q D h.t/; q.0/ D q.T /; q0.0/ D q0.T /

has at least 2 geometrically distinct solutions.

Remark 15. A similar Hamiltonian approach has been recently used by Manásevich
and Ward [71] to give an alternative proof to the result of Brezis and the author on
the relativistic forced pendulum [32]. The existence of the corresponding critical
point for the associated Hamiltonian action is obtained using Rabinowitz’ saddle
point theorem [98].
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Non-autonomous Functional Differential
Equations and Applications

Sylvia Novo and Rafael Obaya

Abstract This chapter deals with the applications of dynamical systems techniques
to the study of non-autonomous, monotone and recurrent functional differential
equations. After introducing the basic concepts in the theory of skew-product
semiflows and the appropriate topological dynamics techniques, we study the long-
term behavior of relatively compact trajectories by describing the structure of
minimal and omega-limit sets, as well as the attractors. Both the cases of finite
and infinite delay are considered. In particular, we show the relevance of uniform
stability in this study. Special attention is also paid to the almost periodic case,
in which the presence of almost periodic and almost automorphic dynamics is
analyzed. Some applications of these techniques to the study of neural networks,
compartmental systems and certain biochemical control circuit models are shown.

1 Introduction

In this work we study the long-term behaviour of the solutions of non-autonomous
ordinary differential equations (ODEs for short) and non-autonomous functional
differential equations (FDEs for short). In order to unify our theory, we frequently
assume a general expression for the FDEs which contains the ODEs models as a
particular case. We investigate the structure and the qualitative behaviour of the
omega-limit sets of relatively compact trajectories, as well as some properties for
the minimal sets they contain. This information becomes essential to understand the
local or global behaviour of the solutions.

Some recurrence properties on the temporal variation of the FDEs are assumed,
and therefore, their solutions induce a skew-product semiflow with a minimal flow
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on the base. As it is common in the analysis of non-autonomous dynamical systems,
our phase space is a positively invariant closed subset of ˝ � X , where ˝ is a
compact metric space with a continuous flow describing the dynamics associated to
the time-variation of the equation, andX is the Banach or Fréchet space representing
the state space. In the periodic case ˝ is just a circle, but our formulation includes
more general cases as almost-periodic and almost automorphic temporal variations
of the vector field, with significative interest in practical applications, in which
the structure of ˝ becomes more complicated. Thus we study the trajectories of
a complete family of FDEs and we transfer information from one equation to the
others using topological and ergodic methods. In general, a collective property is
easier to recognize than those verified by a single differential equation; this explains
some of the advantages of this collective formulation.

In addition, special attention is paid to the study of cooperative FDEs, whose
trajectories preverse in the future the order of the initial data. This property, which
implies the monotonicity of the semiflow, is essential in most of the results and has
important dynamical implications.

Basically, this work is divided in three parts of increasing complexity. The first
part analyzes the presence of almost periodic and almost automorphic dynamics
in the skew-product semiflows induced by non-autonomous families of ODEs. In
particular, we will recall that almost automorphy is a fundamental notion in the
study of almost periodic differential equations.

The theory of almost periodicity, including almost periodic differential equations,
has given a strong impetus to the development of the topological and smooth
dynamical systems for the last century. The notion of almost automorphy, as a
generalization of almost periodicity, was introduced by Bochner in 1955 in the
context of differential geometry. Roughly speaking the presence of almost periodic
dynamics represents a regular behaviour, while almost automorphic minimal sets
can exhibit a big complexity, as sensitive dependence with respect to initial data,
existence of several ergodic measures or chaos. For example, almost automorphic
symbolic minimal flows may admit positive topological entropy as shown by
Markley and Paul [61].

Probably motivated by its abstract origin, almost automorphic dynamics was not
originally considered in the study of almost periodic differential equations. Later, its
importance was motivated by the examples, given by Levitan and Zhikov [57] and
Johnson [46], of scalar almost periodic linear equations with almost automorphic
but not almost periodic solutions. This means that the solutions of almost periodic
differential equations could exhibit more complexity than the original terms of
the equation. From here it is not hard to construct an example of a scalar almost
periodic differential equation with bounded solutions whose omega-limit sets
contain two minimal sets. This represents again a significative difference between
the autonomous and the non-autonomous dynamics.

Analogously, it is proved in Johnson [48] that the Riccati equation provided
by the non-uniformly hyperbolic almost periodic linear equations constructed by
Millions̆c̆ikov [65] and Vinograd [115] admits almost automorphic but not almost
periodic solutions. These linear systems are disconjugate and define the first point
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of the spectrum of the corresponding self-adjoint Schrödinger operators. This fact
establishes important connections between the dynamical, spectral and ergodic
theories and admits generalizations in several directions. In the same line of results
the relevance of the almost automorphic dynamics in the Floquet theory of two-
dimensional almost periodic linear ODEs was shown in Johnson [45].

The references by Alonso and Obaya [1] and Novo et al. [71] study the
existence of almost periodic and almost automorphic solutions for scalar convex or
concave almost periodic differential equations. This theory explains a saddle-node
bifurcation problem, where the almost automorphic dynamics could appear. The
same kind of problems was considered by Ortega and Tarallo [86] for the second
order case. The presence of almost periodic and almost automorphic dynamics in the
Lagrangian flow induced by a disconjugate linear Hamiltonian system is analyzed
in Johnson et al. [51, 52], extending the previous two-dimensional results.

Shen and Yi [97–100] have developed similar dynamical techniques for the study
of parabolic partial differential equations. In particular, in the 1-space dimension
case, they study the ergodic and topological structure of minimal sets, characterize
the number of minimal sets of an omega-limit set, and prove that every minimal is
an almost automorphic extension of the base.

The second part of the work, included in section 3, is devoted to the study of
almost periodic and almost automorphic dynamics in non-autonomous FDEs with
finite delay. When the delay is small the theory of Driver [21] proves the existence
of special solutions which satisfy a supplementary ODE. Although the delay can
stabilize or destabilize previous solutions of ODEs (see Kuang [56], Smith [106]
among others), Alonso et al. [2] prove, in the scalar case, that a small delay is
harmless in the sense that the minimal sets are those defined by families of ODEs.

In the case of FDEs with fixed delay we introduce general conditions which
ensure the extensibility of the trajectories in the minimal sets and state different
properties which imply the monotonicity or eventual strong monotonicity of the
corresponding semiflow. We give a version of a theorem of Shen and Yi [101] which
proves, in the almost periodic and cooperative case, that the linearly stable minimal
sets are almost automorphic assuming the irreducibility of the linearized FDE. More
precisely, these minimal sets define an N -copy of an almost automorphic extension
of the base .˝; �;R/.

A large number of mathematical models in applied sciences present some
monotonicity properties with respect to the state argument. The rest of this chapter
studies monotone semiflows induced by cooperative FDEs. The paper by Novo et al.
[72] introduces a topological version of the concept of semi-equilibrium given by
Arnold and Chueshov [5, 6] in the measurable case. Under natural compactness
conditions a semicontinuous semi-equilibrium provides the existence of a minimal
set which is an almost automorphic extension of the base; if this minimal set is
uniformly stable then it is a copy of the base. The concept of strong semi-equilibrium
and its connection with the upper and lower solutions of FDEs is also analyzed.

When the increasing rate of the vector field defining the cooperative FDEs
decreases (or increases) as the state argument increases, the model exhibits concave
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(or convex) nonlinearities. There are also well-known phenomena for which only
positive state arguments make sense and the dynamics can be essentially described
by a sublinear vector field. Convex, concave and sublinear monotone semiflows
have been extensively studied in the literature (see Hirsch [34, 35], Smith [103],
Takáç [108], Krause and Ranft [55], Arnold and Chuesov [5, 6], Chuesov [18],
Zhao [121], Novo and Obaya [70], Novo et al. [72–74] and the references therein).
More recently Núñez et al. [80,82] describe all possible dynamical scenarios gener-
ated by monotone sublinear or concave skew-product semiflows, and they provide a
more accurate description of the dynamics for two-dimensional systems [81, 83].

In subsection 3.3 we analyze some of the scenarios more relevant in applications.
We begin with the dynamics in the concave case, describing two different situations
which allow us to prove the existence, on the positively invariant region determined
by a semicontinuous sub-equilibrium, of a minimal set given by an exponentially
stable copy of the base. The first one requires the vector field to be concave, the
semi-equilibrium to be strong and the existence of a bounded trajectory above the
graph of the semi-equilibrium. In the second situation the vector field is strongly
concave and the bounded trajectory must be strongly above the graph of the sub-
equilibrium. In the sublinear case, the existence of a minimal set given by a global
asymptotically stable copy of the base is guaranteed by the assumption of the strong
sublinearity of the vector field and the existence of a strongly positive bounded
semiorbit. We finish the section with the description of relevant applications of these
results to the study of non-autonomous cyclic feedback systems, as well as cellular
neural networks.

Finally, section 4 deals with the study of the dynamical properties of the semiflow
induced by recurrent families of FDEs with infinite delay. Before introducing this
skew-product semiflow we review the standard lifting theorem, proved by Sacker
and Sell [91] for almost periodic differential equations, in a more general setting:
a skew-product semiflow .˝ � X; �;RC/ where .˝; �;R/ is a minimal flow on a
compact metric space and X is a complete metric space. We state that a uniformly
stable compact and positively invariant set admitting a backward orbit for every
point has a flow extension, which is fiber distal and uniformly stable when t goes
to �1. In addition, if the set is uniformly asymptotically stable we show that it is
an N -copy of the base flow. As a consequence, the omega-limit set of a uniformly
stable trajectory is a uniformly stable minimal set admitting a fiber distal extension,
and it is a uniformly asymptotically stable N -cover of the base if the trajectory is
uniformly asymptotically stable.

In the case of FDEs with infinite delay, we consider the phase space BU �
C..�1; 0�;Rm/ of bounded and uniformly continuous functions with the supre-
mum norm, and we assume the continuous differentiability of the vector field with
respect to the state variable; the standard theory provides existence, uniqueness and
continuous dependence of the solutions (see [33]). In this setting every bounded
trajectory is relatively compact for the compact-open topology. We also assume
the vector field to be continuous for the metric topology on bounded sets, which
implies the continuity of the semiflow for this topology. In particular, the restriction
of the semiflow to the omega-limit set of a bounded trajectory is continuous,
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when the compact-open topology is taken in BU , and admits a flow extension.
Then, we apply the above general results on the structure of compact invariant
sets to contracting semiflows, i.e., semiflows generated by FDEs with infinite delay
admitting a Lyapunov function. When the Lyapunov function is strict we prove the
existence of a unique minimal set globally asymptotically stable. We also remark
some important points of difficulty appearing in the application of this theory in our
non-autonomous formulation.

Next we study the presence of almost periodic and almost automorphic dynamics
for monotone skew-product semiflows induced by a cooperative family of FDEs
with infinite delay. Many important results in the theory of monotone dynamical
systems deduced in the last decades require strong monotonicity. However, this
condition never holds when we consider FDEs with infinite delay in BU with
the standard ordering, because every trajectory always remembers its complete past
or history. For this reason, we describe recent results with significative dynamical
meaning requiring only the monotonicity of the semiflow. We extend the theory
proved in section 3 for finite delay, deducing the presence of almost automorphic
dynamics from the existence of a semicontinuos semi-equilibrium which satisfies
additional compactness conditions. If the base .˝; �;R/ is almost periodic these
methods ensure the existence of almost automorphic minimal sets which in some
cases become copies of the base. Moreover, in the above dynamical scenario we
assume that the trajectories are bounded and uniformly stable on bounded sets and
prove that their omega-limit sets are copies of the base. This provides a recurrent and
infinite delay version of previous results proved by Jiang and Zhao [44] for distal
FDEs with finite delay. We finish the chapter with applications of this theory to the
study of the long-term behaviour of the solutions of some compartmental systems
with infinite delay.

2 Basic Notions and Results

2.1 Flows Over Compact Metric Spaces

Let ˝ be a compact metric space. A real continuous flow .˝; �;R/ is defined by a
continuous mapping � W R �˝ ! ˝; .t; !/ 7! �.t; !/ satisfying

(i) �0 D Id;
(ii) �tCs D �t ı �s for each s, t 2 R,

where �t .!/ D �.t; !/ for all ! 2 ˝ and t 2 R. The set f�t .!/ j t 2 Rg is called
the orbit or the trajectory of the point !.

We say that a subset ˝1 � ˝ is �-invariant if �t .˝1/ D ˝1 for every t 2 R.
A mapping f W ˝ ! R is �-invariant if it is constant along the trajectories, i.e.,
f .�t .!// D f .!/ for all ! 2 ˝ and t 2 R. A subset ˝1 � ˝ is called minimal if
it is compact, �-invariant and it has no other nonempty compact �-invariant subset
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but itself. Every compact and �-invariant set contains a minimal subset; in particular
it is easy to prove that a compact �-invariant subset is minimal if and only if every
trajectory is dense. We say that the continuous flow .˝; �;R/ is recurrent or minimal
if ˝ is minimal.

If !0 2 ˝ , the subset f�t .!0/ j t � t0g � ˝ is relatively compact for each
t0 > 0, then its omega-limit set can be defined by

\

s�t0
closuref�.t C s; !0/ j t � 0g;

which is a compact and invariant subset. Analogously, given !0 2 ˝ the set
f�t .!0/ W t � �t0g � ˝ is relatively compact for each t0 > 0, we can consider
its alpha-limit set, defined by

\

s��t0
closuref�.t C s; !0/ j t � 0g:

Both omega-limit set and alpha-limit set contain minimal subsets.
Let d be a metric on ˝ . We say that the flow .˝; �;R/ is distal when, for each

pair !1, !2 of different elements of ˝ , the orbits keep at a positive distance, that
is, there is a ı > 0 such that d.�t .!1/; �t .!2// > ı for every t 2 R. Equivalently,
inffd.�t .!1/; �t .!2// j t 2 Rg D 0 if and only if !1 D !2.

The flow .˝; �;R/ is said to be almost periodic when for every " > 0 there is a
ı > 0 such that, if !1, !2 2 ˝ with d.!1; !2/ < ı then d.�t .!1/; �t .!2// < " for
every t 2 R; equivalently, the flow .˝; �;R/ is almost periodic if the family f�tgt2R
is equicontinuous. If .˝; �;R/ is almost periodic, it is distal. The converse is not
true; even if .˝; �;R/ is minimal and distal, it does not need to be almost periodic.

We say that !1, !2 2 ˝ form a proximal pair if inffd.�t .!1/; �t .!2// j t 2
Rg D 0, otherwise the pair is said to be distal. It is said that the points !1 and !2 are
a positively (resp. negatively) proximal pair if inffd.�t .!1/; �t .!2// j t � 0g D 0

(resp. inffd.�t .!1/; �t .!2// j t � 0g D 0). For the basic properties on almost
periodic and distal flows we refer the reader to Ellis [22] and Sacker and Sell [91].

Given another continuous flow .Y; �;R/, a flow homomorphism from .Y; �;R/

into .˝; �;R/ is a continuous mapping  WY ! ˝ such that, for every y 2 Y and
t 2 R,  .�.t; y// D �.t;  .y//. If   is also surjective, then it is called a flow
epimorphism; in this case, ˝ is a factor of Y , and Y is an extension of ˝ . If  
is a flow epimorphism and there exists k � 1 such that card. �1.!// D k for all
! 2 ˝ , then it is said that the flow .Y; �;R/ is a k-cover or a k-copy of .˝; �;R/. If
k D 1, then the flows are isomorphic; in particular, they have the same topological
properties. In such a case, we will simply say that they are covers or copies. As
for homomorphisms between distal flows, now we present a relevant result (see
[91, 101]).



Non-autonomous Functional Differential Equations and Applications 191

Theorem 2.1. Let .˝; �;R/ be a minimal and distal flow, and consider a
homomorphism between distal flows   W .Y; �;R/ ! .˝; �;R/. If there is an
! 2 ˝ such that card. �1.!// D N for some N 2 N, then

(i) Y is an N -copy of˝;
(ii) .Y; �;R/ is almost periodic if and only if .˝; �;R/ is almost periodic.

Let   W .Y; �;R/ ! .˝; �;R/ be a flow epimorphism, and suppose that .Y; �;R/
is a minimal flow (then, so is .˝; �;R/, because, given ! D  .y/ and !0 D  .y0/,
there exists ftngn � R such that �tn.y0/ ! y as n ! 1, and, due to the continuity
of   and its being a homomorphism, we have that  .�tn.y0// D �tn.!0/ ! ! as
n ! 1). .Y; �;R/ is said to be an almost automorphic extension of .˝; �;R/ if
there exists ! 2 ˝ such that card. �1.!// D 1. Furthermore, .Y; �;R/ is said
to be a proximal extension of .˝; �;R/ if, whenever  .y1/ D  .y2/ for some y1,
y2 2 Y , then they are a proximal pair. An almost automorphic extension is always a
proximal extension (see [112]). From this last remark together with statement (i) of
Theorem 2.1, it is deduced that, if .Y; �;R/ is a minimal and almost periodic flow
which is an almost automorphic extension of an almost periodic flow .˝; �;R/, then
it must be a copy of .˝; �;R/.

A point !0 2 ˝ is said to be an almost automorphic point if, given any
sequence fsngn � R, we can find a subsequence ftngn of it such that the limits
limn!1 �tn.!0/ D !1 and limn!1 ��tn .!1/ D !0 exist. The flow .˝; �;R/ is
almost automorphic when there is an almost automorphic point which has a dense
orbit. An almost automorphic flow is always minimal, that is, actually all the orbits
are dense. Almost automorphic minimal flows were first introduced and studied
by Veech [112–114]. The theorem known as Veech almost automorphic structure
theorem says that a flow is almost automorphic if and only if it is an almost
automorphic extension of an almost periodic (minimal) flow (see [112]). A relation
between almost automorphic and Levitan almost periodic points (see [57]) in a class
of compact minimal flows can be found in Miller [63].

If .Y; �;R/ is an almost automorphic flow and .˝; �;R/ is an almost periodic
(and minimal) flow satisfying that there exists a flow epimorphism p W .Y; �;R/ !
.˝; �;R/ such that card.p�1.!// D 1 for some! 2 ˝ , then the subset of Y formed
by all of the almost automorphic points in Y is given by fy 2 Y j p�1.p.y// D
fygg; and it is a residual set (see Remark 2.6 in [101], part I).

We recall that a subset of a topological space E is said to be residual if its
complementary is of first category in the sense of Baire, that is, its complementary
is given by the union of countably many nowhere dense subsets of E .

A Borel measure on˝ will be a finite regular measure defined on the Borel sets.
Let � be a normalized Borel measure on˝ , � is �-invariant (or invariant under �)
if �.�t .˝1// D �.˝1/ for every Borel subset ˝1 � ˝ and every t 2 R. It is �-
ergodic (or ergodic under �) if, in addition, �.˝1/ D 0 or �.˝1/ D 1 for every
�-invariant subset ˝1 � ˝ .

We denote by Minv.˝; �/ the set of positive and normalized �-invariant
measures on˝ . The Krylov-Bogoliubov theorem (see [68]) asserts that Minv.˝; �/

is nonempty when ˝ is a compact metric space. The extremal points of the convex
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and weakly compact set Minv.˝; �/ are the �-ergodic measures, from which it is
deduced that also the set of �-ergodic measures is nonempty. The decomposition of
the flow .˝; �;R/ into ergodic components and the construction and representation
theorems of �-invariant measures from �-ergodic measures are well known (see
[59, 89]).

We say that .˝; �;R/ is uniquely ergodic (u.e.) if it has a unique normalized
invariant measure which is then necessarily ergodic. If .˝; �;R/ is u.e. it is
not necessarily minimal; however, if .˝; �;R/ is u.e. and �.U / > 0 for every
non-empty open set U , then .˝; �;R/ is minimal. An almost periodic and minimal
flow .˝; �;R/ is always u.e. but an almost automorphic minimal one can be non-
uniquely ergodic and can admit positive topological entropy (see [61]).

2.2 Almost Periodic and Almost Automorphic Dynamics

In order to find a link between non-autonomous differential equations with some
recurrence in time and the theory of dynamical systems, we recall the basic
definitions and results for the class of almost periodic and almost automorphic
functions. We will give a brief explanation about the way this kind of equations
give rise to skew-product flows or semiflows using the so-called hull as a base flow,
which in turn will have some recurrence properties as well.

The concept of almost periodic function came up in the 1920s as an extension
of the notion of periodicity. Authors like Bohr [10,11], Favard [25], Besicovitch [7]
and Bochner [9] studied exhaustively the properties of these functions. The book by
Fink [26] is a detailed and well written reference on this topic.

Several equivalent definitions of almost periodic function may be found in the
literature. Thus, in order to study harmonic functions, it is better to choose the
characterization (as adopted by Corduneanu [20]) saying that a function is almost
periodic whenever it can be approximated uniformly by a sequence of trigonometric
polynomials on the whole real line, whereas, if our aim is to study differential
equations, the preferred definition is the one introduced by Bohr, which is in the
end the most frequently chosen one, (as seen in [4,7]). A subset S of R is said to be
relatively dense if there exists l > 0 such that every interval of length l intersects S .
A complex function f , defined and continuous on R, is almost periodic if, for all
" > 0, the set

T .f; "/ D fs 2 R j jf .t C s/ � f .t/j < " for all t 2 Rg

is relatively dense. The set T .f; "/ is called "-translation set of f . Almost periodic
functions are bounded and uniformly continuous on R. The set formed by all these
functions is an algebra over C, which is invariant by translations and closed under
conjugation and uniform limits. Moreover, if f is almost periodic and jf .t/j �
m > 0 for all t 2 R, then the function 1=f is almost periodic as well. Besides, if
f is almost periodic and differentiable, then f 0 is almost periodic if and only if it is
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uniformly continuous on R. As for integration, if a primitive of an almost periodic
function is bounded, then it is also almost periodic.

The concept of almost periodicity can be extended to continuous functions taking
values in a complete metric space .E;d/ in a straightforward way: for each " > 0,
the set

T .f; "/ D fs 2 R j d.f .t C s/; f .t// < " for all t 2 Rg
must be relatively dense in R. The reference [4] contains a study about almost
periodic functions taking values in a Banach space and their relation with the theory
of functional equations.

Bochner introduced another equivalent definition in terms of sequences (adopted
for instance in [26]): a continuous function f is almost periodic if, given any
sequence f˛ngn � R, we can find a subsequence f˛nj gj of the previous one such
that limj!1 f .t C ˛nj / exists uniformly on R.

Besides, Bochner pointed out that, in order to simplify the proofs involving
almost periodic functions, a property satisfied by such functions with respect to
a group G could be used (see [9]); when G D R, this property can be stated as
follows: given a complex function f , defined and continuous on R, and given any
sequence f˛ngn of real numbers, we can find a subsequence f˛nj gj in such a manner
that the following limits exist pointwise on R:

lim
j!1f .t C ˛nj / D g.t/ ; lim

j!1g.t � ˛nj / D f .t/

for some function g. All the functions satisfying that property, whether they are
almost periodic or not, are said to be almost automorphic. As we explained before,
the fundamental properties of these functions with respect to groups, together with
almost automorphic abstract minimal flows, were studied by Veech. In principle,
the function g does not need to be continuous. If the function g is continuous for
all sequences, then we say that f is almost automorphic in the sense of Bohr.
From now on, we will assume that almost automorphic functions are almost
automorphic in the sense of Bohr, so that almost automorphic functions are bounded
and uniformly continuous on R (see [112]). Almost periodic functions are always
almost automorphic, but the converse is not true; several examples can be found in
the foregoing references.

One can define Fourier series both for almost periodic and almost automorphic
functions valued in a Banach space but the one for an almost periodic function is
unique and converges uniformly in terms of Bochner–Fejer summation, while the
one for an almost automorphic function is in general non-unique and its Bochner–
Fejer sum only converges pointwise. However, one can define the frequency
module M .f / of an almost automorphic function f in the usual way as the
smallest Abelian group containing a Fourier spectrum (the set of Fourier exponents
associated with a Fourier series), and it has been shown that such a frequency
module is uniquely defined [101]. In the above sense both almost periodic and
almost automorphic functions can be viewed as natural generalizations to the
periodic ones in t he strongest and the weakest sense respectively.
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In the early 1940s, Fréchet defined and studied the concept of asymptotic almost
periodicity. A function f continuous on R

C D Œ0;1/ is said to be asymptotically
almost periodic if it can be represented as f D f1 C f2, where f1 is an almost
periodic function, and f2 vanishes pointwise as t ! 1. In fact, that representation
is unique.

The relation between almost periodic functions and almost periodic flows is quite
simple (see [22,26,68]). First, if .˝; �;R/ is an almost periodic continuous real flow,
then all the trajectories t 2 R 7! �.t; !/ 2 ˝ define almost periodic functions
taking values in the compact metric space ˝ . It is said that an element ! of a
continuous real flow .˝; �;R/ is an almost periodic point if, for any " > 0, the set

T .!; "/ D fs 2 R j d.�.s; !/; !/ < "g

is relatively dense in R; such points are sometimes referred to as points with a
recurrent orbit (see [68]). This condition is equivalent to the fact that the closure
of the trajectory of such point, closuref�.t; !/ j t 2 Rg, is a minimal subset for
the flow. Note that, if the flow is minimal, then all its points are almost periodic.
As a consequence, the flow .˝; �;R/ can be decomposed as the disjoint union of a
family of minimal subsets if and only all its points are almost periodic. Clearly, if
the trajectory of !, t 2 R 7! �.t; !/ 2 ˝ , is an almost periodic function, then ! is
an almost periodic point; moreover, in this case, the closure of its orbit is an almost
periodic minimal set which coincides with both the omega-limit and alpha-limit
sets of !. Specifically, almost periodic flows are decomposed as a disjoint union of
almost periodic and minimal flows.

As for almost automorphic flows, we know that there is an almost automorphic
point with a dense orbit. If a point ! 2 ˝ is almost automorphic, then its trajectory,
t 2 R 7! �.t; !/ 2 ˝ , is an almost automorphic function taking values in ˝ (as
before, the definition can be extended to this case in a natural manner). However,
now there is no need for all the points to be almost automorphic, though all the
points in a residual subset of ˝ are (as we remarked in subsection 2.1). In fact,
an almost automorphic minimal flow become almost periodic only if every point is
almost automorphic (see [112]).

Conversely, let us check how to obtain almost periodic and almost automorphic
flows from functions with analogous properties.

Definition 2.2. A function f W R � R
n ! R

m is said to be admissible if, for every
compact subsetK � R

n, f is bounded and uniformly continuous onR�K . Besides,
if f is of classC r (r � 1) in x 2 R

n and f and all its partial derivatives with respect
to x up to order r are admissible, then we will say that f is either C r -admissible
or admissible of class C r . A function f 2 C.R � R

n;Rm/ is uniformly almost
automorphic (resp. almost periodic) if it is admissible and almost automorphic
(resp. almost periodic) in t 2 R.

Given an admissible function f 2 C.R � R
n;Rm/, we consider the family of

time translated functions ffs j s 2 Rg, where fs.t; x/ D f .t C s; x/ for all
s, t 2 R, and all x 2 R

n. Hence, we can define the hull of f , which will be
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denoted by ˝ or H.f /, as the closure within the space C.R � R
n;Rm/ of the set

of time translated functions for the compact-open topology, that is, the topology of
uniform convergence over compact subsets. Thanks to Arzelà-Ascoli’s theorem, we
can assure that the spaceH.f / is compact and, furthermore, metrizable. Moreover,
a continuous real flow is induced over the hull in a natural way, just by considering
the mapping � W R �˝ ! ˝ , .s; h/ 7! hs , h translated a time s, that is, there is a
flow over the hull defined by translation.

The next result assures that the initial function f admits a unique continuous
extension to the hull and shows how the properties of recurrence of f are translated
to the hull (see e.g. [101]).

Theorem 2.3. Let f 2 C.R � R
n;Rm/ be an admissible function. The following

statements hold:

(i) All the functions h 2 H.f / are admissible; in fact, if f is admissible of class
C r , so are all the functions h 2 H.f /.

(ii) There exists a unique function F 2 C.H.f / � R
n;Rm/ which extends f , in

the sense that F.ft ; x/ D f .t; x/ for all t 2 R and x 2 R
n; besides, if f is

C r -admissible, then F is of class C r in x.
(iii) The flow .H.f /; �/ is almost automorphic (resp. almost periodic) if f is

uniformly almost automorphic (resp. almost periodic).

It is convenient to point out that the function F is defined specifically by F.h; x/ D
h.0; x/, .h; x/ 2 H.f / � R

n. The construction of the flow on the hull is often
used when dealing with differential equations, as we will see in the next subsection.
In particular, systematic studies of almost automorphic dynamics in differential
equations were made in the 90s in a series of works by Shen and Yi [97–101].

2.3 Some Important ODEs Examples

Let f W R � R
m ! R

m be a C r -admissible function such that the flow .H.f /; �/

is minimal, and consider its unique continuous extension to the hull ˝ D H.f /,
F W ˝ � R

m ! R
m, which, according to Theorem 2.3, is a function of class C r in

x 2 R
m. In particular, if the initial equation is given by a uniformly almost periodic

or almost automorphic function, then we are in the foregoing context. This way,
from a system of non-autonomous ordinary differential equations

x0 D f .t; x/;

we can obtain a family of differential equations with indexes in the hull

x0.t/ D F.!�t; x.t//; ! 2 ˝; (2.1)
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where the flow on ˝ is denoted by !�t D �.t; !/. Note that, fixing ! D f , we get
the original system, i.e., x0.t/ D f .t; x.t//.

According to the standard theory of existence, uniqueness, and continuation of
solutions for this kind of equations (see e.g. Hale [31]), these families of systems
give rise to a local flow of skew-product type

� W U � R �˝ � R
m �! ˝ � R

m ; .t; !; x/ 7! .!�t; u.t; !; x// ; (2.2)

where u.t; !; x/ is the value of the solution of the system corresponding to ! with
initial value x.0/ D x at time t , for t in the interval where the solution is defined.
Thanks to the classical theorems of continuous dependence with respect to the initial
values, u inherits the same regularity, C r , with respect to x.

The use of this technique, that is, of including a non-autonomous system within a
family of systems linked to one another by means of the flow on the hull, is focused
to the application of the methods and results of the theory of skew-product flows to
the new problem, where the solutions of the systems have been considered as a part
of the trajectories of a dynamical system. It is noteworthy that, in the new family
of systems generated from a given system, there are just their translated systems as
well as their limits, so that the flow associated to this family is a good representation
of the dynamics of the initial system and, in particular, the asymptotic behavior of its
bounded solutions. Such a formulation was originated in Miller [64] and Sell [95].

The importance of the presence of almost automorphic dynamics in the study
of almost periodic differential equations was motivated by the examples given by
Levitan and Zhikov [57] and Johnson [46] of scalar almost periodic equations
with almost automorphic but not almost periodic solutions. Ortega and Tarallo [88]
describe a qualitative property, which is satisfied by the above examples, and
it provides almost automorphic solutions of almost periodic linear systems. The
linear case with Levitan almost periodic coefficient is studied by Caraballo and
Cheban [12, 13].

Similar dynamical phenomena occur in the Riccati equations obtained from
the non-uniformly hyperbolic two-dimensional linear systems constructed by
Millions̆c̆ikov [65] and Vinograd [115]. We now review the importance of some of
these examples in the study of the almost automorphic dynamics, as shown in [101].

Before, we recall that in the scalar and almost periodic case, m D 1, every
minimal set M is almost automorphic (see [101] for a more general version of this
result, valid for scalar parabolic partial differential equations with the Neumann
boundary condition).

Lemma 2.4. Let m D 1 and let M be a minimal set of (2.2). Then .M; �/ is
an almost automorphic extension of the base flow .˝; �/, and hence an almost
automorphic minimal set if f is uniformly almost periodic.

Proof. We define xi W˝ ! R, i D 1; 2 by x1.!/ D inffx 2 R j .!; x/ 2 M g
and x2.!/ D supfx 2 R j .!; x/ 2 M g. It is easy to check that x1 is lower semi-
continuous and x2 is upper semi-continuous. As a consequence (see [17]), there is
a residual set ˝0 � ˝ of continuity points for x1 and x2. In fact, since the flow is
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scalar, and then monotone, it can be shown that

xi .!�t/ D u.t; !; xi .!// ; t 2 R ; ! 2 ˝ ; i D 1; 2 ;

and that ˝0 is an invariant set.
Let �W˝ � R ! ˝ be the natural projection and ! 2 ˝0. Next we check

that card.M \ ��1.!// D 1. Since both .!; x1.!//, .!; x2.!// 2 M , which
is minimal, let tn " 1 be such that limn!1 �.tn; !; x1.!// D .!; x2.!//, that
is, limn!1 w�tn D ! and limn!1 u.tn; !; x1.!// D x2.!/. Moreover, since
u.tn; !; x1.!// D x1.!�tn/ and ! is a continuity point of x1, we conclude that
x1.!/ D x2.!/. As a consequence, card.M \ ��1.!// D 1, and hence, M is an
almost automorphic extension of the base flow .˝; �/, as stated. ut
For escalar linear homogeneous equations, each minimal set is a copy of the base.

Proposition 2.5. Let m D 1, F.!; x/ D d.!/ x and let M be a minimal set
of (2.2).

(i) .M; �/ is a copy of the base flow .˝; �/, that is, M D f.!; c.!// j ! 2 ˝g for
a continuous map cW˝ ! R.

(ii) There are infinitely many minimal subsets if and only if there is a continuous
map DW˝ ! R such that

R t
0 d.!�s/ ds D D.!�t/ �D.!/.

Proof. (i) ˝ � f0g is a minimal subset, which is a copy of the base. Let us assume
that there is another oneM � ˝ � R

C, and assume by contradiction that there
are .!; x1/, .!; x2/ 2 M with 0 < x1 < x2. Take 	 D x2=x1 > 1. It is easy to
check that the map˝ �R ! ˝ �R, .!; x/ 7! .!; 	x/ takes invariant subsets
into invariant subsets. Moreover .!; 	x1/ D .!; x2/ and hence it takes M to
itself. As a consequence, .!; 	nx1/ 2 M for each n 2 N, which contradicts
that M is bounded, and we deduce thatM D f.!; c.!// j ! 2 ˝g.

(ii) If there are infinitely many, let M ¤ ˝ � 0. Then c.!/ > 0 for each
! 2 ˝ and from d

dt
c.!�t/ D d.!�t/ c.!�t/ we deduce that D.!/ D log c.!/

satisfies
R t
0 d.!�s/ ds D D.!�t/ � D.!/, as stated. Conversely, if there is

a continuous map D satisfying this relation, it is immediate to check that
M˛ D f.!; ˛ eD.!// j ! 2 ˝g is a different minimal subset for each ˛ 2 R.

ut
The next subsection shows that this result is not true for the nonhomogeneous case.

2.3.1 Existence of an Almost Automorphic but Non-almost Periodic
Minimal Set

Based on a previous example by Conley and Miller [19], Jonhson constructed in [46]
a linear almost periodic scalar ordinary differential equation

x0 C a.t/ x D b.t/ (2.3)
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satisfying the following properties:

(i) a.t/ and b.t/ are uniform limits of 2n-periodic continuous functions an.t/ and
bn.t/ respectively.

(ii) lim
t!1

R t
0
a.s/ ds D 1.

(iii) If x0.t/ is the solution of (2.3) with x0.0/ D 0, then jx0.t/j � 1 , and for n � 4,
x0.2

n/ D 1=5 if n is odd, and x0.2n/ D 0 if n is even.

As before, we take˝ the hull of the uniformly almost periodic function f given by
f .t; x/ D �a.t/x C b.t/, .t; x/ 2 R

2, and the corresponding family of differential
equations with indexes in the hull (2.1) and its induced skew-product flow (2.2).

Since x0.t/ is a bounded solution with x0.0/ D 0, the omega-limit set of the
point .f; 0/ 2 ˝ � R contains a minimal set M � ˝ � R for the flow, which is
almost automorphic by Lemma 2.4. The uniqueness of the minimal set follows from
(ii) because the existence of two different minimal sets would contradict the fact that
the solutions of x0 C a.t/ x D 0 tend to 0 at C1.

Johnson showed that (2.3) admits no almost periodic solutions and there is
one of the equations in the hull with an almost automorphic but non-almost
periodic solution x.t;e!;ex/. As a consequence, the unique minimal set M is
almost automorphic but not almost periodic because the trajectory f�.t;e!;ex/ D
.e!�t; x.t;e!;ex// j t 2 Rg is not almost periodic. In addition, Johnson showed in [47]
that M is uniquely ergodic.

2.3.2 An Omega-Limit Set Which Contains Two Minimal Sets

A modification of the previous example provides an example of a skew-product
scalar flow with an omega-limit set which contains two minimal sets. First note that
the family of equations in the hull corresponding to (2.3) could have be written in
the form

x0 C A.!�t/ x D B.!�t/ ; ! 2 ˝ ; (2.4)

for continuous functionsA, B 2 C.˝;R/. LetM be, as before, the unique minimal
set for the induced skew-product flow. We take y0 2 R such that .!; y0/ … M for
all ! 2 ˝ . The change of variables z D 1=.x � y0/ takes (2.4) to

z0 D A.!�t/ z C .B.!�t/ � A.!�t/ y0/ z2 ; ! 2 ˝ ; (2.5)

and we will denote by O� the induced local skew-product flow for this family. Clearly,
M1 D f.!; 0/ j ! 2 ˝g D ˝ � f0g and M2 D f.!; 1=.x � y0/ j .!; x/ 2 M g are
two different minimal sets for this flow.

We claim that there is an omega-limit set which contains M1 and M2. SinceR t
0
a.s/ ds is unbounded in t 2 R, also

R t
0
A.!�s/ ds is unbounded in t 2 R for each

! 2 ˝ , and it can be shown (see [47, 53]) that there is a point O! 2 ˝ (in fact a
residual set) such that
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sup
t�0

Z t

0

A. O!�s/ ds D C1 ; inf
t�0

Z t

0

A. O!�s/ ds D �1 ; (2.6)

and (2.4) for O! has a unique bounded solution x.t; O!; Ox/. If we choose ˛ such thatˇ̌
ˇx.t; O!; Ox/C ˛ exp.� R t

0
A. O!�s/ ds/� y0

ˇ̌
ˇ � " > 0 for each t , the function

z.t; O!; Oz/ D 1

x.t; O!; Ox/C ˛ exp.� R t
0
A. O!�s/ ds/ � y0

is a bounded solution of (2.5) for O!. Moreover from (2.6) there are sequences ftngn
and fsngn " 1 such that limn!1 z.tn; O!; Oz/ D 0 and limn!1 z.sn; O!; Oz/ D z0 with
limn!1 O!�sn D !0 and .!0; z0/ 2 M2. Hence the omega-limit set of . O!; Oz/, i.e., the
closure of the set f O�.t; O!; Oz/ D . O!�t; z.t; O!; Oz// j t 2 Rg containsM1 and M2. Note
that M2 is also almost automorphic but non-almost periodic.

2.3.3 Existence of Non-uniquely Ergodic Minimal Sets

The almost automorphic but non-almost periodic minimal set of subsection 2.3.1 is
uniquely ergodic. An idea of constructing examples of non-uniquely ergodic almost
automorphic minimal sets is suggested by Johnson in [45,48] by studying the skew-
product flow induced in the real projective bundle by a family of two-dimensional
linear systems whose Sacker–Sell spectrum (see [92]) is a nondegenerate closed
interval. We review the application of this technique to the non-uniformly hyperbolic
family of systems obtained from the quasi-periodic Vinograd example [115]:

x0 D
�

0 1C a.!�t/
1 � a.!�t/ 0

�
x ; ! D .!1; !2/ 2 T

2 ; (2.7)

where the flow on the base, which is a two torus, is given by a frequency vector .1; ˛/
for an irrational number ˛, i.e., !�t D .!1 C t; !2 C ˛ t/, and hence is minimal and
almost periodic.

In polar coordinates .r; 
/ (
 D argx), (2.7) take the form r 0 D r sin.2 
/ and


 0 D �a.!�t/C cos.2 
/ ; ! 2 T
2 ; (2.8)

and this family of scalar equations for the angular coordinate induces a skew-product
flow on the projective bundle˙p D T

2 � P
1.

Moreover, the function a.!/ is constructed as the limit of a nondecreasing
sequence of positive functions an.!/, satisfying that for each n � 1 the system

x0 D
�

0 1C an.!�t/
1 � an.!�t/ 0

�
x ; ! 2 T

2 (9)!;n
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• Has two Lyapunov exponents ˇn,�ˇn with ˇn > 1=2, and its Sacker–Sell
spectrum is f�ˇn; ˇng.

• The angular equation


 0 D �an.!0�t/C cos.2 
/ ; (10)n

for !0 D .0; 0/ has two solutions 
1n.t/ and 
2n.t/ with

��
4
< 
1n.t/ < 


1
nC1.t/ < 
2nC1.t/ < 
2n.t/ <

�

4
; t 2 R ;

and 0 < inft2R j
1n.t/ � 
2n.t/j D ın ! 0 as n ! 1.
• The sets M1

n D closuref.!0�t; 
1n.t/ j t 2 Rg and M2
n D closuref.!0�t; 
2n.t/ j

t 2 Rg are disjoint almost period minimal sets for the skew-product flow induced
on the projective bundle ˙p , i.e., copies of the base: M1

n D f.!; h1n.!// j ! 2
T
2g and M2

n D f.!; h2n.!// j ! 2 T
2g with

��
4
< h1n.!/ � h1nC1.!/ < h2nC1.!/ � h2n.!/ <

�

4
:

As a consequence, in the limit, as studied in Johnson [48]:

• The family (2.7) is non-uniformly hyperbolic: the positive Lyapunov exponent is
ˇ � 1=2 and the family of systems does not have an exponential dichotomy.

• The Sacker–Sell spectrum of (2.7) is a nondegenerate interval containing�� 1
2
; 1
2

�
.

• The set ˝1 D f! 2 T
2 j h1.!/ D h2.!/g is a residual set of null measure,

where hi .!/ D lim
n!1hin.!/, i D 1; 2, and J D f.!; '/ 2 T

2�P
1 j h1.!/ � ' �

h2.!/g is a compact invariant set which contains a unique minimal setM satisfy-
ing our assertions: it is a non-uniquely ergodic minimal set which is almost auto-
morphic but non-almost periodic. There are two different invariant measures con-
centrated on the sets f.!; xi .!// j ! 2 T

2g � M , i D 1; 2, where, as in the proof
of Lemma 2.4, x1 and x2 are defined by x1.!/ D inffx 2 P

1 j .!; x/ 2 M g,
x2.!/ D supfx 2 P

1 j .!; x/ 2 M g, and they coincide a.e. with h1.!/ and
h2.!/ respectively.

Similar assertions are obtained for the complex projective flow induced by the
Riccati equations associated to the family (2.7) with z D x2=x1

z0 D 1 � a.!�t/ � .1C a.!�t// z2 ; ! 2 T
2 : (2.11)

We refer the reader to Jorba et al. [53] for the relation of these minimal sets with the
occurrence of strange non-chaotic attractors (SNA).

These systems correspond with the first point of the spectrum for the spectral
problem defined by the associated self-adjoint Schrödinger operators. In fact, the
construction of real almost automorphic minimal sets is possible for the first or the
last point of each interval gap in which the Schrödinger linear systems have positive
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Lyapunov exponent (see [49,53]). Bjerklöv [8] shows the existence of quasi periodic
non-uniformly hyperbolic second order Schrödinger equations whose projective
flow is minimal. The previous construction is not possible in this situation. Other
situations showing the presence of almost automorphic dynamics in almost periodic
ODEs can be found in Yi [119] and Huang and Yi [39].

2.3.4 Bifurcation in the Scalar, Coercive and Concave Case

In some cases, the appearance of almost automorphic dynamics as collision of
minimal sets, can also be understood as a bifurcation process, as shown in Novo
et al. [71]. The result generalizes to the almost periodic case, the Ambrosetti–Prodi
type result showed by Mawhin [62] in the periodic case, concerning the existence
and number of periodic solutions of a one-parameter scalar, coercive and convex (or
concave) equation with periodic coefficients. The discrete-time analogue has been
recently published by Nguyen et al. [69].

For each ˛ 2 R, we consider the family of differential equations

x0 D g.!� t; x/C ˛ ; ! 2 ˝ ; (12)˛

with .˝; �/ a minimal flow defined on a compact metric space and, as usual,
represent !�t D �.t; !/ for each t 2 R and ! 2 ˝ , and the continuous function
gW˝ � R ! R satisfies:

• g is concave in x, that is,

g.!; 	 x1 C .1 � 	/ x2/ � 	g.!; x1/C .1 � 	/ g.!; x2/

for each ! 2 ˝ , 0 � 	 � 1, x1,x2 2 R.
• g is strictly concave in x for some !0 2 ˝ , that is,

g.!0; 	 x1 C .1 � 	/ x2/ > 	g.!0; x1/C .1� 	/ g.!0; x2/

for each 0 < 	 < 1 and x1 ¤ x2.
• g is C1 with respect to x and lim

x!˙1g.!; x/ D �1.

This family induces a local skew-product flow on ˝ � R

�˛W U � R�˝ �R �! ˝ �R; .t; !; x0/ 7! �˛.t; !; x0/ D .!�t; x.t; !; x0; ˛// ;

where x.t; !; x0; ˛/ is the solution of (12)˛ evaluated along the trajectory of ! with
initial value x0, and t belongs to its maximal interval of definition .t�; tC/ (note that,
although dropped from the notation, tC and t� depend on !, x0 and ˛). It is well
known that if x.t; !; x0; ˛/ remains bounded, then it is defined for every t 2 R. We
consider the set of bounded solutions
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B˛ D
�
.!; x0/ 2 ˝ � R j sup

t2R
jx.t; !; x0; ˛/j < 1

�
;

and we denote � W B˛ 7! ˝ as the natural projection. Let us assume that B˛ ¤ ;
and let .!0; x0/ 2 B˛ . Thus, closuref.!0�t; x.t; !0; x0; ˛// j t 2 Rg � B˛ and
the minimal character of .˝; �/ provides ��1.!/ \ B˛ ¤ ; for every ! 2 ˝ .
Therefore, the map �˛ defines a global flow on B˛ . Moreover, as shown in [71],

B˛ D f.!; x/ 2 ˝ � R j x1.!; ˛/ � x � x2.!; ˛/g ;

where x1.!; ˛/ D inffx j .!; x/ 2 B˛g and x2.!; ˛/ D supfx j .!; x/ 2 B˛g. The
following result was proved in [71] for the convex case.

Theorem 2.6. There exists a value of the parameter ˛� 2 R such that

(i) If ˛ > ˛�, then B˛ ¤ ; and it contains two minimal subsets which are copies
of the base

Mi;˛ D f.!; xi .!; ˛// j ! 2 ˝g ; i D 1; 2 :

Every intermediate trajectory in B˛ moves from the lower top to the upper top
as t goes from �1 to C1 and if ˛1 > ˛2 > ˛� then B˛2 � B˛1 .

(ii) If ˛ D ˛�, then B˛ ¤ ; and it contains a unique minimal subset M �̨ which is
an almost automorphic extension of .˝; �/ and then almost automorphic if ˝
is almost periodic.

(iii) If ˛� > ˛, then B˛ D ;, i.e., there are no bounded solutions.

In the almost periodic case, the previous theorem implies that each of the equations
of the family (12)˛ has exactly two a.p. solutions if ˛ > ˛�, at most one a.p. solution
if ˛ D ˛� and no bounded solution if ˛ < ˛�. This, as stated above, generalizes
Mawhin’s result for the periodic case.

The next result, also proved in [71], explains the possible situations in the case
˛ D ˛�. Let us fix an ergodic measure m on ˝ . Denote by �i .˛/ the Lyapunov
exponents with respect to m given by the formula

�i.˛/ D
Z

˝

@g

@x
.!; xi .!; ˛// dm ; i D 1; 2 :

We know that �2.˛/ < 0 < �1.˛/ for each ˛ > ˛�. We denote

x1.!; ˛
�/ D lim

˛!.˛�/C
x1.!; ˛/ ; x2.!; ˛

�/ D lim
˛!.˛�/C

x2.!; ˛/ :

Proposition 2.7. Let ˛� be the value of the parameter obtained in Theorem 2.6.
Then, there exists a unique minimal subset M˛� � B˛� , which is an almost
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automorphic extension of the base .˝; �/ and it is not hyperbolic. Besides, one
of the following cases holds:

(c.1) x1.!; ˛�/ D x2.!; ˛
�/ for every ! 2 ˝ . In this situation B˛� D M˛� is a

copy of the base, there exists a unique ergodic measure concentrated on B˛�

and projecting onto m, and the Lyapunov exponent is null. If the base .˝; �/
is a.p., then so is M˛� ;

(c.2) x1.!; ˛�/ D x2.!; ˛
�/ for almost every ! 2 ˝ with respect to m. As in the

previous case, there exists a unique ergodic measure concentrated onB˛� and
projecting onto m, and the Lyapunov exponent is null. If .˝; �/ is a.p., then
M˛� is an a.a. minimal set, which is a.p. if and only if it is a copy of the base;

(c.3) x1.!; ˛�/ D x2.!; ˛
�/ only on a set of null measure. Then, there exist two

unique ergodic measures concentrated onB˛� and projecting ontom, and the
Lyapunov exponents are not zero: �2.˛�/ < 0 < �1.˛�/. In this case if .˝; �/
is a.p., then M˛� is an a.a. minimal set which is not a.p.

It can be checked that all the above situations hold. An example for situation (c.1)
is the periodic case. An example of (c.2) for the convex case is constructed in
Sanz [93] starting from Johnson’s example (2.3). Finally, the Riccati equation (2.11)
associated to Vinograd’s example provides an illustration of situation (c.3) with
˛� D 0. The last two examples illustrate how an almost automorphic, and not a.p.
minimal set is obtained as collision of almost periodic minimal sets.

The references Johnson and Mantellini [50], Fabbri et al. [23] and Núñez and
Obaya [78] study other bifurcation problems for scalar almost periodic differential
equations which confirm the relevance of the almost automorphic dynamics in this
theory.

2.4 Ordered Banach Spaces: Monotone Skew-Product
Semiflows

In the one-dimensional ODE case, the induced flow is obviously monotone, i.e.,
ordered initial states lead to ordered subsequent states. In general, this is no longer
true, and in addition, we are interested in the study of functional differential
equations in which the trajectories are not defined backwards and we obtain a
semiflow.

Let E be a complete metric space and R
C D ft 2 R j t � 0g. A semiflow

.E;˚;RC/ is determined by a continuous map˚ W RC�E ! E; .t; x/ 7! ˚.t; x/

which satisfies

(i) ˚0 D Id;
(ii) ˚tCs D ˚t ı ˚s for all t , s 2 R

C;

where ˚t.x/ D ˚.t; x/ for each x 2 E and t 2 R
C. The set f˚t.x/ j t � 0g

is the semiorbit of the point x. A subset E1 of E is positively invariant (or just
˚-invariant) if ˚t.E1/ � E1 for all t � 0. A semiflow .E;˚;RC/ admits a flow
extension if there exists a continuous flow .E; e̊;R/ such that e̊.t; x/ D ˚.t; x/
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for all x 2 E and t 2 R
C. A compact and positively invariant subset admits a flow

extension if the semiflow restricted to it admits one.
Write R

� D ft 2 R j t � 0g. A backward orbit of a point x 2 E in the semiflow
.E;˚;RC/ is a continuous map  W R� ! E such that  .0/ D x and for each
s � 0 it holds that ˚.t;  .s// D  .s C t/ whenever 0 � t � �s. If for x 2 E the
semiorbit f˚.t; x/ j t � 0g is relatively compact, we can consider the omega-limit
set of x,

O.x/ D
\

s�0
closuref˚.t C s; x/ j t � 0g ;

which is a nonempty compact connected and ˚-invariant set. Namely, it consists of
the points y 2 E such that y D limn!1˚.tn; x/ for some sequence tn " 1. It is
well-known that every y 2 O.x/ admits a backward orbit inside this set. Actually,
a compact positively invariant set M admits a flow extension if every point in M
admits a unique backward orbit which remains inside the set M (see [101], part II).

A compact positively invariant set M for the semiflow .E;˚;RC/ is minimal if
it does not contain any other nonempty compact positively invariant set than itself.
If E is minimal, we say that the semiflow is minimal.

A semiflow is of skew-product type when it is defined on a vector bundle and has
a triangular structure; more precisely, a semiflow .˝ �X; �; RC/ is a skew-product
semiflow over the product space ˝ � X , for a compact metric space .˝; d/ and a
complete metric space .X;d/, if the continuous map � is as follows:

� WRC �˝ �X �! ˝ �X ; .t; !; x/ 7! .!�t; u.t; !; x// ; (2.13)

where .˝; �;R/ is a real continuous flow � W R � ˝ ! ˝ , .t; !/ 7! !�t , called
the base flow. The skew-product semiflow (2.13) is linear if u.t; !; x/ is linear in x
for each .t; !/ 2 R

C �˝ .
Let K � ˝ � X be a compact positively invariant set such that every point of

K admits a backward orbit. We introduce the lifting flow associated to the semiflow
.K; �;RC/ (see [101] and the references therein). Since every point of K admits a
backward orbit, hence an entire orbit (although not necessarily unique), we consider
bK the set of entire orbits of .K; �;RC/, that is,

bK D f� 2 C.R; K/ j �.t; �.s// D �.t C s/ ; t � 0 ; s 2 Rg :
Note that, if � 2 bK, we have that �.t/ D .!�t; u.t; !; x// for each t � 0, where
�.0/ D .!; x/ 2 K . The set bK is compact with respect to the compact-open
topology onC.R; K/, which is metrizable. For each � 2 bK and t 2 R, the translated
orbit �t .s/ D �.t C s/, s 2 R, also belongs to bK. Therefore, the map

b� WR � bK �! bK ; .t; �/ 7! �t

defines a flow .bK;b� ;R/, called the lifting flow associated to .K; �;RC/, which is
isomorphic to a skew-product flow as bK ' f.!; �/ j � 2 bK; �.0/ D .!; x/g �
˝ � bK . For simplicity of notation we do not repeat the first component, and
sometimes we will refer to .bK;b� ;R/ as the corresponding skew-product flow.
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Now, we introduce some definitions concerning the stability of the trajectories.
A forward orbit f�.t; !0; x0/ j t � 0g of the skew-product semiflow (2.13) is said
to be uniformly stable if for every " > 0 there is a ı."/ > 0, called the modulus of
uniform stability, such that, if s � 0 and d.u.s; !0; x0/; x/ � ı."/ for certain x 2 X ,
then for each t � 0,

d.u.t C s; !0; x0/; u.t; !0�s; x// D d.u.t; !0�s; u.s; !0; x0//; u.t; !0�s; x// � " :

A forward orbit f�.t; !0; x0/ j t � 0g of the skew-product semiflow (2.13) is said
to be uniformly asymptotically stable if it is uniformly stable and there is a ı0 > 0

with the following property: for each " > 0 there is a t0."/ > 0 such that, if s � 0

and d.u.s; !0; x0/; x/ � ı0, then

d.u.t C s; !0; x0/; u.t; !0�s; x// � " for each t � t0."/ :

Next we introduce the basic definitions and preliminary results of the theory of
monotone dynamical systems, that is, dynamical systems on an ordered metric space
X which have the property that ordered initial states lead to ordered subsequent
states. We refer the reader to Smith [105], Amann [3] and Krasnoselskii et al. [54]
for more details.

We say that X is a strongly ordered Banach space if there is a closed convex
cone, that is, a nonempty closed subset XC � X satisfying

.i/ XC CXC � XC; .ii/ R
CXC � XC; .iii/ XC \ .�XC/ D f0g

with nonempty interior IntXC ¤ ;. The strong ordering onX is defined as follows:

x � y ” y � x 2 XC I
x < y ” y � x 2 XC and x1 ¤ x2 I
x � y ” y � x 2 IntXC :

The positive cone XC is said to be normal if the norm of the Banach space X is
semimonotone, i.e., there is a positive constant k > 0 such that 0 � x � y implies
kxk � k kyk. A norm of X is called monotone if 0 � x � y implies kxk � kyk.

The skew-product semiflow .˝ �X; �;RC/ is monotone if

u.t; !; x/ � u.t; !; y/ for each t � 0; ! 2 ˝ and x; y 2 X with x � y I
it is strongly monotone if

u.t; !; x/ � u.t; !; y/ for each t > 0; ! 2 ˝ and x; y 2 X with x < y ;

and it is eventually strongly monotone if there is a t0 > 0 such that

u.t; !; x/ � u.t; !; y/ for each t > t0; ! 2 ˝ and x; y 2 X with x < y ;

whenever they are defined.
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3 Non-autonomous FDEs with Finite Delay

Throughout this section we will study the monotone skew-product semiflow induced
by a finite-delay functional differential equation, as we explain in what follows. In
this setting, the strongly ordered Banach space is the setX D C.Œ�r; 0�;Rm/, whose
ordering relies on the usual one of Rm,

v � w ” vj � wj for j D 1; : : : ; m ;

v < w ” v � w and vj < wj for some j 2 f1; : : : ; mg ;
v � w ” vj < wj for j D 1; : : : ; m ;

where vj represents the j -th component of any point v 2 R
m.

The subset XC D fx 2 X j x.s/ � 0 for each s 2 Œ�r; 0�g is a normal positive
cone in X . Since its interior is nonempty, this cone induces a strong order relation
on X ,

x � y ” x.s/ � y.s/ for each s 2 Œ�r; 0� ;
x < y ” x � y and x ¤ y ;

x � y ” x.s/ � y.s/ for each s 2 Œ�r; 0� :
The spaces Rm andX will be respectively endowed with the maximum norm kvk D
maxjD1;:::;m jvj j and with the supremum norm kxk1 D supt2Œ�r;0� kx.t/k, both of
them monotone. As usual, given an interval I � R, a point t 2 R with Œt�r; t � � I ,
and a continuous function z W I ! R

m, zt will denote the element of X given by
zt .s/ D z.t C s/ for s 2 Œ�r; 0�.

Our starting point is the non-autonomous finite-delay FDE

z0 D f .t; zt / ; (3.14)

defined by a function f W R �X ! R
m satisfying the following conditions:

(C1) f is C1-admissible; i.e., f is C1 in the variable x, and the functions

R�X ! R
m ; .t; x/ 7! f .t; x/ ; R�X ! L.X;Rm/ ; .t; x/ 7! fx.t; x/

are admissible. As usual, L.X;Rm/ represents the set of linear maps from X

to R
m. We recall that given a Banach space Y , a map g W R � X ! Y is

admissible if the family fg.t; �/ j t 2 Rg is equicontinuous at every x0 2 X ,
and for each x0 2 X , fg.t; x0/ j t 2 Rg is a relatively compact subset of Y ;

(C2) f takes R � B into a bounded set of Rm for any bounded subset B of X .

As in the ODEs case, let˝ be the hull of f , defined as the closure in the topology of
uniform convergence on compact sets of the set of time-translated maps fft j t 2 Rg,
with ft .s; x/ D f .t C s; x/. Property (C1) and the separability of X guarantee that
˝ is a compact metric space (see [33]). It is possible to define a real continuous
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flow on ˝ , as � W R � ˝ ! ˝ , .t; !/ 7! !�t with !�t.s; x/ D !.t C s; x/. It is
also known that each ! 2 ˝ is also a C1-admissible function and f has a unique
extension to a continuous function F W ˝ �X ! R

m; .!; x/ 7! !.0; x/. Thus we
obtain the family of finite-delay equations

z0 D F.!�t; zt / ; ! 2 ˝ : (3.15)

Note that the element of this family corresponding to ! D f is our initial
equation (3.14). A recurrence property is also assumed on f , namely,

(C3) .˝; �;R/ is a minimal flow.

This is satisfied, for instance, when f is a uniformly almost periodic or, more
generally, a uniformly almost automorphic function, i.e., when it is admissible and
almost periodic or almost automorphic in t 2 R (see [101]).

Fix now an element .!; x/ 2 ˝ � X . Condition (C1) ensures the existence of a
unique maximal solution z W Œ�r; ˇ/ ! R

m of the initial value problem given by the
Eq. (3.15) corresponding to ! and by the initial condition zjŒ�r;0� D x, which in addi-
tion varies continuously with respect to the initial data (see e.g. Hale [31] or Hale
and Verduyn Lunel [32]). We represent this maximal solution by z.t; !; x/. In this
context, maximality means that the solution cannot be continued to the right of ˇ.
Therefore, the family (3.15) induces a local skew-product semiflow

� WRC �˝ �X �! ˝ �X ; .t; !; x/ 7! .!�t; u.t; !; x// ; (3.16)

where u.t; !; x/ is the element of X defined by u.t; !; x/.s/ D z.t C s; !; x/ for
each s 2 Œ�r; 0�. Since f is C1 in x we deduce that u is C1 in x, and ux.t; !; x/v is
continuous in t > 0, .!; x/ 2 ˝ �X and v 2 X .

If K � ˝ � X is a compact positively invariant set, we can define a linear
skew-product semiflow called the linearized skew-product semiflow of (3.16)

LWRC �K �X �! K �X ; .t; .!; x/; v/ 7! .�.t; !; x/; ux.t; !; x/ v/ :

We note that ux satisfies the following semi-cocycle property

ux.t C s; !; x/ D ux.t; �.s; !; x// ux.s; !; x/ ; s; t 2 R
C ; .!; x/ 2 K :

Definition 3.1. For .!; x/ 2 K , we define the Lyapunov exponent 	.!; x/ as

	.!; x/ D lim sup
t!1

ln kux.t; !; x/k
t

:

The number 	K D sup .!;x/2K 	.!; x/ is called the upper Lyapunov exponent on K.
If 	K � 0, then K is said to be linearly stable.
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We refer the reader to Chicone and Latushkin [16] for a systematic treatment
of recent results in the area of linear differential equations on Banach spaces
and infinite dimensional dynamical systems, in terms of spectral properties of the
associated evolution semigroup.

On its turn, condition (C2) guarantees that if z.t; !; x/ is a bounded solution,
then it is defined in Œ�r;1/; hence u.t; !; x/ exists for all t � 0 and the forward
orbit f�.t; !; x/ j t � 0g is relatively compact in ˝ �X .

Next, we introduce a topological tool that we call the section map, which will
prove to be useful in the sequel. Given a compact and positively invariant set K �
˝ �X , let us introduce the projection set of K into the fiber space

KX D fx 2 X j there exists ! 2 ˝ such that .!; x/ 2 Kg 	 X :

From the compactness of K it is immediate to show that also KX is a compact
subset ofX . Let Pc.KX/ denote the set of closed subsets ofKX , endowed with the
Hausdorff metric 
, that is, for any two sets A, B 2 Pc.KX/,


.A;B/ D supf˛.A;B/; ˛.B;A/g ;

where ˛.A;B/ D supfr.a; B/ j a 2 Ag and r.a; B/ D inffd.a; b/ j b 2 Bg. Then,
define the so-called section map

˝ �! Pc.KX/ ; ! 7! K! D fx 2 X j .!; x/ 2 Kg : (3.17)

Due to the minimality of ˝ and the compactness of K , the set K! is nonempty for
every ! 2 ˝; besides, the map is trivially well-defined.

Lemma 3.2. There exists a residual set˝0 	 ˝ of continuity points for the section
map (3.17) associated to a compact and positively invariant set K � ˝ � X .
Moreover, if each point in K admits a backward extension then ˝0 is positively
invariant.

Proof. We refer the reader to Lemma 3.2 in Novo et al. [76] for the first part of
the proof. For the second part of the statement, let ! 2 ˝0 and t0 > 0, we claim
that !�t0 2 ˝0, that is, limn!1 
.K!n;K!�t0 / D 0 for each sequence !n ! !�t0.
First of all note that 
.A;B/ < " if and only if A � N.";B/ and B � N.";A/

where N.";A/ D fx j 9 y 2 A with d.x; y/ < "g. Moreover, since each point
in K admits a backward extension, for each x 2 K!�t0 we can find a point y 2 K!

such that u.t0; !; y/ D x, and analogously for each point xn 2 K!n , there is yn 2
K!n�.�t0/ with u.t0; !n�.�t0/; yn/ D xn. From these facts together with the uniform
continuity of �t0 in ˝ � KX and limn!1 
.K!n�.�t0/; K!/ D 0 it is easy to finish
the proof. ut

Lemma 2.4 in subsection 2.3 proves that minimal sets of skew-product flows
generated by recurrent non-autonomous scalar ODEs are a.a. extensions of the base
flow. This result is no longer true for general scalar delay equations. As shown in
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Alonso et al. [2], the result is true provided that the delay is small enough. The proof
is based on a result on the existence of special solutions by Driver [21].

More specifically, if instead of (C1) we assume

(C1)� f is an admissible function satisfying a global Lipschitz condition:

jf .t; x1/ � f .t; x2/j � L jx1 � x2j for all x1; x2 2 X ; t 2 R ;

a certain constant L > 0, and Lre < 1,

then for each ! 2 ˝ , t0 2 R and v0 2 R
m there exists a unique solution of (3.15)

defined on the real line, which we denote by z.!; t0; v0/.t/, such that

z.!; t0; v0/.t0/ D v0 and sup
t�t0

jz.!; t0; v0/.t/j et=r < 1 :

The solutions z.!; t0; v0/.t/ are the so-called special solutions. As shown in [2] for
the scalar case, although the proof remains valid for our case, z.!; t0; v0/.t/ is the
unique solution of the Cauchy problem

(
v0 D G.!�t; v/
v.t0/ D v0

(3.18)

where G.!; v/ D F.!; z.!; 0; v/0/, which is also a globally Lipschitzian function
in v. As a consequence, we prove the following result.

Theorem 3.3. Under assumptions (C1)�, (C2) and (C3), let M be a minimal set
for the skew-product semiflow (3.16) induced by the family (3.15). Then

(i) The semiflow .M; �;RC/ admits a flow extension.
(ii) In the scalar case, m D 1, .M; �/ is an almost automorphic extension of

the base flow .˝; �/, and hence an almost automorphic minimal set if f is
uniformly almost periodic.

Proof. (i) By Proposition 2.1, part II in [101], every .!; x/ 2 M admits a
backward orbit, and by Theorem 2.3, part II in [101],M admits a flow extension
if and only if every point admits a unique backward extension. Therefore, let us
assume by contradiction that there is a point .!; x/ 2 M with two backward
extensions f.!�t; xt / j t 2 Rg and f.!�t; yt // j t 2 Rg. We assume without loss
of generality that t D 0 is the first time in which the two semiorbits coincide.
Then, xt .s/ D yt .s/ D z.t C s; !; x/ for each t � 0 and s 2 Œ�1; 0�, and
xt ¤ yt for t < 0. Moreover, xt .0/ and yt .0/ are solutions of (3.15) satisfying

x0.0/ D x.0/ and sup
t�0

jxt .0/jet=r < 1 ;

y0.0/ D x.0/ and sup
t�0

jyt .0/jet=r < 1 :
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Then, since the special solution z.!; 0; x.0//.t/ is unique it must coincide for
each t 2 R both with the functions xt .0/ and yt .0/, contradicting that xt ¤ yt
for t < 0.

(ii) Since, as shown in (i), all the solutions with initial data in M are special
solutions, the proof, done in Theorem 3.2 in [2], follows from Lemma 2.4 after
constructing an isomorphism between the restriction of the flow induced by the
family (3.18) to M0 D f.!; x.0// j .!; x/ 2 M g, and the flow .M; �/. ut

However, even though frequently small delays can be neglected, small delays can
also have large effects, as remarked in Kuang [56]. In particular, the small delay
critical value that destabilizes the local stability of a steady state for some delayed
logistic equations is shown.

In order to get the semiflow to be monotone, we also assume on f a quasimono-
tone condition of Kamke type (see [105]),

(C4) If x � y and xj .0/ D yj .0/ holds for some j 2 f1; : : : ; mg, then fj .t; x/ �
fj .t; y/ for each t 2 R.

It is easily seen that this condition is simultaneously satisfied by each function in˝ .
Property (C4) has important consequences for the semiflow .˝ � X; �;RC/ given
by (3.16): as checked e.g. in [105],

u.t; !; x/ � u.t; !; y/ for t � 0; ! 2 ˝ and x; y 2 X with x � y ;

u.t; !; x/ � u.t; !; y/ for t � 0; ! 2 ˝ and x; y 2 X with x � y ;
(3.19)

whenever they are defined. In particular, .˝ �X; �;RC/ is a monotone semiflow.

3.1 Cooperative and Irreducible Systems of Finite Delay
Equations

In this section we consider the case in which (3.14) takes the form

z0.t/ D f .t; z.t/; z.t � 1// ; (3.20)

where f W R � R
m � R

m ! R
m ; .t; v;w/ 7! f .t; v;w/ is a C1-admissible and

uniformly almost periodic or uniformly almost automorphic function, and the family
on the hull is

z0.t/ D F.!�t; z.t/; z.t � 1// ; ! 2 ˝ : (3.21)

Note that this case is included in the general previous formulation because (3.20) can
be expressed as z0.t/ D g.t; zt / with gWR � X ! R

m, .t; x/ 7! f .t; x.0/; x.�1//
and the phase space is X D C.Œ�1; 0�;Rm/.

The induced skew-product semiflow is

� WRC �˝ �X �! ˝ �X ; .t; !; x/ 7! .!�t; u.t; !; x// ; (3.22)

where, as before, u.t; !; x/.s/ D z.t C s; !; x/ for s 2 Œ�1; 0�.
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As explained before, from (C2), a point .!0; x0/ 2 ˝ �X with a bounded semi-
trajectory f.!0�t; u.t; !0; x0// j t � 0g provides a relatively compact forward orbit;
hence the omega-limit set O.!0; x0/ exists, and contains at least a minimal set M .
As we will recall in section 4.1, uniform stability implies that the restriction of the
semiflow to M admits a flow extension. The next result provides another condition
for this fact based only on F . SinceF W˝�R

m�R
m ! R

m, .!; v;w/ 7! F.!; v;w/,
as usual, Fw denotes the matrix of partial derivatives with respect to w.

Proposition 3.4. We consider .!0; x0/ 2 ˝ � X with a bounded semitrajectory
f.!0�t; u.t; !0; x0// j t � 0g, and let M be a minimal set M � O.!0; x0/.
Assume that detFw.!; x.0/; x.�1// ¤ 0 for each .!; x/ 2 M . Then the semiflow
.M; �;RC/ admits a flow extension.

Proof. As in Theorem 3.3, let us assume by contradiction that there is .!�; x�/ 2 M
with two backward extensions f.!��t; xt / j t 2 Rg and f.!��t; yt // j t 2 Rg. We
assume without loss of generality that t D 0 is the first time in which the two
semiorbits coincide. Then, xt .s/ D yt .s/ D z.t C s; !�; x�/ for each t � 0 and s 2
Œ�1; 0� and xt ¤ yt for t < 0. As a consequence, if we denote h.t/ D xt .0/�yt.0/,

h0.t/ D F.!��t; xt .0/; xt .�1//� F.!��t; yt .0/; yt .�1// D 0

for each t � �1. Since t D 0 is the first time in which the two semiorbits coincide,
we can find a sequence tn " 0 with �1 � tn < 0, xtn.0/ D ytn.0/ but xtn.�1/ ¤
ytn.�1/. Moreover, from h0.tn/ D 0 and the mean value theorem, we deduce that

0 DF.!��tn; xtn.0/; xtn.�1//� F.!��tn; ytn.0/; ytn.�1//
DD.tn/ .xtn.�1/� ytn.�1//

whereD.tn/ D Œdij .tn/� satisfies

dij .tn/ D @Fi

@wj
.!��tn; xtn.0/; si;n xtn.�1/C .1 � si;n/ ytn.�1//

for some si;n 2 .0; 1/, i D 1; : : : ; m. Consequently, for each n, detD.tn/ D 0,
which contradicts, since xtn.�1/ and ytn.�1/ converge to x�.�1/ as n goes to 1,
that detFw.!

�; x�.0/; x�.�1// ¤ 0. ut
Now we provide sufficient conditions for the induced semiflow (3.22) to be
eventually strongly monotone, where as before, u.t; !; x/.s/ D z.t C s; !; x/ for
s 2 Œ�1; 0�.

We recall that an m � m matrix A D Œaij � is irreducible if for any nonempty
proper subset I of Nm D f1; : : : ; mg, there are i 2 I and j 2 J D Nm � I such
that aij ¤ 0.
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Definition 3.5. The delay system (3.20) is:

• Cooperative if for each v, w 2 R
m, t 2 R,

@fi

@vj
.t; v;w/� 0 for each i ¤ j and

@fi

@wj
.t; v;w/� 0 for i; j D 1; 2; : : : m :

• Irreducible with respect to z.t/ if there is a continuous function ıW Œ0;1/ !
.0;1/ such that if two nonempty subsets I , J form a partition of Nm D
f1; : : : ; mg, then for any v; w 2 R

m, t 2 R, there are i 2 I and j 2 J D Nm � I
with ˇ̌

ˇ̌ @fi
@vj

.t; v;w/

ˇ̌
ˇ̌ � ı.max.kvk; kwk// > 0:

• Irreducible with respect to z.t � 1/ if there is a continuous function ıW Œ0;1/ !
.0;1/ such that if two nonempty subsets I , J form a partition of Nm D
f1; : : : ; mg, then for any v; w 2 R

m, t 2 R, there are i 2 I and j 2 J D Nm � I
with ˇ̌

ˇ̌ @fi
@wj

.t; v;w/

ˇ̌
ˇ̌ � ı.max.kvk; kwk// > 0:

• Irreducible with respect to z.t/ C z.t � 1/ if there is a continuous function
ıW Œ0;1/ ! .0;1/ such that if two nonempty subsets I , J form a partition
of Nm D f1; : : : ; mg, then for any v; w 2 R

m, t 2 R, there are i 2 I and
j 2 J D Nm � I with

ˇ̌
ˇ̌ @fi
@vj

.t; v;w/

ˇ̌
ˇ̌ C

ˇ̌
ˇ̌ @fi
@wj

.t; v;w/

ˇ̌
ˇ̌ � ı.max.kvk; kwk// > 0:

• Strongly increasing if there is a continuous function ıW Œ0;1/ ! .0;1/ such
that

ˇ̌
ˇ̌ @fi
@wj

.t; v;w/

ˇ̌
ˇ̌ � ı.max.kvk; kwk// for v; w 2 R

m; t 2 R and i; j D 1; 2; : : : m :

It is easy to see that if (3.20) is a cooperative system, an irreducible system or a
strongly increasing system then so are the systems (3.21).

Proposition 3.6. Consider (3.20) and its induced skew-product semiflow (3.22).

(i) If (3.20) is cooperative then (3.22) is monotone.
(ii) If (3.20) is cooperative and irreducible with respect to z.t/ and x < y, then

u.1; !; x/ D u.1; !; y/ or u.t; !; x/ � u.t; !; y/ for each t � 2 whenever
they are defined.

(iii) If (3.20) is cooperative and irreducible with respect to z.t � 1/ and x < y,
then u.t; !; x/ � u.t; !; y/ for each t � m C 1 whenever they are defined,
i.e., (3.22) is eventually strongly monotone.
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(iv) If (3.20) is cooperative and irreducible with respect to z.t/Cz.t�1/ and x <y,
then u.1; !; x/ D u.1; !; y/ or u.t; !; x/ � u.t; !; y/ for each t � m C 1

whenever they are defined.
(v) If (3.20) is cooperative and strongly increasing and x < y, then u.t; !; x/ �

u.t; !; y/ for each t � 2, whenever they are defined, i.e., (3.22) is eventually
strongly monotone.

Proof. (i) Follows from Theorem 5.1.1 in [105] because if (3.20) is cooperative
then the quasimonotone condition (C4) holds.

(ii) We fix ! 2 ˝ , x < y and denote h.t/ D z.t; !; y/ � z.t; !; x/. From (i),
h.t/ � 0 for each t � �1, whenever defined. Moreover,

h0.t/ D F.!�t; z.t; !; y/; z.t � 1; !; y//� F.!�t; z.t; !; x/; z.t � 1; !; x//
D A.t/ h.t/C B.t/ h.t � 1/

(3.23)
with

A.t/ D
Z 1

0

Fv.!�t; s z.t; !; y/C .1 � s/ z.t; !; x/; z.t � 1; !; y// ds ;

B.t/ D
Z 1

0

Fw.!�t; z.t; !; x/; s z.t � 1; !; y/C .1 � s/ z.t � 1; !; x// ds :

Assume that u.1; !; x/ ¤ u.1; !; y/. Then, there is a t1 2 Œ0; 1/ such that
h.t1/ D z.t1; !; y/ � z.t1; !; x/ > 0. From the assumptions, system (3.23)
satisfies the quasimonotone condition (C4) and all the entries of B.t/ are
positive. Then again the comparison Theorem 5.1.1 in [105] shows that for
each t � t1 we have h.t/ � z.t; t1; v1/, the solution of z0 D A.t/ z
with initial data v1 D ht1 at time t1. Moreover, also from the assumptions,
A.t/ is an irreducible matrix and hence Theorem 4.1.1 in [105] proves that
z.t; t1; v1/ 
 0 for each t > t1, and hence z.t; !; y/ � z.t; !; x/ 
 0 for
t > t1 which implies that u.t; !; x/ � u.t; !; y/ for each t � 2, as stated.

(iii) We fix ! 2 ˝ and x < y. With the same notation as above, since y � x > 0

there is a t0 2 Œ�1; 0/ such that h.t0/ D y.t0/� x.t0/ > 0. We assume without
loss of generality that h1.t0/ > 0. Now, B.t0 C 1/ is an irreducible matrix and
we can find j1 2 f2; : : : ; mg such that bj1;1.t0 C 1/ � ı > 0.

If hj1.t0C1/ > 0, a comparison argument and Lemma 5.1.3 in [105] proves
that hj1.t/ > 0 for each t � t0C1, and hence for each t � 1. If hj1.t0C1/ D 0,
since all the entries ofB.t/ are positive, ai;j .t/ � 0 for i ¤ j , bj1;1.t0C1/ > 0
and h1.t0/ > 0, we deduce from (3.23) that h0

j1
.t0 C 1/ > 0. Consequently,

hj1.t/ > 0 for t in a right neighborhood of t0 C 1 and, as before hj1.t/ > 0 for
each t � 1 whenever defined.

Analogously, in a second step, by choosing j2 2 f1; : : : ; mg�fj1g such that
bj2;j1.t1 C 1/ � ı > 0 for some fixed t1 2 Œ1; 2/, we deduce that hj2.t/ > 0

for t � 2. In a recursive way, we obtain fj1; : : : ; jmg D f1; : : : ; mg such
that hjk .t/ > 0 for t � k, and we conclude that h.t/ 
 0 for t � m, and
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consequently u.t; !; x/ � u.t; !; y/ for each t � m C 1 whenever they are
defined, as stated.

(iv) We fix ! 2 ˝ and x < y. With the same notation as above, assume that
u.1; !; x/ ¤ u.1; !; y/. Then, as in (ii), there is a t1 2 Œ0; 1/ such that h.t1/ D
z.t1; !; y/�z.t1; !; x/ > 0, i.e., there is j1 2 f1; : : : ; mg such that hj1.t1/ > 0,
and as in (iii) we deduce that hj1.t/ > 0 for t � t1 and hence for each t � 1.
Since now A.t1 C 1/ C B.t1 C 1/ is an irreducible matrix, we can find j2 2
f1; : : : ; mg � fj1g such that aj2;j1.t1 C 1/C bj2;j1.t1 C 1/ � ı > 0. Then, as
in (iii), we conclude that hj2.t/ > 0 for t � 2 and, in a recursive way, the
existence of fj1; : : : ; jmg D f1; : : : ; mg such that hjk .t/ > 0 for t � k, to
finish the proof.

(v) We fix ! 2 ˝ and x < y. With the same notation as above, since y � x > 0

there is a t0 2 Œ�1; 0/ such that h.t0/ D y.t0/ � x.t0/ > 0. As a consequence,
a similar argument to the one in (iii), but now taking into account that all the
entries of B.t/ are strictly positive, yields to h.t/ 
 0 for t � 1 and hence
u.t; !; x/ � u.t; !; y/ for each t � 2 whenever they are defined, as stated.

ut
The next result characterizes, in the almost periodic and cooperative case, the

linearly stable minimal subsets (see Definition 3.1) admitting flow extension. We
refer to [101] for the definition and properties of the frequency module of an almost
automorphic function, introduced in subsection 2.2.

Theorem 3.7. Consider (3.20) and its induced skew-product semiflow (3.22). If

(a) f is C2-admissible and uniformly almost periodic;
(b) (3.20) is cooperative;
(c) K is a linearly stable minimal subset, i.e., 	K � 0, and the semiflow .K; �;RC/

admits a flow extension;
(d) Fw.!; x.0/; x.�1// is an irreducible matrix for each .!; x/ 2 K;

then, the flow .K; �;R/ is almost automorphic and there is an integer N � 1 such
that for each almost automorphic point .!; x/ 2 K , the frequency module of the
almost automorphic function z.t; !; x/ satisfies N M .z.t; !; x// � M .f /.

Proof. We consider .!; x/ 2 K and the linearized equation

y0.t/ D A.t/ y.t/CB.t/ y.t � 1/ ; (3.24)

with A.t/ D Fv.!�t; z.t; !; x/; z.t � 1; !; x//, B.t/ D Fw.!�t; z.t; !; x/; z.t �
1; !; x//. From (b) and (d) the system (3.24) is cooperative and irreducible with
respect to y.t � 1/ and, from Proposition 3.6 (iii) the induced semiflow, which
coincides with the linearized skew-product semiflow

LWRC �K �X �! K �X ; .t; .!; x/; v/ 7! .�.t; !; x/; ux.t; !; x/ v/ ;
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is eventually strongly monotone. In particular ux.t; !; x/ v 
 0 for each
.!; x/2K , v > 0 and t � m C 1, that is, ux.m C 1; !; x/ is a strongly positive
operator. Since, in addition, ux.m C 1; !; x/ is compact and .K; �;RC/ admits a
flow extension, Theorem 4.4, part II in [101] provides a continuous separation for
K (see Definition 4.6, part II in [101] and Poláčik–Tereščák [90]).

Next, from Lemma 3.2 there exists a positively invariant residual set ˝0 	 ˝

of continuity points for the section map (3.17) associated to K . We claim that for
each ! 2 ˝0 there are no ordered points in K! D fx 2 X j .!; x/ 2 Kg. First
we check that there are not strongly ordered points. Assume by contradiction that
there are two strongly ordered points .!0; x0/, .!0; y0/ with x0 � y0 and !0 2 ˝0,
and let .!0; z0/ be the maximal point satisfying x0 � z0. Since K is minimal and
.K; �;RC/ admits a flow extension, there is a sequence sn # �1 such that

lim
n!1.!�sn; u.sn; !0; z0// D .!0; x0/ : (3.25)

Moreover, !0 is a continuity point of the section map, and we can find a sequence
.!0�sn; xn/ 2 K such that limn!1.!0�sn; xn/ D .!0; z0/. Again, the flow extension
implies that xn D u.sn; !0; zn/ for some .!0; zn/ 2 K , and hence

lim
n!1.!0�sn; u.sn; !0; zn// D .!0; z0/ : (3.26)

Since x0 � z0, from (3.25) and (3.26) we deduce that there is an n0 such that
u.sn0; !0; z0// � u.sn0; !0; zn0/, and the monotonicity of the flow yields to z0 � zn0
contradicting that z0 was maximal.

Next, we assume that there are two ordered points .!0; x0/, .!0; y0/ 2 K with
x0 < y0. Then, ux.mC1; !0; x0/ .y0�x0/ 
 0 and ux.mC1; !0; y0/ .y0�x0/ 
 0

because ux.mC 1; !; x/ is a strongly positive operator. Since, in addition,

u.mC1; !0; y0/�u.mC1; !0; x0/ D
Z 1

0

ux.mC1; !0; s y0C.1�s/ x0/ .y0�x0/ ds ;

we conclude that u.mC 1; !0; y0/� u.mC 1; !0; x0/ 
 0, contradicting that there
are no strongly ordered pairs in K!0�.mC1/ .

Finally, Theorem 4.5, part II in [101] and similar arguments to those in Theorem
6.5, part III in [101] finish the proof. ut
As Takáç showed in [109] the case N > 1 can occur. To clarify this comment in the
simplest case, N D 2, we recall the four-dimensional �-periodic system of ODEs

z0
1 D z4 C 4 z1.cos2 t � z21/

z0
2 D z1 C 4 z2.sin2 t � z22/

z0
3 D z2 C 4 z3.cos2 t � z23/

z0
4 D z3 C 4 z4.sin2 t � z24/ :

(3.27)
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It is cooperative and strongly irreducible and, hence, the induced flow is strongly
monotone. It has a global attractor, and .cos t; sin t;� sin t; cos t/ is a hyperbolic
2�-periodic solution. Its omega-limit provides a 2-copy of the base flow, defined
over the circumference R=�Z.

Similarly, the four-dimensional �-periodic system with finite delay

z0
1 D z4.t � 2 �/C 4 z1.cos2 t � z21/

z0
2 D z1.t � 2 �/C 4 z2.sin2 t � z22/

z0
3 D z2.t � 2 �/C 4 z3.cos2 t � z23/

z0
4 D z3.t � 2 �/C 4 z4.sin2 t � z24/ ;

which is cooperative and irreducible with respect ro z.t � 1/, induces an eventually
strongly monotone skew-product semiflow, and the omega-limit set of the 2 �-
periodic solution .cos t; sin t;� sin t; cos t/ provides a 2-copy of the base flow,
defined over the circumference R=�Z.

Based on these examples and Johnson’s example (3), Shen and Yi [101] construct
an example of a cooperative and strongly irreducible ODE system which exhibits
the subharmonic phenomena indicated in Theorem 3.7 withN > 1, and in addition,
since the solution is almost automorphic but not almost periodic, the omega-limit
set is not a N -copy of the base flow.

In the rest of the section we will impose additional hypotheses under which the
omega-limit sets are 1-copies of the base flow.

3.2 Semicontinuous Equilibria and Almost Automorphic
Extensions

In this subsection, we consider the monotone skew-product semiflow (3.16) induced
by Eq. (3.14) satisfying Hypotheses (C1)–(C4). However, some of the results apply
to a general monotone skew-product semiflow over ˝ � X for a strongly ordered
Banach space X and a minimal real continuous flow .˝; �;R/ over a compact
metric space ˝ .

Definition 3.8. A measurable map a W ˝ ! X such that u.t; !; a.!// is defined
for any t � 0 is

(a) An equilibrium if a.!�t/ D u.t; !; a.!// for any ! 2 ˝ and t � 0,
(b) A super-equilibrium if a.!�t/ � u.t; !; a.!// for any ! 2 ˝ and t � 0, and
(c) A sub-equilibrium if a.!�t/ � u.t; !; a.!// for any ! 2 ˝ and t � 0.

We will call semi-equilibrium to either a super or a sub-equilibrium.

The following dynamical interpretation of the concept of a super and a
sub-equilibrium appeared in Novo et al. [72] in a topological framework.
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Definition 3.9. A super-equilibrium (resp. sub-equilibrium) a W ˝ ! X is
semicontinuous if the following properties hold:

(1) �a D closureXfa.!/ j ! 2 ˝g is a compact subset of X , and
(2) Ca D f.!; x/ j x � a.!/g (resp. Ca D f.!; x/ j x � a.!/g) is a closed subset

of ˝ �X .

An equilibrium is semicontinuous in any of these cases.

A semicontinuous semi-equilibrium does always have a residual subset of continuity
points, as it is derived from the next result, proved in [72].

Proposition 3.10. Let aW˝ ! X be a map satisfying .1/ and .2/ in Definition 3.9.
Then, it is continuous over a residual subset ˝0 � ˝ .

A semicontinuous semi-equilibrium provides a minimal set which is an almost
automorphic extension of the base if a relatively compact trajectory exists.

Proposition 3.11. Let a W ˝ ! X be a semicontinuous semi-equilibrium and
assume that there is an !0 2 ˝ such that closureXfu.t; !0; a.!0// j t � 0g is a
compact subset of X . Then:

(i) The omega-limit set O.!0; a.!0// contains a unique minimal set M which is
an almost automorphic extension of the base flow.

(ii) The minimal lifting skew-product flow .cM;b�;R/, introduced in subsec-
tion Ordered Banach Spaces. Monotone Skew-Product Semiflows, is an almost
automorphic extension of the base flow.

Proof. (i) We work in the case that a is a super-equilibrium, the proof being
completely analogous in the case of a sub-equilibrium. Denote K D
O.!0; a.!0// and let .!; x/ 2 K , i.e., for some sn " 1, !0�sn ! !

and u.sn; !0; a.!0//!x. Since Ca D f.e!;ex/ j ex � a.e!/g is closed and
u.sn; !0; a.!0// � a.!0�sn/, we deduce that x � a.!/.

The proof of the result is done in Proposition 3.4, part II in [101], for
a strongly monotone skew-product semiflow in a Banach space. A slight
modification valid for our case is included here for completeness. From
Lemma 3.2 there exists a residual set ˝0 	 ˝ of continuity points for the
section map (3.17) associated to K . Let ! 2 ˝0 and take .!; x/, .!; y/ 2 K .
Thus, !0�sn ! !, u.sn; !0; a.!0// ! x for some sn " 1. Besides, since
limn!1K!0�sn D K! and y 2 K! there are points .!0�sn; xn/ 2 K such that
limn!1 xn D y. In addition, since each point of K admits a backward orbit,
xn D u.sn; !0; yn/ for some .!0; yn/ 2 K . Therefore, yn � a.!0/ and the
monotone character of the semiflow yields to

xn D u.sn; !0; yn/ � u.sn; !0; a.!0// ;

which as n ! 1 provides y � x. Analogously, we show that x � y, that
is, y D x and card.K!/ D 1 for each ! 2 ˝0. Note that the same argument
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implies that there can only be one minimal set inside O.!0; a.!0//. Note that
only (2) of Definition 3.9 has been used.

(ii) We have to check that there is a point ! 2 ˝ such that card cM! D 1 where
cM! D f� 2 cM j �.0/ D .!; x/ 2 M g. In fact we prove that this is true for
a residual set. As in Lemma 3.2, for each rational number q 2 Q there exists
a positively invariant residual set ˝q � ˝ of continuity points for the map
! 7! M!�q . The set ˝0 D \q2Q˝q is also a residual set. We claim that it is
an invariant set. It is positively invariant because ˝q is positively invariant for
each q 2 Q. In addition, if s < 0 and ! 2 ˝0, we have ! 2 ˝q for each q 2 Q

and hence if we take p 2 Q with p C s > 0 we deduce that !�.p C s/ 2 ˝q ,
i.e., !�s 2 ˝pCq for each q 2 Q, which implies that !�s 2 ˝0. Therefore, for
each ! 2 ˝0 and each t 2 R we deduce that card M!�t D 1, the backward
extension is unique and card cM! D 1, as stated. ut

Arnold and Chueshov [5, 6] show that, in the measurable case, the existence of
a semi-equilibrium a with some additional compactness properties ensures the
existence of an equilibrium for the semiflow. In our topological framework, also
under the supplementary and somehow natural compactness conditions assumed on
Proposition 3.11, the semicontinuous semi-equilibrium provides a semicontinuous
equilibrium. We state the equivalent statements to this assumption. The next results
hold in a more general case, provided that each invariant bounded set is relatively
compact.

Proposition 3.12. Let a W ˝ ! X be a semicontinuous semi-equilibrium. The
following statements are equivalent:

(i) �a D closureX fu.t; !; a.!// j t � 0; ! 2 ˝g is a compact subset.
(ii) For each ! 2 ˝ , closureX fu.t; !; a.!// j t � 0g is a compact subset.

(iii) There is !0 2 ˝ such that closureX fu.t; !0; a.!0// j t � 0g is a compact
subset.

Theorem 3.13. Let us assume the existence of a semicontinuous semi-equilibrium
a W ˝ ! X satisfying one of the equivalent statements of Proposition 3.12. Then,

(i) There exists a semicontinuous equilibrium c W ˝ ! X with c.!/ 2 �a for any
! 2 ˝ .

(ii) Let !1 be a continuity point for c. Then, the restriction of the semiflow � to

K D closure˝�X f.!1�t; c.!1�t// j t � 0g � Ca

is an almost automorphic extension of the base flow .˝; �;R/.
(iii) K is the only minimal set contained in the omega-limit set O.b!; a.b!// for each

point b! 2 ˝ .
(iv) If .K; �;RC/ is uniformly stable then it is a copy of the base .˝; �;R/.

The result stated in Theorem 3.13 is optimum in the following sense: even the
simultaneous existence of continuous super and sub-equilibria for an equation does
not guarantee the occurrence of a minimal set given by a copy of the base, but



Non-autonomous Functional Differential Equations and Applications 219

just of an almost automorphic extension. As a first example, we mention the one
constructed by Ortega and Tarallo in [87]. By taking the example z0 C a.t/ z D b.t/

due to Johnson [46] and explained in subsection 2.3.1 as starting point, they consider
a first order scalar ordinary differential equation

z0 C a.t/ z D b.t/CD.z/ ;

where D is smooth, vanishes in a previously fixed interval Œm1;m2�, and satisfies
zD.z/ < 0 outside the interval and lim infjzj!1D.z/=z < �kak1.

It is easy to check that the last property guarantees the existence of a large
enough positive constant k such that k and �k are super and sub-equilibria for
the equation (and, in addition, they are ordered); whereas, as shown in [87], the
remaining conditions preclude the occurrence of almost periodic solutions and
hence the existence of an almost periodic minimal set.

The same phenomenon occurs for the equation analyzed by Fink and Frederick-
son in [27]: taking Opial’s example [85] as starting point, they construct an equation
which is almost periodic in time and for which all the solutions are ultimately
uniformly bounded but no one is almost periodic. Again, this equation admits
continuous super and sub-equilibria, which allows us to conclude the existence of
an almost automorphic and not almost periodic extension of the base flow.

In despite of this optimum character of the result, the method we have just
described has a strong limitation: it does not detect recurrent solutions which do
not determine almost automorphic extensions of the base flow. To clarify this
comment, we recall the system of equations constructed by Takáç [109] explained
in subsection 3.1. It is easy to check that .k; k; k; k/ and .�k;�k;�k;�k/ define
super and sub-equilibria for the skew-product flow induced by the system (3.27) if k
is large enough. Hence we can assert the existence of solutions determining almost
automorphic extensions of the base flow (in fact they are two distinct 1-copies of
the base, determined by periodic solutions: they are the upper and lower boundaries
of the global attractor). But this tool gives no evidence of the presence of the 2-copy
of the base.

We finish this subsection with the definition and some properties of the so called
strong semi-equilibria needed through the rest of the section.

Definition 3.14. A continuous sub-equilibrium (resp. super-equilibrium) is strong
if there exists an s� > 0 such that a.!�s�/ � u.s�; !; a.!// (resp. 
) for every
! 2 ˝ .

According to Proposition 4.2 (i) in Novo et al. [72], it suffices for a continuous sub-
equilibrium (resp. super-equilibrium) to be strong that there exist both an s� > 0

and an !0 2 ˝ such that a.!0�s�/ � u.s�; !0; a.!0// (resp. 
).
On the other hand, a continuous function eaW˝ ! R

m is said to be C 1 along the
�-orbits if for every ! 2 ˝ the function

R ! R
m; s 7! ea0.!�s/ D .d=dt/ea.!�.s C t//jtD0
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exists and is continuous. Then, ea is said to be a lower solution for the family of
systems (3.15) if it is C 1 along the �-orbits and the function aW˝ ! X given by
a.!/.s/ D ea.!�s/ for s 2 Œ�r; 0� satisfies that u.t; !; a.!// is defined for any ! 2
˝ and any t � 0 and thatea0.!/ � F.!; a.!// for every! 2 ˝ . In this situation the
map a W ˝ ! X turns out to be a continuous sub-equilibrium: see Novo et al. [72]
and Núñez et al. [81] for further details. For the sake of completeness, we include a
detailed proof of the following result (see Lemma 2.11(i) in [81]).

Lemma 3.15. Let ea be a lower solution for the family of systems (3.15). If at a
certain !0 2 ˝ it holdsea0.!0/ � F.!0; a.!0//, then a is a strong sub-equilibrium.

Proof. As mentioned before, if suffices to show the existence of an s� > 0 such that
a.!0�s�/ � u.s�; !0; a.!0//. By the continuity of the maps involved and the fact
that ea0.!0/ � F.!0; a.!0//, we find " > 0 such that ea0.!0�t/ � F.!0�t; a.!0�t//
for any t 2 Œ0; "/. This can be rewritten as ea0

!0
.t/ � F.!0�t; .ea!0/t / for any

t 2 Œ0; "/, by denoting ea!0.s/ D ea.!0�s/ for s 2 R. Then, a standard comparison
argument for delay differential equations leads to ea!0.t/ � z.t; !0; a.!0// for
any t 2 .0; "/. Now define the function y.t/ D z.t; !0; a.!0// � ea!0.t/, fix
t0 2 .0; "/, and note that for every component i D 1; : : : ; m it holds that yi .t0/ > 0.
As ea is a lower solution, it follows that y.t/ satisfies the linear delay inequality
y0.t/ � L.t/ yt for

L.t/ D
Z 1

0

Fx.!0�t; 	 u.t; !0; a.!0//C .1 � 	/ a.!0�t// d	 :

Using again a comparison argument, we know that y.t/ remains above the solution
of the linear delay system z0.t/ D L.t/ zt with initial data zt0 D yt0 , which we denote
as z.t; t0; yt0/. At this point, as zi .t0; t0; yt0/ D yi .t0/ > 0 for every component, we
can apply Lemma 5.1.3 in Smith [105] to deduce that yi .t/ � zi .t; t0; yt0 / > 0 for
any t � t0 and any i D 1; : : : ; m, that is, y.t/ 
 0 for any t � t0. Therefore , we
can take s� D t0 C r > 0 to complete the proof. ut

3.3 Monotone and Concave or Sublinear Cases

In this subsection, we consider the monotone skew-product semiflow (3.16) induced
by (3.14) satisfying Hypotheses (C1)–(C4) and we will assume additional con-
ditions providing the concave or sublinear character of the induced semiflow,
important in applications, which will allow us to prove the existence of a globally
asymptotically stable minimal set which is a copy of the base flow.

3.3.1 Monotone and Concave Semiflows

Theorem 3.13 shows how the existence of a semicontinuous sub-equilibrium a

allows us to construct a minimal set K � ˝ � X which is an almost automorphic
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extension of the base ˝ . The example given by Riccati equations (2.11) associated
to Vinograd example (2.7) shows that even the existence of a strong super-
equilibrium and concavity properties does not imply that K is a copy of the base.
Now we will prove that, when the sub-equilibrium is strong and under an additional
concavity assumption for the semiflow, K turns out to be a copy of the base
˝ attracting all the solutions u.t; !; x/ with initial condition above a; i.e., with
a.!/ � x. In particular, the flow on this set is almost periodic when the base flow
is, which is the case when the initial function f is uniformly almost periodic.

(C5) The function f .t; x/ is concave in x; i.e., for each t 2 R and 	 2 Œ0; 1�

f .t; 	 x C .1 � 	/ y/ � 	f .t; x/C .1 � 	/ f .t; y/ whenever x � y.

This property is satisfied simultaneously for all the functions of the hull ˝ .
Conditions (C4), (C5) and standard arguments of comparison of solutions (see [74])
ensure the concave character of the monotone semiflow .˝ � X; �;RC/. In other
words, u is an order concave map in x:

u.t; !; 	 x C .1 � 	/y/ � 	 u.t; !; x/C .1 � 	/ u.t; !; y/ (3.28)

for x � y and for each t � 0, 	 2 Œ0; 1� and ! 2 ˝ .
The definition of convex semiflow is obtained by substituting the inequality � by

� in (3.28). Finally, it is easy to check that if we take the set X� D f�x j x 2 XCg
as positive cone, inverting in this way the order relation, a monotone and convex
skew-product semiflow becomes monotone and concave. So that the results obtained
for concave semiflows are easily adapted to the case of convexity.

Theorem 3.16. Assume conditions (C1)–(C5) for the semiflow (3.16). Let a W ˝ !
X be a strong semicontinuous sub-equilibrium satisfying one of the equivalent
statements of Proposition 3.12, and let c and K be the equilibrium and the almost
automorphic extension of the base flow provided by Theorem 3.13. Then,

(i) K defines a copy of the base flow; more precisely, c W ˝ ! X is continuous
andK D f.!; c.!// j ! 2 ˝g.

(ii) All the semiorbits corresponding to initial data .!; x/ with a.!/ � x are
globally defined and approach asymptoticallyK , i.e.,

lim
t!1 ku.t; !; x/ � c.!�t/k D 0 : (3.29)

Next, we can weaken the assumption of the sub-equilibrium to be strong by
strength the assumption on concavity:

(C6) there is an !1 2 ˝ and a t1 > 0 such that for each 	 2 .0; 1/

u.t1; !1; 	 x C .1 � 	/y/ 
 	 u.t1; !1; x/C .1 � 	/ u.t1; !1; y/

whenever x 
 y.
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One way, but not the only one, of obtaining this is to assume that f .t; x/ is strongly
concave in x for t in an interval I of length r 0 > r , i.e., for each 	 2 .0; 1/ and
t 2 I

f .t; 	 x C .1 � 	/ y/ 
 	f .t; x/C .1 � 	/ f .t; y/ whenever x � y:

As shown often in applications, a combination of strong monotonicity for the
semiflow and strictly concavity for f also provides condition (C6) (see [73]).

Theorem 3.17. Assume conditions (C1)–(C6) for the semiflow (3.16). Let a W ˝ !
X be a semicontinuous sub-equilibrium and let .!0; x0/ 2 ˝ �X with a.!0/ � x0
be such that its semitrajectory f.!0�t; u.t; !0; x0// j t � 0g is bounded and there is
a y0 
 0 with u.t; !0; x0/� a.!0�t/ � y0 for each t � 0. Then,

(i) K D O.!0; x0/ defines a copy of the base flow, i,e. K D f.!; c.!// j ! 2 ˝g.
(ii) All the semiorbits corresponding to initial data .!; x/ with a.!/ � x are

globally defined and approach asymptoticallyK , i.e.,

lim
t!1 ku.t; !; x/ � c.!�t/k D 0 :

Remark 3.18. Núñez et al. [82] show that the convergence in Theorems 3.16
and 3.17 is exponential in the sense that for any v 
 0 there exists kv > 1 and

 > 0 such that if x � a.!/C v then kc.!�t/� u.t; !; x/k � kv e

�
 t kc.!/� x/k.

We refer the reader to Núñez et al. [82, 83] for an exhaustive study of the different
dynamical situations in the monotone and concave case.

3.3.2 Monotone and Sublinear Semiflows

When dealing with sublinear systems, the natural space for solutions is the positive
cone. For that reason in this subsection we restrict the study to systems given by
functions f WR �XC ! R

m. The purpose is to analyze the conditions ensuring the
existence of a unique and asymptotically stable copy of the base when the concavity
hypotheses are replaced by some sublinearity properties. Apart from (C1)–(C4) we
will assume

(C7) The function f WR � XC ! R
m is sublinear in x; that is, for each t 2 R

f .t; 	 x/ � 	f .t; x/ whenever x 2 XC and 	 2 Œ0; 1�.
Again, this property is satisfied simultaneously for all the functions of the hull ˝ ,
and together with condition (C4) provides the sublinear character of the monotone
semiflow .˝ �X; �;RC/, that is, for each t � 0, 	 2 Œ0; 1� and ! 2 ˝

u.t; !; 	 x/ � 	 u.t; !; x/ whenever x 2 XC : (3.30)
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In addition, we will assume any condition on the family implying the following
strong sublinearity property for the semiflow

(C8) there is an !1 2 ˝ and a t1 > 0 such that for each 	 2 .0; 1/

u.t1; !1; 	 x/ 
 	 u.t1; !1; x/ whenever x 
 0 : (3.31)

One way is to assume that f WR � XC ! R
m is strongly sublinear in x when t

belongs to an interval of length r , that is, for each 	 2 .0; 1/ and t 2 Œt0; t0 C r�

f .t; 	 x/ 
 	f .t; x/ whenever x 
 0:

As we will check later in the example provided in Theorem 3.21, (C8) can also be
obtained if the semiflow is strongly monotone and f is strictly sublinear (see [121]).

We include a proof of the main result of this subsection (see [80]).

Theorem 3.19. Let us assume conditions (C1)–(C4) and (C7)–(C8) for the semi-
flow (3.16). Let .!0; x0/ 2 ˝ � X with 0 � x0 be such that its semitrajec-
tory f.!0�t; u.t; !0; x0// j t � 0g is bounded and there is a y0 
 0 with
u.t; !0; x0/ � y0 for each t � 0. Then,

(i) O.!0; x0/ is a copy of the base flow, i,e. O.!0; x0/ D f.!; e.!// j ! 2 ˝g.
(ii) All the semiorbits corresponding to initial data .!; x/ 2 ˝ � XC with 0 � x

are globally defined and approach asymptotically O.!0; x0/, i.e.,

lim
t!1 ku.t; !; x/ � e.!�t/k D 0 :

Proof. First notice that the omega-limit set O.!0; x0/ is strongly positive, that is,
y 
 0 for each .!; y/ 2 O.!0; x0/ and we can fix e1 and e2 2 X such that
0 � e1 � y � e2 for each .!; y/ 2 O.!0; x0/. Next, we check that all the
semiorbits with initial data x � 0 are bounded and hence relatively compact.
We take .!; y/ 2 O.!0; x0/ and � > 1 such that x � �y. Monotonicity
and sublinearity ensure that 0 � u.t; !; x/ � � u.t; !; y/ for t � 0, and the
boundedness follows from the semimonotonicity of the norm. If, in addition, x 
 0

we check that the semiorbit is uniformly stable. We choose 	 2 .0; 1/ such that
	y � x � .1=	/ y. Again (3.19), (3.30) and e1 � u.t; !; y/ � e2 lead us to

0 � 	 e1 � 	 u.t; !; y/ � u.t; !; x/ � .1=	/ u.t; !; y/ � .1=	/ e2

for each t � 0. Let us now fix ˛ 2 .0; 1/. It is easy to deduce the existence of
ı D ı.˛/ > 0 such that, if z 2 XC satisfies ku.s; !; x/ � zk < ı for certain s � 0,
then ˛ u.s; !; x/ � z � .1=˛/ u.s; !; x/, and hence, again the monotonicity and
sublinearity properties, ˛ u.s C t; !; x/ � u.t; !�s; z/ � .1=˛/ u.s C t; !; x/ for
each t � 0. Therefore,
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.1 � 1=˛/ 	e1 � .1 � 1=˛/ u.s C t; !; x/ � u.s C t; !; x/ � u.t; !�s; z/
� .1 � ˛/ u.s C t; !; x/ � .1 � ˛/ .1=	/ e2 ;

and the uniform stability follows easily. In particular, each .!; x/ 2 ˝ � XC with
x 
 0 satisfies the same conditions of initial point .!0; x0/.

Let M be a strongly positive minimal set. It is clear that there is at least one
because each minimal set M � O.!0; x0/ satisfies y � e1 
 0 for each .!; y/ 2
M . Then, let !1 2 ˝ be the point of condition (C8) and .!1; x/ 2 ˝ � XC with
0 � x � y for any .!1; y/ 2 M . We fix .!1; y/ 2 M and define

	.t/ D supf	 2 Œ0; 1� j u.t; !1; x/ � 	 u.t; !1; y/g :

The cocycle property u.t C s; !1; x/ D u.s; !1�t; u.t; !1; x//, the monotonicity and
the sublinearity imply that u.t C s; !1; x/ � 	.t/ u.t C s; !1; y/ if s > 0, which
means that 	.t C s/ � 	.t/, and 	W Œ0;1/ ! Œ0; 1� is an increasing function. Let
	� D lim

t!1	.t/. We claim that 	� D 1. Assume on the contrary that 	� < 1. Then,

for an adequate sequence ftng " 1

lim
n!1.!�tn; u.tn; !1; x// D .!1; x

�/ 2 ˝ �XC ;

lim
n!1.!�tn; u.tn; !1; y// D .!1; y

�/ 2 M ;

and together with u.tn; !1; x/ � 	.tn/ u.tn; !1; y/ we deduce that x� � 	� y�.
Moreover, from 	� < 1 the strong sublinearity (3.31) leads us to

u.t1; !1; x
�/ � u.t1; !1; 	

� y�/ 
 	�u.t1; !1; y
�/ :

The above limits imply that there is n0 with u.tn C t1; !1; x/ 
 	�u.tn C t1; !1; y/

for each n � n0, and hence 	.tn C t1/ > 	
�, contradicting the definition of 	�, and

showing that 	� D 1, as claimed.
In addition, from u.t; !1; y/ � u.t; !1; x/ � 	.t/ u.t; !1; y/ and u.t; !1; y/ � e2

we have 0 � u.t; !1; y/ � u.t; !1; x/ � .1 � 	.t// e2 , and we conclude that

lim
t!1 ku.t; !1; x/ � u.t; !1; y/k D 0 ;

O.!1; x/ D M . Since this is true for each x 
 0 sufficiently small, M is the only
strongly positive minimal set andM � O.!0; x0/.

The same proof of Proposition 3.11, taking now into account that x � y for each
.!1; y/ 2 M , shows that M is an almost automorphic extension of the base flow,
and we take O! 2 ˝ such that M O! reduces to a point . O!; Oy/. We claim that M is a
copy of the base. Assume, on the contrary, that there are .e!;ey/, .e!;ez/ 2 M with
key �ezk > ", and let fsng # �1 be such that e!�sn ! !1 as n ! 1 and, hence for
an adequate subsequence, let us take the whole sequence,
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lim
n!1.e!�sn; u.sn;e!;ey// D lim

n!1.e!�sn; u.sn;e!;ez// D . O!; Oy/ : (3.32)

As shown above, all the semiorbits are uniformly stable and, it is immediate from
the proof that all the semiorbits in M have the same modulus of uniform stability
ı."/. From (3.32) we take n0 such that ku.sn0 ;e!;ey/ � u.sn0;e!;ez/k � ı."/, and the
uniform stability provides key �ezk � ", a contradiction.

We denote M D f.!; e.!// j ! 2 ˝g for a continuous map eW˝ ! X and, in
order to finish the proof we check that M D O.!; x/ for each ! 2 ˝ and x 
 0,
in particular,M D O.!0; x0/. We take again ı."/ the modulus of uniform stability
of the trajectories in M . Since .!; e.!// 2 M � O.!; x/,

lim
n!1.!�tn; u.tn; !; x// D .!; e.!// D lim

n!1.!�tn; e.!�tn// ;

and there is an n0 such that ku.tn0 ; !; x/ � e.!�tn0/k � ı."/. Hence, the uniform
stability yields to ku.t C tn0 ; !; x/ � e.!�.tn0 C t//k � " for each t > 0, and the
proof is finished. ut
We refer the reader to Núñez et al. [80, 81] for an exhaustive study of the different
dynamical situations in the monotone and sublinear case.

3.4 A Non-autonomous Cyclic Feedback System

Next we show some application of the previous results, related to the mathematical
model of biochemical feedback in protein synthesis represented by the non-
autonomous system of finite-delay functional differential equations

z0
1.t/ D g.t; zm.t � rm// � ˛1.t/ z1.t/ ;

z0
j .t/ D zj�1.t � rj�1/� ˛j .t/ zj .t/ ; for j D 2; : : : ; m :

(3.33)

Here, ˛j .t/ are positive almost periodic functions for j D 1; : : : ; m, g W R�
R ! R

m is a C1-admissible uniformly almost periodic function, rj � 0 for
j D 1; : : : ; m and maxfrj j j D 1; : : : ; mg > 0.

The system (3.33) expresses a model for a biochemical control circuit in which
each of the zj represents the concentration of an enzyme; hence zj � 0 for j D
1; : : : ; m. The autonomous ordinary case was firstly introduced by Selgrade [94].
Different extensions to the periodic and the autonomous functional cases are
explored in Smith [104, 105], Krause and Ranft [55], Smith and Thieme [107], and
references therein. Chueshov [18] analyzes the random case and Novo et al. [73] the
ordinary non-autonomous case. The present case of finite-delay was considered, for
the concave case, in Novo et al. [72].
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3.4.1 The Concave Case

The next result provides conditions which ensure the existence of a global attractor
for (3.33) in the interior of the positive cone XC. In contrast to previous works,
the approach we present here just requires the semiflow to be monotone and
concave. Similar conclusions apply when we change almost periodicity for almost
automorphy or, in general, recurrence.

Define r D maxfrj j j D 1; : : : ; mg > 0 and consider, as in the previous
subsections, the strongly ordered Banach space X D C.Œ�r; 0�;Rm/. As usual,
given any element x0 2 X , z.t; x0/ represents the solution of (3.33) satisfying
z.t; x0/ D x0.t/ for t 2 Œ�r; 0�.
Theorem 3.20. Let us assume that

• g.t; y/ > 0 for each t 2 R and y > 0, and gy.t; y/ � 0 for each t 2 R and
y � 0;

• g.t; y/ is concave in y.

Moreover, there are positive constants ˇj , ˛j with

0 < ˛j � ˛j .t/ < ˇj for each j D 1; : : : ; m and t 2 R ; (3.34)

and a real function g0 2 C.R/ such that

• g0.y/ > 0 for each y > 0;
•

Qm
jD1 ˇj < lim supy!0C g0.y/=y � C1 ;

• g0.y/ � g.t; y/ � ˛ y C ı for each t 2 R, y � 0 and some positive constants
˛, ı > 0 with 0 < ˛ <

Qm
jD1 ˛j .

Then, there is a unique almost periodic solution z�.t/ 
 0 of (3.33) such that

lim
t!1 kz.t; x0/� z�.t/k D 0 for each x0 2 C.Œ�r; 0�;Rm/ with x0 
 0 :

Proof. We can write (3.33) as z0 D f .t; zt / where f W R � X ! R
m is the C1-

admissible function defined for each t 2 R and x 2 X by

f1.t; x/ D g.t; xm.�rm//� ˛1.t/ x1.0/ ;
fj .t; x/ D xj�1.�rj�1/ � ˛j .t/ xj .0/ for j D 2; : : : ; m :

(3.35)

As explained in the introduction of section 3, system (3.33) is included in the family
of systems z0.t/ D F.!�t; zt / for ! 2 ˝ , where ˝ is the hull of f . The almost
periodicity of the coefficients ensures that .˝; �;R/ is minimal and almost periodic.
Consequently, hypotheses (C1), (C2) and (C3) are satisfied.

It is also easy to check that condition (C4) and (C5) hold. Moreover, fromQm
jD1 ˇj < lim supy!0C g0.y/=y � C1 we can find a sequence "n > 0 tending

to 0 such that, for each n 2 N,
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g0."n/� "n

mY

jD1
ˇj > 0 (3.36)

Now we consider the constant function an D .an;1; : : : ; an;m/ 
 0, with an;m D "n
and an;l D "n

Qm
jDlC1 ˇj for l D 1; : : : ; m � 1. From inequality g0.y/ � g.t; y/

and relations (3.34) and (3.36),

f1.t; an/ D g.t; an;m/ � ˛1.t/ an;1 > g0."n/� "n

mY

jD1
ˇj > 0

fl.t; an/ D an;l�1 �˛l .t/ an;l D "n

mY

jDl
ˇj �˛l .t/ "n

mY

jDlC1
ˇj >0 ; l D 2; : : : ; m :

which implies that f .t; an/ 
 0 for each n 2 N and each t 2 R. Hence
F.!; an/� 0 for each n 2 N and ! 2 ˝ , and Lemma 3.15 allows us to assure
that an is a strong sub-equilibrium for each n 2 N.

We define ı1 D ı=.
Qm
jD1 ˛j � ˛/ > 0 and take b D .b1; : : : ; bm/ 
 0, with

bm D ı1 and bl D ı1
Qm
jDlC1 ˛j for l D 1; : : : ; m � 1. As before, from g.t; y/ �

˛yC ı and (3.34) we check that f .t; b/ � 0 for each t 2 R, thus, F.!; b/ � 0, and
hence b is a super-equilibrium. In addition, it is not hard to check that an � b for
each n 2 N. Consequently, since b is a super-equilibrium and the flow is monotone,
we deduce that

an � u.t; !; an/ � u.t; !; b/ � b

for t � 0 and n 2 N. In particular, the equivalent statements of Proposition 3.12
are satisfied for each one of the sub-equilibria an, as deduced from Arzelà-Ascoli
theorem.

Finally, Theorem 3.16 applied to each an yields to the existence of a copy of the
base Kn which is a global attractor in the set An D f.!; x/ 2 ˝ � X j x � ang.
Consequently,Kn D f.!; e.!// j ! 2 ˝g is the same for each n 2 N and, since an
tends to 0, it is a global attractor in A D f.!; x/ 2 ˝ � X j x 
 0g. The almost
periodic function z�.t/ D e.!0�t/ with !0 D f satisfies the statement. ut

3.4.2 The Sublinear Case

Now we increase the range of applications by changing concavity by sublinearity but
we strength the monotonicity assumptions to provide new conditions which ensure
the existence of a global attractor for (3.33) in the interior of the positive cone XC.
Again, similar conclusions apply when we change almost periodicity for almost
automorphy or, in general, recurrence.
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Theorem 3.21. Let us assume that

• g.t; y/ > 0 for each t 2 R and y > 0, and gy.t; y/ > 0 for each t 2 R and
y > 0;

• g.t; y/ is sublinear in y and y gy.t; y/ < g.t; y/ for each t 2 R and y > 0.

Moreover, there are positive constants ˇj , ˛j with

0 < ˛j � ˛j .t/ < ˇj for each j D 1; : : : ; m and t 2 R ;

and a real function g0 2 C.R/ such that

• g0.y/ > 0 for each y > 0;
•

Qn
jD1 ˇj < lim supy!0C g0.y/=y � C1 ;

• g0.y/ � g.t; y/ � ˛ y C ı for each t 2 R, y � 0 and some positive constants
˛, ı > 0 with 0 < ˛ <

Qm
jD1 ˛j .

Then, there is a unique almost periodic solution z�.t/ 
 0 of (3.33) such that

lim
t!1 kz.t; x0/� z�.t/k D 0 for each x0 2 C.Œ�r; 0�;Rm/ with x0 
 0 :

Proof. In this case, for simplicity in the notation, we will consider all the delays to
be equal to r . If the delays are different, the proof is completely similar changing
the phase space to X D Qm

jD1 C.Œ�rj ; 0�;R/.
As in the proof of Theorem 3.20, it is easy to prove that conditions (C1)–(C4) and

(C7) hold, the semitrajectory f.!�t; u.t; !; b// j t � 0g is bounded and u.t; !; b/ �
a1 
 0 for each t � 0. Therefore, if we check condition (C8), the result follows
from Theorem 3.19.

We take !0 D f , defined by (3.35), and note that u.t; !0; x/.s/ D z.t C s; x/

for s 2 Œ�r; 0�. We check that there is a t0 > 0 such that

u.t; !0; x/ � u.t; !0; y/ if 0 � x < y and t > t0 : (3.37)

For this it is enough to check that if, as usual, we denote by ux.t; !; x/WX ! X the
linear differential operator with respect to the third variable, we have

ux.t; !0; x/ v 
 0 if v > 0 ; x 
 0 and t > t0 :

Note that .ux.t; !0; x/ v/.s/ D h.t C s/ where h.t/ satisfies the variational problem

h0
1.t/ D gy.t; zm.t � r; x// hm.t � r/ � ˛1.t/ h1.t/ ;
h0
j .t/ D hj�1.t � r/� ˛j .t/ hj .t/ ; for j D 2; : : : ; m :

(3.38)

with h.s/ D v.s/ for s 2 Œ�r; 0�. Therefore the assertion holds if there iset > r such
that h.t/ 
 0 for each t � et . Moreover, from Lemma 5.1.3 in [105], if hi .t1/ > 0

for some t1 � 0, then hi .t/ > 0 for each t > t1. Then, we contradict the assertion
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if we assume that there is one j 2 f1; : : : ; mg such that hj .t/ D 0 for each t � 0.
If j � 2, from (3.38) we would deduce that hj�1.t � r/ D 0 for each t � 0. In a
recursive way we will obtain the same result for j � 2; : : : ; 1. Next, from (3.38) we
obtain

gy.t; zm.t � r; x// hm.t � r/ D 0 for each t � 0 :

Since x 
 0 and the semiflow is monotone u.t; !0; x/ D z.t C �; x/ 
 0 for each
t � 0 and hence, zm.t � r; x/ > 0 for t � 0, and gy.t; zm.t � r; x// > 0, which lead
to hm.t � r/ D 0 for each t � 0. The result for the rest of the indices from m � 1

to j C 1 follows analogously, and we conclude that h.t � r/ D 0 for each t � 0,
which contradicts that v > 0. Note that relation (3.37), i.e, the eventually strongly
monotone character of the semiflow, could have also been obtained by checking that
conditions of Proposition 3.6 (iii) hold, and then t0 D mC 1.

Next, we fix 	 2 .0; 1/ and we consider y.t/ D 	z.t; x/. Then y0.t/ D 	f .t; zt /,
with f defined by (3.35). From y gy.t; y/ < g.t; y/ we deduce that g is strongly
sublinear in y, that is, g.t; 	y/ > 	g.t; y/ for y > 0, and consequently,f .t; 	zt / >
	f .t; zt /. Thereforey0 < f .t; yt / and comparison theorems for this kind of ordinary
differential equations [105] lead to y.t/ < z.t; 	x/ for each t > 0, or equivalently
	 u.t; !0; x/ < u.t; !0; 	x/ for each t > 0. In addition, from relations (3.37)
and (3.30), if we take t� > t0 we deduce that

u.t� C t�; !0�.�t�/; 	x/ D u.t�; !0; u.t�; !0; 	x// 
 u.t�; !0; 	u.t�; !0; x//

� 	u.t�; !0; u.t�; !0; x// D 	 u.t� C t�; !0�.�t�/; x/ ;

and (C8) holds for t1 D 2 t� and !1 D !0.�t�/, which finishes the proof. ut

3.5 Cellular Neural Networks

We finish this section by explaining some applications to neural networks. There
has recently been increasing interest in the potential applications of the dynamics
of artificial neural networks in signal and image processing, as well as in biological
modelling, cognitive simulation or numerical computation. We refer the reader to
Wu [117] and the references therein for a complete introduction to the subject.

The models we consider are among the so-called delayed cellular neural
networks, which in particular include the Hopfield-type models (see the early
works by Hopfield [36, 37] and Marcus and Westervelt [60] where the delay
is introduced). The autonomous case, with finite or distributed delays, has been
intensively investigated (see Gopalsamy and He [28], Van den Driessche and
Zou [110], Van den Driessche et al. [111] and Zhao [120], among many others).
The main interest has focused on determining sufficient conditions to guarantee the
existence and uniqueness of a globally asymptotically stable equilibrium point for
the system.
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Nevertheless, the non-autonomous periodic or almost periodic case with constant
or time-varying delays has just recently been considered in some papers (see
for instance Liang and Cao [58], Mohamad [66], Fan-Ye [24], Jiang et al. [43],
Chen and Cao [15] and Huang et al. [40]). Also recently, Novo et al. [73, 74]
have considered quite general non-autonomous finite-delay monotone and concave
models of Hopfield neural networks, giving conditions for the existence of attracting
solutions with the same recurrence properties as the model coefficients. Besides, in
Novo et al. [75] the existence of a global exponentially attracting solution of finite-
delay cellular neural networks is deduced from the uniform asymptotical stability
of the null solution of an associated non-autonomous linear system.

Let us consider a non-autonomous system of finite-delay FDEs

z0
i .t/ D �eai .t/ zi .t/C

mX

jD1
ebij .t/ fj .zj .t//

C
mX

jD1
ecij .t/

Z 0

�r
gj .zj .t C s// d�ij .s/C eI i .t/ ; t � 0 ; i D 1; : : : ; m ;

(3.39)

which describes the dynamics of a network of m neurons (or amplifiers) with
delayed interconnections. The variable zi .t/ represents the state of the i -th neuron
in the network at time t . The coupling coefficients can be arranged in two inter-
connection matrices Œebij .t/� and Œecij .t/�, whose entries, as well as the coefficients
eai and the external input functions eI i are bounded, uniformly continuous and
present some recurrent behavior in time, such as almost periodicity. The functions
fj and gj are the so-called real signal propagation functions or activation functions.
More precisely, we make the following assumptions on system (3.39):

(A1) The coefficient functions eai .t/, ebij .t/, ecij .t/ and eI i .t/ are all bounded and
uniformly continuous on R, and recurrent, that is, the hull is minimal.

(A2) eai .t/ � a0 > 0 for every t 2 R and i 2 f1; : : : ; mg.
(A3) ebij .t/; ecij .t/ � 0 for every t 2 R and i; j 2 f1; : : : ; mg.
(A4) The activation functions fj ; gj W R ! R satisfy:

(i) They are C 1-functions on R.
(ii) limjsj!1 jfj .s/j=jsj D limjsj!1 jgj .s/j=jsj D 0 for each j D 1; : : : ; m.

(iii) 0 � f 0
j .s/ and 0 � g0

j .s/ for each j D 1; : : : ; m and any s 2 R.

(A5) Each �ij is a normalized positive regular Borel measure on .�r; 0�, i.e.,
�ij ..�r; 0�/ D 1, and �ij f0g D 0.

(A6) fj ; gj are convex for s < 0 and concave for s > 0, for each j 2 f1; : : : ; mg.

Under condition (A1) we can build the so-called hull of the system, by considering
the set of functions f.eai .t C s/;ebij .t C s/;ecij .t C s/;eI i .t C s//; .t 2 R/ j
s 2 Rg formed by the time-translations of the coefficient functions determining
system (3.39), together with their limit points for the compact-open topology. In this
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way, the hull turns out to be a compact metric space of functions, denoted by ˝ ,
where a continuous flow �.t; !/ D !�t can be defined just by translation. Then we
can consider the family of systems over the hull, which can be written for short as

z0.t/ D F.!�t; zt / ; t � 0 ; ! 2 ˝ ; (3.40)

where zt W Œ�r; 0� ! R
m is defined by zt .s/ D z.t C s/ for s � 0 and t � 0

(whenever it makes sense) and the function F is given componentwise by

Fi .!; x/ D � ai .!/ xi .0/C
mX

jD1
bij .!/ fj .xj .0//

C
mX

jD1
cij .!/

Z 0

�r
gj .xj .s// d�ij .s/C Ii .!/ ; i D 1; : : : ; m

(3.41)

for ! 2 ˝ and a continuous map x W Œ�r; 0� ! R
m, with .ai ; bij ; cij ; Ii /

defined on ˝ by evaluation at 0, i.e., .ai ; bij ; cij ; Ii /.!/ D !.0/, so that
.ai ; bij ; cij ; Ii /.!�t/ D !.t/ for t 2 R. Therefore, taking ! D .eai ;ebij ;ecij ;eI i /
we recover in (3.40) the initial system (3.39). Note that by the construction, the
functions ai are positive on ˝ , and the functions bij and cij are nonnegative on ˝ .

The recurrence hypothesis in (A1) means that the translation flow on ˝ is
minimal, that is, orbits are dense; this is a usual requirement in the non-autonomous
setting and it happens for example if the coefficient functions are all almost
periodic or almost automorphic. Consequently, hypothesis (C3) is satisfied. As in the
introduction of the chapter, we consider the skew-product semiflow (3.16) induced
by (3.40).

The condition stated in hypothesis (A2) is commonly imposed in the
bibliography, representing the passive decay rates. Hypothesis (A3) together with
(A4)-(iii) and (A5) will imply the quasimonotone condition (C4). With regard to
hypothesis (A5), note also that the measures �ij are not necessarily absolutely
continuous with respect to the Lebesgue measure. The concavity condition (C5) is
deduced from Hypotheses (A5) and (A6).

Remark 3.22. We want to note that the previous formulation, in which the inter-
connection matrices have nonnegative entries, is very general in the sense that each
system of cellular neural networks can be included in a bigger one with this property
(see Van den Driessche et al. [111] for a different application of this fact).

For doing that we decompose bij and cij as the usual difference of two
nonnegative functions, that is, bij D bC

ij � b�
ij and cij D cC

ij � c�
ij ; we denote

bf .x/ D �f .�x/, bg.x/ D �g.�x/, and we introduce the new variablesbzi D �zi ,
i D 1; : : : ; m. It is easy to check that
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z0
i .t/ D � ai .!�t/ zi .t/C

mX

jD1
bC
ij .!�t/ fj .zj .t//C

mX

jD1
b�
ij .!�t/bf j .bzj .t//

C
mX

jD1
cC
ij .!�t/

Z 0

�r
gj .zj .t C s// d�ij .s/

C
mX

jD1
c�
ij .!�t/

Z 0

�r
bgj .bzj .t C s// d�ij .s/C Ii .!/ ;

bzi 0.t/ D � ai .!�t/bzi .t/C
mX

jD1
bC
ij .!�t/bf j .bzj .t//C

mX

jD1
b�
ij .!�t/ fj .zj .t//

C
mX

jD1
cC
ij .!�t/

Z 0

�r
bgj .bzj .t C s// d�ij .s/

C
mX

jD1
c�
ij .!�t/

Z 0

�r
gj .zj .t C s// d�ij .s/ � Ii .!/ ;

whose interconnections matrices have nonnegative entries and properties (A1)–(A6)
remain valid.

We now show the boundedness of solutions for the family of systems (3.40).

Proposition 3.23. Assume that the initial system (3.39) satisfies hypotheses
(A1)–(A5). Then, all solutions of the family of systems (3.40) are bounded and
consequently the induced semiflow (3.16) is globally defined.

Proof. Let k 2 R, and denote by k the constant map .�r; 0� ! R
m; s 7! .k; : : : ; k/

of X D C.Œ�r; 0�;Rm/. As the induced semiflow (3.16) is monotone, we know that
if �k � x � k for some k > 0 and x 2 X , then u.t; !;�k/ � u.t; !; x/ �
u.t; !;k/ for any t � 0 for which all the terms exist. Therefore, it suffices to make
sure that the solutions u.t; !;�k/ and u.t; !;k/ remain bounded for sufficiently
large k > 0. For this, it is enough to check that �k defines a lower solution and
k defines an upper solution (see Remark 2.5 in [79]), that is, F.!;�k/ � 0 and
F.!;k/ � 0 for k > 0 big enough. In order to show this assertion, just note first that
by hypothesis (A2), 0 < a0 � ai .!/ for any ! 2 ˝ , and that all the functions ai ,
bij , cij and Ii are bounded on the compact set˝ . Note also that by hypothesis (A4)-
(ii) given any " > 0 there is k0 such that for any k � k0, �"k � fj .k/; gj .k/ � "k

for any j D 1; : : : ; m. The proof is complete. ut
First, we prove a global attractivity result for system (3.39), which is independent
on the external input functions eI i , i D 1; : : : ; m. We define the m � m diagonal
matrices F D diag.f 0

1 .0/; : : : ; f
0
m.0//, G D diag.g0

1.0/; : : : ; g
0
m.0// and A.!/ D

diag.a1.!/; : : : ; am.!//, ! 2 ˝ , and the matrices B.!/ D Œbij .!/�, C.!/ D
Œcij .!/�, for each ! 2 ˝ .
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Theorem 3.24. Under assumptions (A1)–(A6), if there exists a vector v 
 0 with

�
A.!/ � B.!/F � C.!/G

	
v � 0 ; ! 2 ˝ ; (3.42)

and there is !0 2 ˝ such that

�
A.!0/ � B.!0/F � C.!0/G

	
v 
 0 ; (3.43)

then there are positive constants k and ˛ such that any solution z.t; x0/ of (3.39)
satisfies

lim
t!1 kz.t; x0/ � z.t; 0/k � lim

t!1 k e�˛ tkx0k D 0 :

In particular, if there are not external input functions, all the solutions tend to 0.

Proof. First of all, note that if ! 2 ˝ and x0 2 XC,

0 � u.t; !; x0/� u.t; !; 0/ D
Z 1

0

ux.t; !; 	 x0/ x0 d	

where ux.t; !; 	 x0/ x0 is the solution in X of the linearized equations along the
orbit of .!; 	 x0/ with initial value x0; the linearized equations being

y0
i .t/ D � ai .!�t/ yi .t/C

mX

jD1
bij .!�t/ f 0

j .zj .t; !; 	 x0// yj .t/

C
mX

jD1
cij .!�t/

Z 0

�r
g0
j .zj .t C s; !; 	 x0// yj .t C s/ d�ij .s/ ; i D 1; : : : ; m :

Now, consider the following family of monotone and linear systems for ! 2 ˝ ,

y0
i .t/ D � ai .!�t/ yi .t/C

mX

jD1
bij .!�t/ f 0

j .0/ yj .t/

C
mX

jD1
cij .!�t/ g0

j .0/

Z 0

�r
yj .t C s/ d�ij .s/ ; i D 1; : : : ; m ;

(3.44)

whose solution for each ! 2 ˝ and each initial condition x0 2 XC we denote
by ˚.t; !/ x0 2 XC. Under the concavity and convexity assumptions, we have
f 0
j .zj .t; !; 	 x0// � f 0

j .0/ and g0
j .zj .t C s; !; 	 x0// � g0

j .0/ for any t � 0 and
s � 0. Therefore, a standard argument of comparison of solutions leads to the upper
bound ux.t; !; 	 x0/ x0 � ˚.t; !; / x0 for each 	, and consequently

0 � u.t; !; x0/ � u.t; !; 0/ � ˚.t; !/ x0 :
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Next we prove the asymptotic convergence of ˚.t; !/ x0 to 0. For that, note that
conditions (3.42), (3.43) and Lemma 3.15 means that �k v defines a strong lower
solution for the family of monotone and linear (in particular concave) systems (3.44)
for each k > 0, or equivalently, a strong sub-equilibrium. Thus, given x0 2 XC
there exists k > 0 so that �k v � �x0 and from Theorem 3.16 we deduce that
the semiorbit with initial data .!;�x0/ approach exponentially the unique minimal
set K which, in this linear case, coincide with K D f.!; 0/ j ! 2 ˝g. Hence,
˚.t; !/ x0 ! 0 as t ! 1, as claimed, and limt!1 ku.t; !; x0/ � u.t; !; 0/k D
0. Analogously, we check that limt!1 ku.t; !; x0/ � u.t; !; 0/k D 0 for each
x0 2X�.

Finally, if x0 2 X , there are x�
0 2 X� and xC

0 2 XC such that x�
0 � x0 � xC

0 ,
and the monotonicity of the semiflow yields to

u.t; !; x�
0 / � u.t; !; x0/ � u.t; !; xC

0 /

for each t � 0 to finish the proof. ut
Next we provide a global attractivity result in XC for the neural networks under
consideration, assuming the external input functions to be nonnegative, and a similar
result in X� with nonpositive external input functions. We denote

eI� D inf
iD1;:::;m
t2R

eI i .t/ and eIC D sup
iD1;:::;m
t2R

eI i .t/ :

Theorem 3.25. Assume that (A1)–(A6) hold, that fj .0/ D gj .0/ D 0, j D
1; : : : ; m ; and eI� � 0 in (3.39). If, in addition, one of the following conditions
is satisfied

(i) For each i D 1; : : : ; m, there is a ti � 0 such that Ii .ti / > 0.
(ii) f 0

i .0/ > 0, g0
i .0/ > 0, i D 1; : : : ; m, there is a j 2 f1; : : :mg and tj � 0 such

that Ij .tj / > 0, and B.!/C C.!/ is an irreducible matrix for each ! 2 ˝ .
(iii) There exists a vector v 
 0 such that

�
A.!/ � B.!/F � C.!/G

	
v � 0 ; ! 2 ˝ I (3.45)

then, there is a unique solution z�.t/ 
 0 of (3.39) such that

lim
t!1 kz.t; x0/� z�.t/k D 0 for each x0 2 X with x0 
 0 :

Furthermore, the solution z�.t/ has the same recurrence property as that of the
coefficients, meaning for instance that if the coefficients of (3.39) are all almost
periodic, then this solution is almost periodic too.

Proof. (i) The proof relies on an application of Theorem 3.16. For that, since
eI� � 0 and fj .0/ D gj .0/ D 0 for j D 1; : : : ; m, we can simply take
a � 0 as a semicontinuous sub-equilibrium. In particular this implies that the
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set ˝ � XC is invariant for the dynamics. We claim that a � 0 is strong
sub-equilibrium. From I1.t1/ > 0 we deduce that there is !0 2 ˝ with
I1.!0/ > 0 and hence z0

1.0; !0; 0/ > 0, which implies that z1.t; !0; 0/ > 0

for t near 0. Since F.!; 0/ � 0 for each ! 2 ˝ , as in Lemma 3.15, denoting
by y.t/ D z.t; !0; 0/ we have y0.t/ � L.t/ yt with

L.t/ D
Z 1

0

Fx.!0�t; 	 u.t; !0; 0// d	 ;

and consequently, from a comparison argument and Lemma 5.1.3 in [105], we
deduce that z1.t; !0; 0/ > 0 for each t > 0. Analogously, if i > 1, from
Ii .ti / > 0 we deduce that there is t�i � 0 such that Ii .!0�t�i / > 0 and
zi .t; !0�t�i ; 0/ > 0 for each t > 0. We take t0 > r C maxft�2 ; : : : ; t�mg and
we check that u.t0; !0; 0/ 
 0, that is, ui .t0; !0; 0/.s/ D zi .t0 C s; !0; 0/ > 0

for each s 2 Œ�r; 0�, and i D 1; : : : ; m. It is already checked for i D 1. For
i > 2, from the monotonicity and the cocycle property of the semiflow we
deduce that

u.t0; !0; 0/ D u.t0 � t�i ; !0�t�i ; u.t�i ; !0; 0// � u.t0 � t�i ; !0�t�i ; 0/ ;

and hence ui .t0; !0; 0/.s/ � zi .t0�t�i Cs; !0 �t�i ; 0/ > 0 because t0�t�i Cs > 0.
Consequently, u.t0; !0; 0/ 
 0, and a � 0 is a strong sub-equilibrium. The
rest of the proof follows from Theorem 3.16. Note that in this case the result
holds for each x0 � 0.

(ii) As in (i), there is !0 2 ˝ such that zj .t; !0; 0/ > 0 for each t > 0. We fix
t1 > r . Since the matrix B.!0 �t1/ C C.!0�t1/ is irreducible, there is i ¤ j

such that bij .!0�t1/C cij .!0�t1/ > 0. If zi .t1; !0; 0/ > 0 we already know that
zi .t; !0; 0/ > 0 for each t > t1. If zi .t1; !0; 0/ D 0, from f 0.0/ > 0, g0.0/ > 0
we deduce that

z0
i .t1; !0; 0/ � �ai .!0�t/ zi .t1; !0; 0/C bij .!0�t1/ fj .zj .t1; !0; 0//

C cij .!0�t1/
Z 0

�r
gj .zj .t1 C s; !0; 0/ d�ij .s/ > 0 I

hence, zi .t; !0; 0/ > 0 near t1, and as before, zi .t; !0; 0/ > 0 for each t > t1.
Analogously, in a second step we fix t2 > t1 C r and we find k 2

f1; : : : ; mg�fi; j g such that zk.t; !0; 0/ > 0 for each t > t2. In a finite number
of steps, we conclude that there is a t0 > m r such that u.t0; !0; 0/ 
 0 and
a � 0 is a strong sub-equilibrium. Finally, Theorem 3.16 finishes the proof,
and as in (i), for each x0 � 0.

(iii) We claim that ıv, as a constant function from ˝ to R
m, defines a strong lower

solution for the family of systems (3.40) for sufficiently small ı > 0, or equiv-
alently, ıv, as a constant function from ˝ to X is a strong sub-equilibrium.
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It suffices to check that F.!; ıv/ 
 0 where here ıv is to be understood as
an element in X . By Taylor’s approximation theorem for the C 1 activation
functions, we can write fj .s/ D f 0

j .0/ s C "1j .s/ s and gj .s/ D g0
j .0/ s C

"2j .s/ s for certain functions "1j , "2j with lims!0 "
i
j .s/ D 0 for any j D

1; : : : ; m and i D 1; 2. Then, writing

Fi .!; ıv/ D ı

0

@�ai .!/ vi C
mX

jD1
bij .!/ f

0
j .0/ vj C

mX

jD1
cij .!/ g

0
j .0/ vj

C
mX

jD1
bij .!/ "

1
j .ıvj / vj C

mX

jD1
cij .!/ "

2
j .ıvj / vj

1

A C Ii .!/ ;

and taking (3.45) into account, it is easy to check that Fi .!; ıv/ > 0,
i D 1; : : : ; m, provided that ı > 0 is taken small enough. An application
of Theorem 3.16 for each ı proves the result. ut

Remark 3.26. Different conditions on the initial system of neural networks (3.39)
imply conditions (3.45) in Theorem 3.25. For example, with the notation eb�

ij D
inft2Rebij .t/, ec�

ij D inft2Recij .t/, and eaC
i D supt2Reai .t/, it is sufficient for

condition (3.45) to hold that for i D 1; : : : ; m,

eaC
i <

mX

jD1
eb�
ij f

0
j .0/C

mX

jD1
ec�
ij g

0
j .0/ :

The proof of the following result is analogous to the proof of Theorem 3.25, just
making the obvious modifications because of convexity instead of concavity.

Theorem 3.27. Assume that (A1)–(A6) hold, that fj .0/ D gj .0/ D 0, j D
1; : : : ; m ; and eIC � 0 in (3.39). If, in addition, one of the following conditions
is satisfied

(i) For each i D 1; : : : ; m, there is a ti � 0 such that Ii .ti / < 0.
(ii) f 0

i .0/ > 0, g0
i .0/ > 0, i D 1; : : : ; m, there is a j 2 f1; : : :mg and tj � 0 such

that Ij .tj / < 0, and B.!/C C.!/ is an irreducible matrix for each ! 2 ˝ .
(iii) There exists a vector v 
 0 such that condition (3.45) holds;

then, there is a unique solution z�.t/ � 0 of (3.39) such that

lim
t!1 kz.t; x0/� z�.t/k D 0 for each x0 2 X with x0 � 0 :

Furthermore, the solution z�.t/ has the same recurrence property as that of the
coefficients, meaning for instance that if the coefficients of (3.39) are all almost
periodic, then this solution is almost periodic too.



Non-autonomous Functional Differential Equations and Applications 237

4 Non-autonomous Cyclic FDEs with Infinite Delay

This section is devoted to the study of the dynamical properties of a monotone
skew-product semiflow determined by a family of functional differential equations
with infinite delay. Many essential results in the theory of monotone dynamical
systems deduced in the last decades require strong monotonicity. This condition
never holds when we consider infinite delay differential equations with the usual
order. Although the definition of an alternative order is possible in some particular
cases (see for instance Wu [116]), this explains the reason why monotone methods
have not been systematically applied to this kind of problems. We extend to this
context recent results with significative dynamical meaning which only require the
monotonicity of the semiflow.

Before considering this particular skew-product semiflow, we describe the
structure of the compact invariant sets obtained in Novo et al. [76], which becomes
essential to understand the global picture of the dynamics, for an abstract skew-
product semiflow .˝ � X; �;RC/ where .˝; �;R/ stands for a minimal flow on a
compact metric space and X is a complete metric space.

4.1 Stability and Extensibility Results for Omega-Limit Sets

As explained above, in this subsection we give some new results in the area of
topological dynamics for a continuous skew-product semiflow .˝ �X; �; RC/

� WRC �˝ �X �! ˝ �X ; .t; !; x/ 7! .!�t; u.t; !; x// ; (4.46)

over a minimal base flow .˝; �;R/ and a complete metric space .X;d/. In particular,
we extend classical stability and extensibility results to the case of a non-distal
base flow, which allow us to generalize in a straightforward way known results for
monotone semiflows induced by non-autonomous differential equations when the
flow in the base is only minimal.

To begin with, we state the definitions of uniform stability and uniform asymp-
totic stability for a compact �-invariant set K � ˝ �X .

Definition 4.1. Let C be a positively invariant and closed set in ˝ � X . A
compact positively invariant set K 	 C is uniformly stable (with respect to
C ) if for any " > 0 there exists a ı."/ > 0, called the modulus of uniform
stability, such that, if .!; x/ 2 K , .!; y/ 2 C are such that d.x; y/ < ı."/,
then d.u.t; !; x/; u.t; !; y// � " for all t � 0. K is uniformly asymptotically
stable if it is uniformly stable and besides, there exists a ı0 > 0 such that, if
.!; x/ 2 K , .!; y/ 2 C satisfy d.x; y/ < ı0, then, uniformly in .!; x/ 2 K ,
limt!1 d.u.t; !; x/; u.t; !; y// D 0.

Very often one deals with either C D ˝�X or C D K . If no mention to C is made,
we assume that it is the whole space, whereas if the restricted semiflow .K; �;RC/
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is said to be uniformly stable, we mean that C D K . Besides, as it is to be expected,
if C D ˝ � X , all the trajectories in a uniformly (asymptotically) stable set are
uniformly (asymptotically) stable.

Conversely, if a trajectory has some stability properties, its omega-limit set
inherits them: it is not difficult to prove that, if the semiorbit of certain .!; x/
is relatively compact and uniformly (asymptotically) stable, then the omega-limit
set of .!; x/ is a uniformly (asymptotically) stable set with the same modulus of
uniform stability as that of the semiorbit (see [96]).

Definition 4.2. We say that a compact �-invariant set K � ˝ �X which admits a
flow extension is positively (resp. negatively) fiber distal if for any ! 2 ˝ , any two
distinct points .!; x1/, .!; x2/ 2 K are positively (resp. negatively) distal, that is,
inft�0 d.u.t; !; x1/; u.t; !; x2// > 0 (resp. inft�0 d.u.t; !; x1/; u.t; !; x2// > 0).
The set K is fiber distal if it is both positively and negatively fiber distal, that is,
inft2R d.u.t; !; x1/; u.t; !; x2// > 0.

The next result, proved in [76], relates the property of uniform stability to that of
fiber distallity, provided that there exists a flow extension. The important topological
tool, known as the section map of a positively invariant setK � ˝�X , was already
recalled in subsection 3.2.

Theorem 4.3. Let K � ˝ � X be a compact �-invariant set admitting a flow
extension. If .K; �;R/ is uniformly stable as t ! 1, then it is a fiber distal flow
which is also uniformly stable as t ! �1. Furthermore, the section map for K ,
! 2 ˝ 7! K! D fx 2 X j .!; x/ 2 Kg 2 Pc.KX/, is continuous at every ! 2 ˝ .

The next step is to prove the same result without assuming that K has a flow
extension but considering the existence of backward extensions of semiorbits (see
also [76]).

Theorem 4.4. Let K � ˝ � X be a compact positively invariant set such that
every point of K admits a backward orbit. If the semiflow .K; �;RC/ is uniformly
stable, then it admits a flow extension which is fiber distal and uniformly stable as
t ! �1. Besides, the section map forK , ! 2 ˝ 7! K! 2 Pc.KX/, is continuous
at every ! 2 ˝ .

We can now easily state the theorem on the structure of uniformly asymptotically
stable sets admitting backward semiorbits. We prove that these sets K are N -
covers of the base flow, that is, maintaining the notation introduced for the section
map (3.17), card.K!/ D N for every ! 2 ˝ . Without distallity on the base flow,
we combine Theorem 4.4 with previous ideas by Sacker and Sell [91].

Theorem 4.5. Consider a compact positively invariant set K � ˝ � X for the
skew-product semiflow (4.46) and assume that every semiorbit in K admits a
backward extension. If .K; �;RC/ is uniformly asymptotically stable, then it is an
N -cover of the base flow .˝; �;R/.
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Proof. By Theorem 4.4 we know that K admits a flow extension which is fiber
distal. Let us fix any ! 2 ˝ and let us check that card.K!/ must be finite. Suppose
for contradiction that it is infinite. Then, we can take a sequence of pairwise distinct
elements fxng � K! such that limn!1 xn D x0 2 K! . Let ı0 > 0 be the positive
radius of attraction for K given in Definition 4.1. Choosing n sufficiently large, we
have that 0 < d.xn; x0/ < ı0, so that limt!1 d.u.t; !; xn/; u.t; !; x0// D 0, in
contradiction with the fiber distallity of K . Therefore, there is a finite N such that
card.K!/ D N .

Finally, it suffices to apply a classical result by Sacker and Sell (see Theorem 3
in [91]) or just the continuity of the section map proved in Theorem 4.4 to conclude
that it must be card.K!/ D N for all ! 2 ˝ , as we claimed. ut
As a consequence, we extend old results by Miller [65] and Sacker and Sell [91] on
the structure of omega-limit sets with an almost periodic minimal base flow, to the
case of a non-distal base flow.

Proposition 4.6. Let f�.t;e!;ex/ j t � 0g be a forward orbit of the skew-product
semiflow (4.46) which is relatively compact and let eK denote the omega-limit set of
.e!;ex/. The following statements hold:

(i) If eK contains a minimal set K which is uniformly stable, then eK D K and it
admits a fiber distal flow extension.

(ii) If the semiorbit is uniformly stable, then the omega-limit set eK is a uniformly
stable minimal set which admits a fiber distal flow extension.

(iii) If the semiorbit is uniformly asymptotically stable, then the omega-limit set eK
is a uniformly asymptotically stable minimal set which is an N -cover of the
base flow.

Proof. (i) We just need to show that eK 	 K . So, take an element .!; x/ 2 eK
and let us prove that .!; x/ 2 K . AsK is in particular closed, it suffices to see
that for any fixed " > 0 there exists .!; x�/ 2 K such that d.x; x�/ � ". Let
ı."/ > 0 be the modulus of uniform stability for K .

First of all, there exists sn " 1 such that limn!1.e!�sn; u.sn;e!;ex// D
.!; x/. Now, take a pair .!; x0/ 2 K 	 eK . Then, there exists a sequence
tn " 1 such that

.!; x0/ D lim
t!1.e!�tn; u.tn;e!;ex// :

As it is well-known, in omega-limit sets and in minimal sets there always exist
backward continuations of semiorbits. Then, we can apply Theorem 4.4 to
K so that the section map (3.17) turns out to be continuous at any point. As
e!�tn ! !, we deduce that Ke!�tn ! K! in the Hausdorff metric. Then, for
x0 2 K! there exists a sequence xn 2 Ke!�tn , n � 1, such that xn ! x0 as
n ! 1. Altogether, there exists n0 2 N such that d.u.tn0 ;e!;ex/; xn0/ < ı."/.
By the uniform stability,

d.u.t C tn0 ;e!;ex/; u.t;e!�tn0 ; xn0// � " for all t � 0 :
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In particular, if n1 is such that sn � tn0 � 0 for n � n1, we obtain that

d.u.sn;e!;ex/; u.sn � tn0 ;e!�tn0 ; xn0// � " for all n � n1 : (4.47)

Now, it remains to note that, as .e!�tn0 ; xn0/ 2 K , also �.sn � tn0 ;e!�tn0 ; xn0/ D
.e!�sn; u.sn � tn0 ;e!�tn0 ; xn0// 2 K for all n � n1. Therefore, there is a
convergent subsequence towards a pair .!; x�/ 2 K , and taking limits
in (4.47), we deduce that d.x; x�/ � ", as we wanted.

(ii) We already remarked that in this case eK is uniformly stable. The fact that it
is minimal is a straightforward consequence of (i). For the fiber distal flow
extension one just needs to apply Theorem 4.4.

(iii) It follows from previous comments as well as from Theorem 4.5. ut
Remark 4.7. Note that the stability and extensibility results obtained in this sub-
section allow us to extend many of the results of Shen and Yi [101] and Jiang and
Zhao [44], proved with distallity on the base, to the case of just a minimal base flow.

4.2 FDEs with Infinite Delay

Let .˝; �;R/ be a minimal flow over a compact metric space .˝; d/ and denote
�.t; !/ D !�t for each ! 2 ˝ and t 2 R. In R

m we take the maximum norm
kvk D maxjD1;:::;m jvj j and the usual partial order relation, already introduced in
section 3. We consider the Fréchet space X D C..�1; 0�;Rm/ endowed with the
compact-open topology, i.e., the topology of uniform convergence over compact
subsets, which is a metric space for the distance

d.x; y/ D
1X

nD1

1

2n
kx � ykn

1C kx � ykn ; x; y 2 X ;

where kxkn D sups2Œ�n;0� kx.s/k. The subset

XC D fx 2 X j x.s/ � 0 for each s 2 .�1; 0�g

is a normal positive cone in X and has an empty interior. As usual, a partial order
relation in X is induced, given by

x � y ” x.s/ � y.s/ for each s 2 .�1; 0� ;

x < y ” x � y and x ¤ y :

Let BU � X be the Banach space

BU D fx 2 X j x is bounded and uniformly continuousg
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with the supremum norm kxk1 D sups2.�1;0� kx.s/k. Given r > 0 we will denote

Br D fx 2 BU j kxk1 � rg :

As usual, given I D .�1; a� � R, t 2 I , and a continuous function z W I ! R
m,

zt will denote the element of X defined by zt .s/ D z.t C s/ for s 2 .�1; 0�.
We consider the family of non-autonomous infinite delay FDEs

z0.t/ D F.!�t; zt / ; t � 0 ; ! 2 ˝ ; (48)!

defined by a function F W˝ � BU ! R
m, .!; x/ 7! F.!; x/ satisfying the

following conditions:

(H1) The functions Fx W ˝ � BU ! L.BU;Rm/, .!; x/ 7! Fx.!; x/ and F are
continuous on ˝ � BU .

(H2) For each r > 0, F.˝ �Br/ is a bounded subset of Rm.
(H3) For each r > 0, F W˝ �Br ! R

m is continuous when we take the restriction

of the compact-open topology to Br , i.e., if !n ! ! and xn
d! x as n ! 1

with x 2 Br , then limn!1 F.!n; xn/ D F.!; x/.

From hypothesis (H1), the standard theory of infinite delay functional differential
equations (see [33]) assures that for each x 2 BU and each ! 2 ˝ the system (48)!
locally admits a unique solution z.t; !; x/with initial value x, i.e., z.s; !; x/ D x.s/

for each s 2 .�1; 0�. Therefore, the family (48)! induces a local skew-product
semiflow

� WRC �˝ � BU �! ˝ �BU ; .t; !; x/ 7! .!�t; u.t; !; x// ; (4.49)

where u.t; !; x/ 2 BU and u.t; !; x/.s/ D z.t C s; !; x/ for s 2 .�1; 0�.
As shown in [76], from hypotheses (H1) and (H2), each bounded solution

z.t; !0; x0/ provides a relatively compact trajectory for the compact-open topology.
We include the proof for completeness.

Proposition 4.8. Let .!0; x0/ 2 ˝ � BU . The following statements are equiva-
lent:

(i) z.t; !0; x0/ is a bounded solution, i.e., r D supt2R kz.t; !0; x0/k < 1.
(ii) The closureX fu.t; !0; x0/ j t � 0g is a compact subset of X for the compact-

open topology.

Moreover, the closure is a subset of BU .

Proof. (i) ) (ii). Consider the set F D fu.t; !0; x0/ j t � 0g � BU � X , with
the compact-open topology. According to Theorem 8.1.4. in Hino et al. [33], F is
relatively compact in X if, and only if, for every s 2 .�1; 0�F is equicontinuous
at s and F .s/ D fu.t; !0; x0/.s/ j t � 0g is relatively compact in R

m.
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The second condition holds, as ku.t; !0; x0/.s/k D kz.t C s; !0; x0/k � r for
any t � 0 and s � 0, i.e., F � Br . As for the equicontinuity, fix " > 0. Let ı1 > 0
be such that, if s; s0 2 .�1; 0� with js � s0j < ı1, kx0.s/ � x0.s

0/k � "=2, and let
ı2 D "=.2 c/, for the constant c D supfkF.!; x/k j .!; x/ 2 ˝ �Brg < 1, thanks
to (H2). Then, if we take s; s1 2 .�1; 0� with js� s1j < ı D min.ı1; ı2/ and s � s1
(the case s1 � s is analogous), we have that

ku.t; !0; x0/.s/ � u.t; !0; x0/.s1/k D kz.t C s; !0; x0/ � z.t C s1; !0; x0/k

�

8
ˆ̂̂
<̂

ˆ̂̂
:̂

kx0.t C s/� x0.t C s1/k � "

2
if t C s; t C s1 � 0I

c js � s1j � "

2
if t C s; t C s1 � 0I

kx0.t C s/� x0.0/k C kx0.0/� z.t C s1; !0; x0/k � " if s � �t � s1:

Note that the second case holds from the mean value theorem and (H2), and in
the last case we have combined the application of the mean value theorem and the
uniform continuity of the initial function x0. With this, we have actually proved that
F is uniformly equicontinuous on .�1; 0�.

(ii) ) (i). Since the initial data x0 2 BU is bounded, it follows from the
compactness of K D closureXfu.t; !0; x0/ j t � 0g and the continuity of the map
K ! R

m, x 7! x.0/.
To finish, we have to prove that the limit points of F remain inside BU .

Obviously for any limit point v, kvk1 � r , and we only have to check uniform

continuity. So, assume that for some sequence ftng � R
C, u.tn; !0; x0/

d! v. If
ftng is bounded and we suppose without loss of generality that tn ! t0 as n ! 1,
then, by continuity of the solution, it must be v D u.t0; !0; x0/ 2 BU . If ftng is
not bounded and again without loss of generality we put that tn ! 1 as n ! 1,
we easily get that v is Lipschitzian with the former Lipschitz constant c, and we are
done. ut
In addition, from hypotheses (H1), (H2) and (H3) and the next result, we can deduce
the continuity of the semiflow restricted to some compact subsets K � ˝ � BU

when the compact-open topology is considered in BU .

Proposition 4.9. Let f.!n; xn/g � ˝ � BR for some R > 0 be such that !n ! !

and xn
d! x with .!; x/ 2 ˝ � BR. If there is t > 0 such that u.t; !; x/ is defined,

then there is n0 such that u.t; !n; xn/ is defined for each n � n0 and u.t; !n; xn/
d!

u.t; !; x/.

Proof. If s � �t , u.t; !n; xn/.s/ � u.t; !; x/.s/ D xn.t C s/ � x.t C s/; and

xn
d! x. Thus, it suffices to show that u.t; !n; xn/.s/ ! u.t; !; x/.s/ uniformly for

s 2 Œ�t; 0� or, equivalently, z.s; !n; xn/ ! z.s; !; x/ uniformly for s 2 Œ0; t �.
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First, we claim that the result holds if z.t; !n; xn/ is defined for each n � 1 and
supfkz.s; !n; xn/k j s 2 Œ0; t �; n � 1g � r0 for some r0 > 0. In fact, the set
F D fz.�; !n; xn/jŒ0;t � j n � 1g � .C.Œ0; t �;Rm/; k � k1/ is uniformly bounded,
and it is uniformly equicontinuous, because of the mean value theorem and (H2).
Then, by Arzelà-Ascoli theorem, F is relatively compact. We just need to prove that
z.�; !; x/jŒ0;t � is its only limit point. So, assume for simplicity that z.s; !n; xn/ !
v.s/ uniformly on Œ0; t �. We extend the function v with continuity to all .�1; t � by

defining v.s/ D x.s/ for any s � 0. Then, it trivially holds that u.s; !n; xn/
d! vs

and vs 2 Br0 for every s 2 Œ0; t �. Now, for each n � 1, integrating in the equation it
satisfies, we have that for any s 2 Œ0; t �,

z.s; !n; xn/ D xn.0/C
Z s

0

F .!n�r; u.r; !n; xn// dr :

Because of (H2) we can apply Lebesgue convergence theorem, and because of the
continuity of the flow on ˝ and (H3), when we take limits we obtain that

v.s/ D x.0/C
Z s

0

F .!�r; vr / dr for every s 2 Œ0; t � :

As we have uniqueness of solutions for the initial value problem, it must be v.s/ D
z.s; !; x/ for every s 2 Œ0; t �, as we wanted to see.

Next, we take r1 � RC1 such that supfkz.s; !; x/k j s 2 Œ0; t �g < r1�1 and we
define a C1 function 'WRm ! R such that '.y/ D 1 if kyk � r1�1 and '.y/ D 0

if kyk � r1. We consider the new family

y0.s/ D F.!�s; ys/'.y.s// ; ! 2 ˝ : (4.50)

It is clear that y.s/ D z.s; !; x/ satisfies the equation for s 2 Œ0; t �. Moreover,
denoting as usual, by y.s; !n; xn/ the solution of (4.50) for !n with initial data xn,
y.t; !n; xn/ is defined for n � 1 and supfky.s; !n; xn/k j s 2 Œ0; t �; n � 1g � r1.
Then, we can apply the first part of the proof to deduce that y.s; !n; xn/ ! y.s/ D
z.s; !; x/ uniformly in Œ0; t �. Finally from kz.s; !; x/k < r1�1, there is n0 such that
ky.s; !n; xn/k < r1 � 1 for each n � n0 and s 2 Œ0; t �. Therefore, z.s; !n; xn/ D
y.s; !n; xn/ for s 2 Œ0; t �, and the proof is finished. ut
From Proposition 4.8, a bounded solution z.t; !0; x0/ provides a relatively compact
trajectory and we can define the omega-limit set as

O.!0; x0/ D f.!; x/ 2 ˝ �BU j 9 tn " 1 with !0�tn ! ! ; u.tn; !0; x0/
d! xg :

It is a positively invariant compact set, the restriction of the semiflow to O.!0; x0/
is continuous when the compact open topology is considered in BU , as shown in
Proposition 4.9, and it admits a flow extension because each trajectory has a unique
backward orbit (see [76]).
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Remark 4.10. A FDE with finite delay could be considered as a FDE with infinite
delay, extending the initial data to BU . The main difference is that, as explained
above, in infinite delay, omega-limit sets, and hence minimal sets always admit a
flow extension. Now we relate this fact with the minimal lifting skew-product flow,
introduced in subsection 2.4. Let .M; �;RC/ be a minimal semiflow for the skew-
product semiflow (3.16) induced by a FDE with finite delay, and the minimal lifting
skew-product flow .cM;b� ;R/. For .!; �/ 2 cM we consider .!; x/ 2 ˝ � BU ,
defined as x.s/ D �.s/, s � 0, and its omega-limit set fM D O.!; x/ � ˝ � BU
for the corresponding induced semiflow with infinite delay. It is easy to check that
cM and fM are isomorphic. That is, the infinite delay formulation extends to flows
those minimal semiflows of ˝ � C.Œ�r; 0�;Rm/ appearing in finite delay.

Next we characterize the omega-limit sets when a Lyapunov function exists.

Definition 4.11. Let V W˝ � BU � BU !R
C, .!; x; y/ 7!V.!; x; y/ be a con-

tinuous map for the norm in BU such that for each r > 0, V W˝ � Br � Br !R
C

is continuous when we take the restriction of the compact-open topology to Br ,

i.e., if !n ! ! and xn
d! x, yn

d! y, as n ! 1 with x, y 2 Br , then
limn!1 V.!n; xn; yn/ D V.!; x; y/. It is said that V is a Lyapunov function for
the skew-product semiflow (4.49) if it satisfies the following properties:

(1) V.!; x; y/ D 0 ) x.0/ D y.0/;
(2) V.!�t; u.t; !; x/; u.t; !; y// � V.!; x; y/ for each t � 0.

It is said that V is a strict Lyapunov function if, in addition:

(3) For each .!; x; y/ 2 ˝ � BU � BU with V.!; x; y/ ¤ 0, there is a
t0 (depending on !, x and y) such that V.!�t0; u.t0; !; x/; u.t0; !; y// <

V.!; x; y/.

Lemma 4.12. Let V be a strict Lyapunov function for the skew-product semi-
flow (4.49). Then for each .!0; x0/, .!0; y0/ 2 ˝ � BU with bounded trajectories

lim
t!1V.!0�t; u.t; !0; x0/; u.t; !0; y0// D 0 :

Proof. Note that the limit exists because of (2). Assume on the contrary that
it does not vanish and let tn " 1 be a sequence such that limn!1 !0�tn D
!0, limn!1.!0�tn; u.tn; !0; x0// D .!0; x

�
0 / and limn!1.!0�tn; u.tn; !0; y0// D

.!0; y
�
0 /. Hence, V.!0; x�

0 ; y
�
0 / ¤ 0 and since V is a strict Lyapunov function,

there is a t0 > 0 such that

V.!0�t0; u.t0; !0; x�
0 /; u.t0; !0; y

�
0 // < V.!; x

�
0 ; y

�
0 / :

Moreover, from V.!; x�
0 ; y

�
0 / D lim

n!1V.!0�tn; u.tn; !0; x0/; u.tn; !0; y0//
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V.!0; x
�
0 ; y

�
0 / > V.!0�t0; u.t0; !0; x�

0 /; u.t0; !0; y
�
0 //

D lim
n!1V.!0�.t0 C tn/; u.t0 C tn; !0; x0/; u.t0 C tn; !0; y0// ;

and if we choose a subsequence ftmng with tmn > tn C t0 we conclude that

V.!0; x
�
0 ; y

�
0 / > lim

n!1V.!0�tmn; u.tmn; !0; x0/; u.tmn; !0; y0// D V.!; x�
0 ; y

�
0 / ;

a contradiction. ut
Theorem 4.13. Let V be a Lyapunov function for the skew-product semiflow (4.49)
and a point .!0; x0/ 2 ˝ � BU such that its trajectory is bounded, and in
addition, limt!1 V.!0�t; u.t; !0; x0/; u.t; !0; x0// D 0. Then, its omega-limit set
K D O.!0; x0/ is minimal and .K; �;RC/ is uniformly stable.

If V is a strict Lyapunov function, then

(i) K is a copy of the base, that is, K D f.!; c.!// j ! 2 ˝g;
(ii) K is the only compact positively invariant set, and it is the global attractor, i.e.,

for each .!; x/ 2 ˝ �BU with relatively compact trajectory in X

lim
t!1 d.u.t; !; x/; c.!�t// D 0 :

Proof. First of all, note that from limt!1 V.!0�t; u.t; !0; x0/; u.t; !0; x0// D 0

we deduce that K � f.!; x/ j V.!; x; x/ D 0g. Since K is a compact set, V is
uniformly continuous on K , and we deduce that given " > 0 there is a ı1."/ > 0

such that, if .!; x/, .!; y/ 2 K and d.x; y/ � ı1."/ then V.!; x; y/ � ". Next,
we claim that given " > 0 there is a ı2."/ > 0 such that if .!; x/, .!; y/ 2 K

and V.!; x; y/ � ı2."/ then kx.0/ � y.0/k � ". Assume on the contrary that
there is "0 > 0 and a sequence .!n; xn/, .!n; yn/ 2 K with V.!n; xn; yn/ � 1=n

and kxn.0/ � yn.0/k > "0. For an adequate subsequence limj!1.!nj ; xnj / D
.!�; x�/, limj!1.!nj ; ynj / D .!�; y�/, and hence limj!1 V.!nj ; xnj ; ynj / D
V.!�; x�; y�/ D 0, which implies that x�.0/ D y�.0/ and contradicts that
kx�.0/� y�.0/k � "0.

Now, given " > 0 we take ı D ı1.ı2."//. Therefore, if .!; x/, .!; y/ 2 K with
d.x; y/ < ı we deduce that V.!�t; u.t; !; x/; u.t; !; y// � V.!; x; y/ � ı2."/ for
each t � 0. Hence kz.t; !; x/ � z.t; !; y/k � � for t � 0, from which it is easily
deduced that .K; �;RC/ is uniformly stable.

In addition, we prove that .!; x/, .!; y/ 2 K and V.!; x; y/D 0 imply xD y.
We take a sequence tn " 1 such that limn!1 !�tn D !. Since .K; �;RC/ is
uniformly stable, as shown in Theorem 3.3 in [76], there is a subsequence ftnj g
such that the map

U WK! ! K! ; z 7! U.z/ D lim
j!1 u.tnj ; !; z/
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is a homeomorphism. Since V.!�t; u.t; !; x/; u.t; !; y// � V.!; x; y/ D 0 for
each t � 0, we deduce that V.!�t; u.t; !; x/; u.t; !; y// D 0 and therefore
u.t; !; x/.0/ D u.t; !; y/.0/ for each t � 0. Consequently, u.t; !; x/.s/ D
u.t; !; y/.s/ for each s � 0 with t C s � 0, and from the definition of U we
conclude that U.x/.s/ D U.y/.s/, i.e., U.x/ D U.y/, which yields to x D y.
Then, as above, by contradiction we check that given " > 0 there is a ı3."/ > 0

such that if .!; x/, .!; y/ 2 K and V.!; x; y/ � ı3."/ then d.x; y/ � ".
Now we prove that K is a minimal set. Let M be a minimal subsetM � K . We

just need to show thatK 	 M . So, take an element .!; x/ 2 K and let us prove that
.!; x/ 2 M . As M is in particular closed, it suffices to see that for any fixed " > 0
there exists .!; x�/ 2 M such that d.x; x�/ � ". First of all, there exists sn " 1
such that limn!1.!0�sn; u.sn; !0; x0// D .!; x/. Now, take a pair .!; y/ 2 M and
a sequence tn " 1 such that

lim
n!1.!0�tn; u.tn; !0; x0// D .!; y/ : (4.51)

From Theorem 4.3 the section map for M is continuous at every ! 2 ˝ ,
hence M!0�tn ! M! , and there are .!0�tn; yn/ 2 M with limn!1.!0�tn; yn/ D
.!; y/, which together with (4.51) yields to the existence of an n0 such that
d.u.tn0; !0; x0/; yn0/ < ı1.ı3."// and V.!0�tn0 ; u.tn0 ; !0; x0/; yn0/ � ı3."/. There-
fore

V.!0�.t C tn0/; u.t C tn0 ; !0; x0/; u.t; !0�tn0; yn0// � ı3."/ :

for each t � 0. In particular, if n1 is such that sn � tn0 � 0 for n � n1, we obtain
that

V.!0�sn; u.sn; !0; x0/; u.sn � tn0 ; !0�tn0 ; yn0// � ı3."/ for all n � n1 : (4.52)

Now, it remains to note that, as .!0�tn0 ; yn0/ 2 M , also �.sn � tn0 ; !0�tn0 ; yn0/ D
.!0�sn; u.sn � tn0 ; !0�tn0 ; yn0// 2 M for all n � n1. Therefore, there is a convergent
subsequence towards a pair .!; x�/ 2 M , and taking limits in (4.52), we deduce
that V.!; x; x�/ � ı3."/ and hence, d.x; x�/ � ", as we wanted.

(i) We assume that V is a strict Lyapunov function and we check that K is a copy
of the base, that is cardK! D 1 for each ! 2 ˝ . We fix ! 2 ˝ . Assume on the
contrary that there is a pair .!; x1/, .!; x2/ 2 K with x1 ¤ x2. Let tn " 1 be
such that limn!1 !�tn D ! and limn!1.!�tn; u.tn; !; x1// D .!; x�

1 / 2 K ,
limn!1.!�tn; u.tn; !; x2// D .!; x�

2 / 2 K . From Theorem 4.3, K is fiber
distal; hence x�

1 ¤ x�
2 and V.!; x�

1 ; x
�
2 / ¤ 0. However, since V is a strict

Lyapunov function we deduce from Lemma 4.12 that V.!; x�
1 ; x

�
2 / D 0, a

contradiction. Therefore, x1 D x2 and K is a copy of the base, as claimed.
(ii) On the contrary assume the existence of two minimal subsetsM1 andM2. From

(i) they are copies of the base, that is, Mi D f.!; xi .!// j ! 2 ˝g, i D 1; 2.
We fix ! 2 ˝ . Since x1.!/ ¤ x2.!/, there is s0 � 0 such that x1.!/.s0/ ¤
x2.!/.s0/, and hence V.!�s0; x1.!�s0/; x2.!�s0// ¤ 0. As before, let tn " 1
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be such that limn!1 !�tn D !, from Lemma 4.12 we deduce that

lim
n!1V.!�.tn C s0/; u.tn; !�s0; x1.!�s0//; u.tn; !�s0; x2.!�s0/// D 0 ;

i.e., V.!�s0; x1.!�s0/; x2.!�s0// D 0, a contradiction. ThusM1 D M2 and there
is a unique minimal subset. Finally, for each .!; x/ 2 ˝ � BU with relatively
compact trajectory, O.!; x/ D K and limt!1 d.u.t; !; x/; c.!�t// D 0, as
stated.

ut
Remark 4.14. If the base flow is almost periodic and a strict Lyapunov function
exists, the previous theorem says that every relatively forward orbit is asymptotically
almost periodic.

The main problem for the construction of a Lyapunov function in the non-
autonomous case is the structure of the minimal subsets, as well as the continuous
variation of its section map with respect to time. This difficulty can be avoided in
the study of the stability of the null solution in the non-autonomous linear case.

4.2.1 Example: Linear Cellular Neural Networks with Infinite Delay

We apply the previous results on Lyapunov functions to study the behavior of the
solutions of the family of linear FDEs with infinite delay

z0.t/ D �a.!�t/ z.t/C b.!�t/
Z 0

�1
z.t C s/ ˛.s/ ds ; ! 2 ˝ ; (4.53)

satisfying:

(a1) a, b 2 C.˝;RC/.

(a2) ˛.s/ � 0 for each s 2 .�1; 0�,
Z 0

�1
˛.s/ ds D 1 and

Z 0

�1
s ˛.s/ ds < 1.

(a3) a.!/ �
Z 0

�1
b.!�.�s// ˛.s/ ds for each ! 2 ˝ .

(a4) There is e! 2 ˝ such that a.e!/ >
Z 0

�1
b.e!�.�s// ˛.s/ ds .

As usual, this family may have been constructed from a single almost periodic or
recurrent equation by a Bebutov process.

It is easy to check that if x 2BUC then z.t; !; x/� 0 for each t � 0, which
implies the monotonicity of the induced semiflow. In particular, this can be shown,
as explained in subsection 4.3, by checking the quasimonotone condition (H4). If in
addition, x.0/>0, it is shown that z.t; !; x/> 0 for each t > 0.
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We define V W ˝ � BUC � BUC ! R
C by V.!; x; y/ D W.!; x/CW.!; y/

with

W.!; x/ D x.0/C
Z 0

�1


Z 0

s

b.!�.r � s// x.r/ dr

�
˛.s/ ds :

It is easy to check that V satisfies the assumptions of continuity in Definition 4.11.
Moreover, V.!; x; y/ D 0 implies x.0/ D y.0/ D 0 and, since

W.!�t; xt / Dx.t/C
Z 0

�1


Z 0

s

b.!�.t C r � s// x.t C r/ dr

�
˛.s/ ds

Dx.t/C
Z 0

�1


Z t

tCs
b.!�.� � s// x.�/ d�

�
˛.s/ ds ;

from (a3) we deduce that

d

dt
W.!�t; u.t; !; x// D � a.!�t/ z.t; !; x/C b.!�t/

Z 0

�1
z.t C s; !; x/ ˛.s/ ds

C
Z 0

�1
Œb.!�.t � s// z.t; !; x/� b.!�t/ z.t C s; !; x/� ˛.s/ ds

D
"

�a.!�t/C
Z 0

�1
b.!�.t � s/ ˛.s/ ds

#
z.t; !; x/ � 0 ;

and, consequently V.!�t; u.t; !; x/; u.t; !; y// � V.!; x; y/ for each t � 0. In
particular, all the solutions with initial data x 2 BUC are bounded.

Moreover, from (a4) and the density of the trajectories in ˝ , there is a t0 � 0

depending on ! such that

a.!�t0/ >
Z 0

�1
b.!�.t0 � s// ˛.s/ ds ;

and hence, if we take x, y 2 BUC with V.!; x; y/ ¤ 0, i.e., x.0/ > 0 or y.0/ > 0,
we have V.!�t0; u.t0; !; x/; u.t0; !; y// < V.!; x; y/, i.e., V is a strict Lyapunov
function on ˝ � BUC �BUC.

Next, for each .!0; x0/ 2 ˝ � BUC, we know that

K D O.!0; x0/ � f.!; x/ 2 ˝ �BUC j V.!; x; x/ D 0g � f.!; x/ j x.0/ D 0g :

In addition, if .!; x/ 2 K , also .!�s; xs/ 2 K for each s � 0, and we deduce that
x.s/ D 0 for each s � 0, i.e, x D 0 and K D ˝ � f0g. We claim that it is a global
atractor, i.e, for each .!; x/ 2 BU

lim
t!1 u.t; !; x/ D 0
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for the compact open-topology, which implies that the null solution is uniformly
asymptotically stable. From Theorem 4.13 the result is true for each .!; x/ 2 ˝ �
BUC. Since the family is linear, the same may be said for .!; x/ 2 BU�. Finally,
if .!; x/ 2 ˝ �BU , there are x� 2 BU� and xC 2 BUC such that x� � x � xC,
which implies

u.t; !; x�/ � u.t; !; x/ � u.t; !; xC/

for each t � 0 to finish the proof.

4.3 Monotone FDEs with Infinite Delay

In this subsection, in addition to Hypotheses (H1)–(H3) we consider the
quasimonotone condition

(H4) If x; y 2 BU with x � y and xj .0/ D yj .0/ holds for some j 2 f1; : : : ; mg,
then Fj .!; x/ � Fj .!; y/ for each ! 2 ˝ .

From hypothesis (H4) the monotone character of the semiflow is deduced, that is,
for each ! 2 ˝ and x; y 2 BU such that x � y it holds that u.t; !; x/ � u.t; !; y/
whenever they are defined. The proof is completely analogous to the one given in
Theorem 2.6 of Wu [116] or Theorem 5.1.1 of Smith [105].

The techniques and conclusions derived in the in subsection 4.1 allow us to prove
results concerning the existence of minimal sets which are almost automorphic
extensions of the flow on the base. These minimal sets are copies of the base flow
assuming additional hypotheses of stability. More precisely, in [76] we extend previ-
ous results of Novo et al. [72], explained and stated in subsection 3.2, deducing the
presence of almost automorphic dynamics from the existence of a semicontinuous
semi-equilibrium which satisfies additional compactness conditions. In the present
situation it is natural to assume that the range of a semi-equilibrium is the set BU . If
the base .˝; �;R/ is almost periodic these methods ensure the existence of almost
automorphic minimal sets, which in many cases become exact copies of the base and
hence are almost periodic. We refer the reader to [76] but we include the definitions
and statements of the results for completeness.

Definition 4.15. A measurable map a W ˝ ! BU such that u.t; !; a.!// is
defined for any ! 2 ˝ , t � 0 is

(a) An equilibrium if a.!�t/ D u.t; !; a.!// for any ! 2 ˝ and t � 0,
(b) A super-equilibrium if a.!�t/ � u.t; !; a.!// for any ! 2 ˝ and t � 0, and
(c) A sub-equilibrium if a.!�t/ � u.t; !; a.!// for any ! 2 ˝ and t � 0.

We will call semi-equilibrium to either a super or a sub-equilibrium.
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Definition 4.16. A super-equilibrium (resp. sub-equilibrium) a W ˝ ! BU is
semicontinuous if the following properties hold:

(1) �a D closureX fa.!/ j ! 2 ˝g is a compact subset of X for the compact-open
topology, and

(2) Ca D f.!; x/ j x � a.!/g (resp. Ca D f.!; x/ j x � a.!/g) is a closed subset
of ˝ �X for the product metric topology.

An equilibrium is semicontinuous in any of these cases.

Note that considering a as a map from ˝ to X , it satisfies conditions (1) and (2)
of Definition 3.9. These topological properties are now enough to obtain almost
automorphic or almost periodic dynamics.

Proposition 4.17. Let a W ˝ ! BU be a semicontinuous semi-equilibrium and
assume that there is an !0 2 ˝ such that the solution z.t; !0; a.!0// is bounded,
i.e., closureX fu.t; !0; a.!0// j t � 0g is a compact subset of X for the compact-
open topology. Then:

(i) The omega-limit set O.!0; a.!0// contains a unique minimal set which is an
almost automorphic extension of the base flow.

(ii) If the orbit f�.t; !0; a.!0// j t � 0g is uniformly stable, then O.!0; a.!0// is a
copy of the base.

Proposition 4.18. Let a W ˝ ! BU be a semicontinuous semi-equilibrium
such that sup!2˝ ka.!/k1 < 1 and �a � BU . The following statements are
equivalent:

(i) �a D closureX fu.t; !; a.!// j t � 0; ! 2 ˝g is a compact subset of BU for
the compact-open topology.

(ii) For each ! 2 ˝ , the closureX fu.t; !; a.!// j t � 0g is a compact subset of
BU for the compact-open topology.

(iii) There is an !0 2 ˝ such that the closureX fu.t; !0; a.!0// j t � 0g is a
compact subset of BU for the compact-open topology.

Theorem 4.19. Let us assume the existence of a semicontinuous semi-equilibrium
a W ˝ ! BU satisfying sup!2˝ ka.!/k1 < 1, �a � BU and one of the
equivalent statements of Proposition 4.18. Then,

(i) There exists a semicontinuous equilibrium c W ˝ ! BU with c.!/ 2 �a for
any ! 2 ˝ .

(ii) Let !1 be a continuity point for c. Then, the restriction of the semiflow � to the
minimal set

K� D closure˝�X f.!1�t; c.!1�t// j t � 0g � Ca (4.54)

is an almost automorphic extension of the base flow .˝; �;R/.
(iii) K� is the only minimal set contained in the omega-limit set O.b!; a.b!// for

each point b! 2 ˝ .
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(iv) If there is a point e! 2 ˝ such that the trajectory f�.t;e!; a.e!// j t � 0g is
uniformly stable, then for each b! 2 ˝ ,

O.b!; a.b!// D K� D f.!; c.!// j ! 2 ˝g ;

i.e., it is a copy of the base determined by the equilibrium c of (i), which is a
continuous map.

In the study of cooperative and irreducible autonomous ODEs and FDEs with
finite delay, it is well known that the generic convergence of the solutions to
the set of equilibria is the essential result describing the global dynamics of the
corresponding semiflows. The example of subsection 2.3.2 shows that this kind
of results are not valid for non-autonomous and cooperative ordinary differential
equations. Consequently, the study of the non-autonomous case require new and
different arguments and techniques.

Next we obtain an infinite delay version of significative results proved by Jiang
and Zhao [44], again without the assumption of distal flow on the base. They
established the 1-covering property of omega-limit sets for monotone and uniformly
stable skew-product semiflows with the componentwise separating property of
bounded and ordered full orbits, where the ordered space is a product Banach space.
As a consequence, our results also hold for the finite delay case.

A componentwise separation property has been frequently considered for ordi-
nary and finite delayed cooperative differential equations (see [102,105]). We show
that this is also a natural condition for cooperative retarded differential equations
with infinite delay; in fact, can be deduced from Hypotheses (H1)–(H4).

Proposition 4.20. Under Hypotheses (H1)–(H4), if x; y 2 BU with x � y and
xi .0/ < yi .0/ holds for some i 2 f1; : : : ; mg, then zi .t; !; x/ < zi .t; !; y/ for each
! 2 ˝ and whenever they are defined.

Proof. We fix ! 2 ˝ and x; y 2 BU satisfying the assumptions in the statement.
We take ex D y C .x � y/ g with g W .�1; 0� ! R continuous, 0 � g � 1,
g.t/ D 0 if t � �1 and g.0/ D 1. Note that y�ex D .y�x/ g has compact support
and x � ex � y.

Let J D Œ0; T � be an interval of definition of z.t; !; y/ and z.t; !; x/, and hence,
also of z.t; !;ex/. We denote h.t/ D z.t; !; y/� z.t; !;ex/ for t 2 J D Œ0; T �. Then

h0.t/ D F.!�t; u.t; !; y//� F.!�t; u.t; !;ex//

D
Z 1

0

Fx.!�t; r u.t; !; y/C .1 � r/ u.t; !;ex// ht dr D L.t/ ht

where L.t/ W BU ! R
m is linear and continuous for the norm.

From Riesz representation theorem we obtain that for each ' of compact support,
i.e., i.e., 'i 2 Cc.�1; 0�, i D 1; : : : ; m,
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L.t/' D
Z 0

�1
Œd�.t/.s/� '.s/ ;

where �.t/ D Œ�ij .t/� is a matrix of real regular Borel measures �ij .t/ with finite
total variation j�ij .t/j.�1; 0� < 1, for all i , j 2 f1; : : : ; mg.

Next, we can express L.t/' as

L.t/' D D.t/ '.0/C
Z 0

�1
Œd�.t/.s/� '.s/ D D.t/ '.0/C eL.t/' ;

where D.t/ D diag .a1.t/; : : : ; am.t// with ai .t/ D �ii .t/.f0g/, �.t/ D Œ�ij .t/�

with �ij .t/ D �ij .t/ if i ¤ j , and �i i .t/.A/ D �ii .t/.A � f0g/ for each Borel set
A � .�1; 0�.

Moreover, from (H4) we deduce that whenever ' � 0 and 'i .0/ D 0 then
Li.t/' � 0, and from (H1) we know thatLWJ ! L.BU;Rm/ is continuous. Hence,
as in Lemma 5.1.2 in [105], it is shown that eL.t/' � 0 whenever ' � 0, and both
D and eL vary continuously with t .

Fix t > 0 and note that ht D u.t; !; y/ � u.t; !;ex/ � 0 has compact support
because ht .s/ D y.t C s/ � ex.t C s/ for each s � �t . Therefore,

h0
i .t/ D Li .t/ ht D ai .t/ hi .t/C eLi.t/ ht � ai .t/ hi .t/ ;

which implies, since hi .0/ D yi .0/ � exi .0/ > 0, that hi .t/ D zi .t; !; y/ �
zi .t; !;ex/ > 0 for each t 2 J . Finally, from x � ex and the monotonicity we deduce
that z.t; !; x/ � z.t; !;ex/ and hence, zi .t; !; x/ < zi .t; !; y/ for each t 2 J , as
claimed. ut
Definition 4.21. A forward orbit f�.t; !0; x0/ j t � 0g is said to be uniformly stable
in the ball Br 0 , if for every " > 0 there is a ı."/ > 0 such that, if s � 0 and
d.u.s; !0; x0/; x/ � ı."/ for certain x 2 Br 0 and u.s; !0; x0/ 2 Br 0 , then for each
t � 0,

d.u.t C s; !0; x0/; u.t; !0�s; x// D d.u.t; !0�s; u.s; !0; x0//; u.t; !0�s; x// � " :

We establish the 1-covering property of omega-limit sets when, in addition to
hypotheses (H1)–(H4), the uniform stability is assumed:

(H5) There is an r > 0 such that all the trajectories with initial data in Br are
uniformly stable inBr 0 for each r 0 > r , and relatively compact for the product
metric topology.

Theorem 4.22. Assume that Hypotheses (H1)–(H5) hold and let .!0; x0/ 2 ˝�Br
be such that K D O.!0; x0/ � ˝ � Br . Then K D O.!0; x0/ D f.!; c.!// j ! 2
˝g is a copy of the base and

lim
t!1 d.u.t; !0; x0/; c.!0�t// D 0 ;

where c W ˝ ! BU is a continuous equilibrium.
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Proof. For each ! 2 ˝ we define the map a.!/ on .�1; 0� by

a.!/.s/ D inffx.s/ j .!; x/ 2 Kg for each s � 0 : (4.55)

Then, we claim that aW˝!BU ,! 7! a.!/ is well-defined, it is a continuous super-
equilibrium with �a D closureX fa.!/ j ! 2˝g � BU , sup! 2˝ ka.!/k1 <1,
and it satisfies the equivalent statements of Proposition 4.18.

It is not hard to check that for any .e!;ex/ 2 K , ex is Lipschitzian with Lipschitz
constant L D supfkF.!; x/k j .!; x/ 2 ˝ � Br g. From this one can prove that
each a.!/ is also Lipschitzian with the same constant L and so, a.!/ 2 Br for any
! 2 ˝ (see Proposition 5.6 in [73] for more details). Then, it holds that �a is a
compact subset of X , and actually �a � BU .

Let us check that a defines a super-equilibrium. Note that, as a.!/ 2 Br , it
follows from hypothesis (H5) that u.t; !; a.!// exists for any ! 2 ˝ and t � 0.
Now, fix ! 2 ˝ and t � 0 and consider any .!�t; y/ 2 K . As we have a flow on
K , �.�t; !�t; y/ D .!; u.�t; !�t; y// 2 K and therefore, a.!/ � u.�t; !�t; y/.
Applying monotonicity, u.t; !; a.!// � y. As this happens for any .!�t; y/ 2 K ,
we get that u.t; !; a.!// � a.!�t/. Besides, as done in Proposition 5.6 in [73], we

have that, if !n ! ! and a.!n/
d! x, then a.!/ � x.

Now let us prove that a is continuous on ˝ . From hypothesis (H5) and
Proposition 4.6 we know that K is uniformly stable, and then Theorem 4.3 asserts
that the section map (3.17) forK , ! 2 ˝ 7! K! , is continuous at every ! 2 ˝ . Fix

! 2 ˝ and !n ! ! such that a.!n/
d! x. As we have just noted, a.!/ � x. On

the other hand, as K!n ! K! in the Hausdorff metric, for any y 2 K! there exist

xn 2 K!n , n � 1, such that xn
d! y. Then, .!n; xn/ 2 K implies that a.!n/ � xn

and taking limits, x � y. As again this happens for any y 2 K! , we conclude that
x � a.!/. In all, a.!/ D x, as wanted.

Hence, from Theorem 4.19 we deduce that there is a continuous equilibrium
c W ˝ ! BU such that for each b! 2 ˝ ,

O.b!; a.b!// D K� D f.!; c.!// j ! 2 ˝g : (4.56)

The definition of a yields to a.!/ � x for each .!; x/ 2 K and hence c.!/ � x

by the construction of c. As in [44] we prove that there is a subset J � f1; : : : ; mg
such that

ci .!/ D xi for each .!; x/ 2 K and i … J ;
ci .!/ < xi for each .!; x/ 2 K and i 2 J : (4.57)

It is enough to check that if ci .e!/.0/ D exi .0/ for some i 2 f1; : : : ; mg and
.e!;ex/ 2 K , then ci .!/ D xi for any .!; x/ 2 K . We first note that ci .e!/ D exi .
Otherwise, there would be s 2 .�1; 0� with ci .e!/.s/ < exi .s/. Then, since
ui .s;e!;ex/.0/ D exi.s/ because K admits a flow extension, u.t;e!; c.e!// D c.e!�t/
for each t 2 R because c is an equilibrium, and Proposition 4.20, we would
deduce that ci .e!/.0/<exi .0/, a contradiction. Next, asK is minimal from (H5) and
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Proposition 4.6, we take .!; x/2K and a sequence sn # �1 such that e!�sn !!

and u.sn;e!;ex/ d ! x. Then,

xi .0/ D lim
n!1 ui .sn;e!;ex/.0/ D lim

n!1exi .sn/

D lim
n!1 ci .e!/.sn/ D lim

n!1 ci .e!�sn/.0/ D ci .!/.0/ ;

and as before this implies that ci .!/ D xi , as wanted.
Let .!; x/ 2 K and define x˛ D .1 � ˛/ a.!/C ˛ x 2 Br � BU for ˛ 2 Œ0; 1�,

and
L D f˛ 2 Œ0; 1� j O.!; x˛/ D K�g :

If we prove thatL D Œ0; 1�, thenK D K�, J D ; and the proof is finished. From the
monotone character of the semiflow and since O.!; a.!// D K�, it is immediate
to check that if 0 < ˛ 2 L then Œ0; ˛� � L.

Next we show thatL is closed, that is, if Œ0; ˛/ � L then ˛ 2 L. From Hypothesis
(H5), f�.t; !; x˛/ j t � 0g is uniformly stable; let ı."/ > 0 be the modulus of
uniform stability for " > 0. Thus, we take ˇ 2 Œ0; ˛/ with d.x˛; xˇ/ < ı."/ and we
obtain d.u.t; !; x˛/; u.t; !; xˇ// < " for each t � 0. Moreover, O.!; xˇ/ D K�
and hence, there is a t0 such that d.u.t; !; xˇ/; c.!�t// < " for each t � t0. Then,
we deduce that d.u.t; !; x˛/; c.!�t// < 2 " for each t � t0 and O.!; x˛/ D K�, as
claimed.

Finally, we prove that the case L D Œ0; ˛� with 0 � ˛ < 1 is impossible. For
each i 2 J we consider the continuous map

K �! .0;1/ ; .e!;ex/ 7! exi .0/� ci .e!/.0/ :

Hence, there is an " > 0 such that exi .0/ � ci .e!/.0/ � " > 0 for each i 2 J and
.e!;ex/ 2 K . Moreover, since .e!�s; u.s;e!;ex// 2 K , ui .s;e!;ex/.0/ D exi .s/ for each
s � 0 because K admits a flow extension, and ci .e!/.s/ D ci .e!�s/.0/, we deduce
that exi .s/� ci .e!/.s/ � " > 0 for each s 2 .�1; 0� and .e!;ex/ 2 K .

As before, let ı."=4/ > 0 be the modulus of uniform stability for the trajectory
f�.t; !; x˛/ j t � 0g and take ˛ < � � 1 with d.x˛; x� / < ı."=4/. For each t � 0

we have ku.t; !; x˛/.0/ � u.t; !; x� /.0/k < "=4 and, as above, from O.!; x˛/ D
K� we deduce that there is a t0 � 0 such that ku.t; !; x˛/.0/ � c.!�t/.0/k < "=4

for each t � t0. Consequently, for each t � t0

ku.t; !; x� /.0/� c.!�t/.0/k < "

2
: (4.58)

Let .e!;ex/ 2 O.!; x� /, i.e., .e!;ex/ D limn!1.!�tn; u.tn; !; x� // for some tn " 1.
The monotonicity and c.!/ � x� imply that c.!�tn/ � u.tn; !; x� /, which yields
to c.e!/ � ex. Moreover, from c.!/ � x� � x we have c.!�tn/ � u.tn; !; x� / �
u.tn; !; x/ and hence from (4.57) we deduce that ci .!�tn/ D ui .tn; !; x� / for each
i … J . This yields to ci .e!/ D exi for i … J . Given any .e!; z/ 2 K , from (4.57) we
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know that ci .e!/ D zi for each i … J and, as shown above,

zi .s/ � ci .e!/.s/ � " for each s 2 .�1; 0� and i 2 J : (4.59)

From (4.58) there is an n0 such that 0 � ui .tn; !; x� /.0/ � ci .!�tn/.0/ < "=2 for
each n � n0, and consequently, 0 � exi .0/ � ci .e!/.0/ � "=2. As before, since
this is true for each .e!;ex/ 2 O.!; x� / admitting a flow extension, we deduce that
0 � exi .s/ � ci .e!/.s/ � "=2 for each s 2 .�1; 0� and i 2 J , which combined
with (4.59) and ci .e!/ D exi D zi for i … J show that c.e!/ � ex � z. Since this holds
for each .e!; z/ 2 K , the definition of a provides c.e!/ � ex � a.e!/. From (4.56)
we know that O.e!; a.e!// D K� and therefore O.e!;ex/ D K� 	 O.!; x� /. Once
more from (H5) and Proposition 4.6 we conclude that O.e!;ex/ D O.!; x� / D K�,
a contradiction. Therefore,L D Œ0; 1�, i.e., J D ; and O.!0; x0/ D K�, as stated.

ut
Jiang and Zhao [44] and Hu and Jiang [38] apply this theorem to the study of

families of monotone ODEs and FDEs with finite delay. Another application of this
result to comparable skew-product semiflows, which agree with eventually strongly
monotone semiflows on minimal sets, can be found in Cao et al. [14].

4.4 Compartmental Systems

Compartmental systems have been widely used as a mathematical model for
the study of the dynamical behavior of many processes in biological and phys-
ical sciences which depend on local mass balance conditions (see Jacquez and
Simon [41, 42] for a review of compartmental systems with or without delay,
Györi [29], Györi and Eller [30] and Wu and Freedman [118]).

In this subsection, we apply the previous result, that is, the 1-covering property
of omega-limit sets, to show that the solutions of a compartmental system given
by a monotone FDE with infinite delay are asymptotically of the same type as the
transport functions.

Firstly, we introduce the model with which we are going to deal as well as
some notation. Let us suppose that we have a system formed by m compartments
C1; : : : ; Cm, denote by C0 the environment surrounding the system, and by zi .t/
the amount of material within compartment Ci at time t for each i 2 f1; : : : ; mg.
Material flows from compartment Cj into compartment Ci through a pipe Pij
having a transit time distribution given by a positive regular Borel measure �ij
with finite total variation �ij .�1; 0� D 1, for each i , j 2 f1; : : : ; mg. Let
egij W R � R ! R

C be the so-called transport function determining the volume
of material flowing from Cj to Ci given in terms of the time t and the value of zj
in t for i 2 f0; : : : ; mg; j 2 f1; : : : ; mg. For each i 2 f1; : : : ; mg, we will assume
that there exists an incoming flow of material eI i from the environment into the
compartment Ci which only depends on time.



256 S. Novo and R. Obaya

Thus, taking into account that the change of the amount of material of any
compartment Ci , 1 � i � m, equals to the difference between the amount of
total influx into and total outflux out of Ci , we obtain a model governed by the
the following system of infinite delay differential equations:

z0
i .t/D �eg0i .t; zi .t//�

nX

jD1
egj i .t; zi .t//C

nX

jD1

Z 0

�1
egij .tCs; zj .tCs// d�ij .s/CeI i .t/;

(4.60)
i 2 f1; : : : ; mg. For simplicity, we denote egi0 W R � R ! R

C; .t; v/ 7! eI i .t/ for
each i 2 f1; : : : ; mg and let eg D .egij /i;j W R � R ! R

m.mC2/. We will assume
that:

(C1) eg isC1-admissible, i.e.,eg isC1 in its second variable andeg, @
@veg are uniformly

continuous and bounded on R � fv0g for all v0 2 R.
(C2) All the component of eg are monotone in the second variable, and egij .t; 0/ D 0

for each t 2 R, i 2 f0; : : : ; mg and j 2 f1; : : : ; mg.
(C3) eg is a recurrent function, i.e., its hull is minimal.
(C4) �ij .�1; 0� D 1 and

R 0
�1 jsj d�ij .s/ < 1.

As usual, we include the non-autonomous system (4.60) into a family of non-
autonomous FDEs with infinite delay of the form (48)! as follows.

Let ˝ be the hull of eg, namely, the closure of the set of mappings fegt j t 2 Rg,
with egt .s; v/ D eg.t C s; v/, .s; v/ 2 R

2, with the topology of uniform convergence
on compact sets, which from (C1) is a compact metric space. Let .˝; �;R/ be the
continuous flow defined on ˝ by translation, � W R � ˝ ! ˝ , .t; !/ 7! !�t ,
with !�t.s; v/ D !.t C s; v/. By hypothesis (C3), the flow .˝; �;R/ is minimal. In
addition, if eg is almost periodic (resp. almost automorphic) the flow will be almost
periodic (resp. almost automorphic). Note that these two cases are included in our
formulation.

Let g W ˝ � R ! R
m.mC2/; .!; v/ 7! !.0; v/, continuous on ˝ � R and denote

g D .gij /i;j . It is easy to check that, for all! D .!ij /i;j 2 ˝ and all i 2 f1; : : : ; mg,
!i0 is a function dependent only on t ; thus, we can define Ii D !i0; i 2 f1; : : : ; mg.
Let F W ˝ � BU ! R

m be the map defined by

Fi.!; x/ D �g0i .!; xi .0//�
mX

jD1
gj i .!; xi .0//C

mX

jD1

Z 0

�1
gij .!�s; xj .s// d�ij .s/CIi .!/;

for .!; x/ 2 ˝ � BU and i 2 f1; : : : ; mg. Hence, the family

z0.t/ D F.!�t; zt / ; t � 0 ; ! 2 ˝ ; (61)!

includes system (4.60) when ! D eg.
It is easy to check that this family satisfies hypotheses (F1)–(F4). Next we will

study some cases in which hypothesis (F5) is satisfied. In order to do this, we define
M W˝ � BU ! R, the total mass of the system (61)! as
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M.!; x/ D
mX

iD1
xi .0/C

mX

iD1

mX

jD1

Z 0

�1

�Z 0

s

gj i .!�r; xi .r// dr
�
d�ji .s/ ; (4.62)

for all ! 2 ˝ and x 2 BU , which is well defined from condition (C4). The next
result shows the continuity properties of M and its variation along the flow.

Proposition 4.23. The total mass M is a uniformly continuous function on all the
sets of the form ˝ � Br with r > 0 for the product metric topology. Moreover, for
each .!; x/ 2 ˝ � BU and each t � 0

M.!�t; zt .!; x// D M.!; x/C
mX

iD1

Z t

0

ŒIi .!�s/ � g0i .!�s; zi .s; !; x//� ds :
(4.63)

In the case of closed systems, that is, without incoming and outgoing flow from
and to the environment, the total mass is constant and hence all the solutions are
bounded. Of course, the existence of bounded solutions is possible in more general
situations.

Theorem 4.24. Under Assumptions (C1)–(C4), if there exists !0 2 ˝ such
that (61)!0 has a bounded solution, then all solutions of (61)! are bounded as well,
hypothesis (H5) holds, and all omega-limit sets are copies of the base.

Proof. First of all, note that the existence of a bounded solution z.t; !0; x0/ implies,
by considering the omega-limit of .!0; x0/, the existence of a bounded solution
of (61)! for each ! 2 ˝ .

As explained before, from hypothesis (H4) the monotone character of the
semiflow is deduced, that is, for each! 2 ˝ and x; y l2BU such that x�y it holds
that u.t; !; x/ � u.t; !; y/ whenever they are defined. Therefore, zi .t; !; x/ �
zi .t; !; y/ for each i D 1; : : : ; m. In addition, the monotonicity of transport
functions yields gij .!; zj .t; !; x// � gij .!; zj .t; !; y// for each ! 2 ˝ . From
all these inequalities, (4.62) and (4.63) we deduce that

0 � zi .t; !; y/ � zi .t; !; x/ � M.!�t; zt .!; y// �M.!�t; zt .!; x//
� M.!; y/�M.!; x/ ;

for each i D 1; : : : ; m and whenever z.t; !; x/ and z.t; !; y/ are defined. Hence,
from the uniform continuity of the total mass M , given " > 0 there is a ı > 0

such that kz.t; !; y/ � z.t; !; x/k < " provided that x, y 2 Br , d.x; y/ < ı and
x � y. The case in which x and y are not ordered follows easily from this one, by
taking the supremum and the infimum of x and y. Hence, this fact, together with the
existence of a bounded solution of (61)! for each ! 2 ˝ , yields to the boundedness
of all solutions.

Let .!; x/ 2 ˝ �BU and r 0 > 0 such that zt .!; x/ 2 Br 0 for all t � 0. Then, as
above, we deduce that given " > 0 there exists a ı > 0 such that
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kz.t C s; !; x/ � z.t; !�s; y/k D kz.t; !�s; zs.!; x// � z.t; !�s; y/k < "

for all t � 0 whenever y 2 Br 0 and d.zs.!; x/; y/ < ı, which shows the uniform
stability of the trajectories in Br 0 for each r 0 > 0, hypothesis (H5) holds for all
r > 0, and Theorem 4.22 applies for all initial data, which finishes the proof. ut
The above statement is compatible with the presence of a unique minimal set which
is globally asymptotically stable, and also with the existence of infinitely many
minimal sets.

Concerning the solutions of the original compartmental system, we obtain the
following result providing a non trivial generalization of the autonomous case,
in which the asymptotically constancy of the solutions was shown (see [118]).
Although the theorem is stated in the almost periodic case, similar conclusions
are obtained changing almost periodicity for periodicity, almost automorphy or
recurrence, that is, all solutions are asymptotically of the same type as the transport
functions.

Theorem 4.25. Under Assumptions (C1)–(C4) and in the almost periodic case,
if there is a bounded solution of (4.60), then there is at least an almost periodic
solution and all the solutions are asymptotically almost periodic. For closed
systems, i.e., eI i � 0 and eg0i � 0 for each i D 1; : : : ; m, there are infinitely many
almost periodic solutions and the rest of them are asymptotically almost periodic.

Proof. The first statement is an easy consequence of the previous theorem. We
take !0 D eg. The omega-limit of each solution z.t; !0; x0/ is a copy of the base
O.!0; x0/ D f.!; x.!// j ! 2 ˝g and hence, z.t; !0; x.!0// D x.!0�t/.0/ is an
almost periodic solution of (4.60) and

lim
t!1 kz.t; !0; x0/� z.t; !0; x.!0//k D 0 :

The statement for closed systems follows in addition from (4.63), which implies
that the mass is constant along the trajectories. Hence, there are infinitely many
minimal subsets because from the definition of the mass, given c > 0 there is an
.!0; x0/ 2 ˝ � BUC such that M.!0; x0/ D c and hence M.!; x/ D c for each
.!; x/ 2 O.!0; x0/. ut
It is important to mention that the papers by Múñoz-Villarragut et al. [67], Novo et
al. [77], and Obaya and Villarragut [84] improve the theory stated here. They contain
an study of the compartmental geometry for the standard ordering and they analyze
compartmental systems described by neutral functional differential equations with
infinite delay which are monotone for the exponential ordering.
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Twist Mappings with Non-Periodic Angles

Markus Kunze and Rafael Ortega

Abstract Consider an annulus A with coordinates .�; r/, � C 2� � � , r 2 Œa; b�.
A map .�; r/ 7! .�1; r1/ is twist if it satisfies @�1

@r
> 0. Twist maps have been

extensively studied and they are useful to understand the dynamics of autonomous or
periodic Hamiltonian systems. In this course we study twist maps without assuming
periodicity in � . In other words, the annulusA is replaced by a strip S D R� Œa; b�.
This new class of twist maps can be applied to the study of generalized standard
maps or ping-pong models with a general non-autonomous time dependence.

1 Introduction

Consider the map
f W �1 D F.�; r/; r1 D G.�; r/:

The functions F and G are defined for � 2 R, r 2�a; bŒ, and satisfy the periodicity
conditions

F.� C 2�; r/ D F.�; r/C 2�; G.� C 2�; r/ D G.�; r/: (1)

After the identification � C 2� � � , the domain of f can be interpreted as an
annulus or a cylinder. Let us think that it is a cylinder with vertical coordinate r .
We say that the map f has twist if
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@F

@r
> 0;

and it is exact symplectic if the differential form r1d�1 � rd� is exact. This means
that there exists a smooth function H D H.�; r/ that is 2�-periodic in � and
such that

r1d�1 � rd� D dH:

The above definitions have simple geometrical interpretations which will be
discussed later. The reversed inequality @F

@r
< 0 is also admissible as a twist

condition.
Exact symplectic twist maps play an important role in the qualitative theory of

Hamiltonian systems of low dimension. See [4, 7, 11, 26] for the general theory and
[3,9,17,27,34,36–38] for applications. Typically these maps appear in the study of
systems of the type

Pq D @H

@p
; Pp D �@H

@q
; .q; p/ 2 R

2d ;

in the cases

• 2 degrees of freedom and autonomous, d D 2 and H D H .q; p/

• 1 degree of freedom and time periodic, d D 1 and H D H .t; q; p/with H .tC
2�; q; p/ D H .t; q; p/.

The second case is sometimes referred to as the case of 1:5 degrees of freedom. The
periodicity in time is usually employed to guarantee the periodicity of the angle �
in the associated twist map. In this course we will show that twist maps are also
useful in the study of Hamiltonian systems with one degree of freedom but with
general dependence on time. The key point will be to change the domain of the
map f : Instead of a cylinder we will work on the horizontal strip �1 < � < 1,
a < r < b, without any periodicity assumption on the angle � . Before entering into
the details we will discuss some results at an intuitive (non-rigorous) level. This will
be useful to describe the contents of the course.

Let us start with the integrable twist map

T W �1 D � C '.r/; r1 D r;

where ' W Œa; b� ! R is a smooth function such that ' 0 > 0. This map has twist
( @F
@r

D ' 0) and it is exact symplectic on the cylinder. To check this last property
we notice that r1d�1 � rd� D d˚ where ˚ D ˚.r/ is a primitive of the function
r' 0.r/. The function I.�; r/ D r is a first integral, that is I.�1; r1/ D I.�; r/, and
each circle r D r� is invariant under T . The twist condition implies that the rotation
number ! D '.r�/ associated to each of these circles increases with r�. When the
rotation number ! is commensurable with 2� , say !

2�
D p

q
in reduced form, then all

orbits in the invariant circle are periodic and satisfy �nCq D �n C 2�p, rnCq D rn.
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On the contrary, when !
2�

is irrational, orbits are quasi-periodic with frequencies 2�
and !. A key property of the map T is that many of its invariant sets persist under
small perturbations in the class of exact symplectic twist mappings. This is a delicate
theory because there are different cases depending on the arithmetic properties of
!. Given a compact interval Œ'�; 'C� with '.aC/ < '� < 'C < '.b�/ and a
small perturbation T� of T in the class of exact symplectic twist maps, then for
each ! 2 Œ'�; 'C�, ! commensurable with 2� , there are at least two periodic
orbits with rotation number !. This is a consequence of the Poincaré–Birkhoff
theorem (see[2, 29]). In the case where ! is not commensurable with 2� there are
two possibilities: Either the invariant curve associated to ! persists and all motions
on this curve are quasi-periodic with frequencies 2� and !, or the invariant circle
breaks down and an invariant Cantor set appears. The dynamics of the Cantor set is
of Denjoy type and has rotation number !. These are consequences of KAM and
Aubry–Mather theories (see [3, 22, 34]).

PB

KAM

AM

In the above discussions it is essential that the perturbation T� is exact symplectic.
In the cylinder r 2� � 1; 1Œ and for � > 0 the map

T�;1 W �1 D � C '.r/; r1 D .1 � �/r;

has no invariant set with rotation number ! ¤ 0, and the map

T�;2 W �1 D � C '.r/; r1 D r C �;

has no invariant sets at all.
All the previously mentioned results can be derived from by now classical

theorems in the theory of twist maps. Let us now go to a less standard situation
and consider maps f on the strip �1 < � < C1, r 2�a; bŒ. In particular
the periodicity conditions on F and G as imposed before will in general be
dropped. The twist condition still makes sense and we replace the concept of exact
symplectic map in the cylinder with the following definition. The map f on the
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strip is E-symplectic if the differential form r1d�1 � rd� is exact and its primitive
H D H.�; r/ is bounded on each region R � ŒA;B� with a < A < B < b. Notice
that now the functionH is not periodic in � and so this boundedness condition is not
automatic. The integrable twist map T is E-symplectic because the function ˚ is
bounded on compact intervals. The sets r D r�, invariant under T , are now straight
lines where the orbits move with increasing velocities as r� goes from a to b. The
rotation number is recovered from the limit

lim
jnj!1

�n

n
; (2)

which exists for each orbit .�n; rn/n2Z and coincides with ! D '.r�/. Assuming that
the strip is wide enough, we will prove that there is still some persistence of invariant
sets for small perturbations of T in the class ofE-symplectic maps. In particular we
will prove the existence of complete orbits which are bounded in the variable r .
However, it does not seem possible to associate a rotation number to these sets. As
an example consider for � > 0 the map

T�;3 W �1 D � C r; r1 D r C �

1C �21
;

where r 2�a; bŒ for 0 < a < b. All orbits of this map are strictly increasing in �
and so rotation numbers cannot exist, at least if they are understood in the sense
of (2). On the other hand this map is an E-symplectic perturbation of T . Actually,
r1d�1 � rd� D dH with

H.�; r/ D 1

2
r2 C � arctan �1:

These results on perturbations of the map T have many consequences. As an
application to mechanical problems we can consider the following ping-pong
game. Two players move their rackets (� parallel moving walls) according to
known protocols, say x D �1.t/ and x D �2.t/ with �1.t/ < �2.t/. The ball is hit
alternatively by the players and all impacts are assumed to be perfectly elastic.

x = 1(x)r x = 2(t)r

In the absence of gravity the motion of the ball is described by a Hamiltonian
system with one degree of freedom defined by
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H .t; q; p/ D 1

2
p2 C V.t; q/ with V.t; q/ D

�
0 W �1.t/ � q � �2.t/

C1 W otherwise
:

The question is to decide whether the velocity of the ball remains bounded or can
become arbitrarily large. For simplicity we assume that one of the walls is fixed, say
�1 � 0. Then we can consider the successor map .t0; v0/ 7! .t1; v1/, associating
consecutive impacts against the fixed wall. Times of impact are t0, t1 and velocities
after impacts are v0 � 0, v1 � 0. Ideally we would like to determine if sup vn <
C1 or sup vn D C1, for each sequence of iterates .tn; vn/. When the function
�2.t/ is 2�-periodic, the successor map satisfies the periodicity conditions (1) and
it seems reasonable to interpret t0 as an angle. However, the successor map is not
E-symplectic. A computation shows that the form v21dt1 � v20dt0 is closed and this
fact suggests the use of new variables: time t0 and kinetic energy E0 D 1

2
v20. With

the identification � D t0 and r D E0, the map .t0; E0/ 7! .t1; E1/ becomes exact
symplectic when �2 is periodic and E-symplectic in the non-periodic case. These
properties hold for large energies, as well as the twist condition

@t1

@E0
< 0 if E0 � 0:

The intuition behind this formula is that the time employed by the ball to go back
to the fixed wall will decrease as the energy increases. We have reformulated our
problem in terms of an exact symplectic twist map but in general this map is not a
perturbation of the integrable twist map. The symplectic change of variables

�.t/ D
Z t

0

ds

�2.s/
; W D �2.t/

2E;

leads to a new map .�0;W0/ 7! .�1;W1/ which is close to T for '.W / D
q

2
W

andW0 large enough. The results on twist maps described previously are applicable
and many consequences for the ping-pong model can be deduced. When �2.t/ is
a 2�-periodic and smooth function, say of class C5, KAM theory implies that the
map has invariant curves in W0 � 0. These curves act as barriers for the orbits
.�n;Wn/ so that all motions have bounded velocity. A complete proof of this result
can be found in [17] and some extensions to the quasi-periodic case with diophantine
conditions can be found in [38]. The use of KAM theory forces the assumption
on the smoothness of �2. An ingenious example in [37] shows that motions with
unbounded velocity can exist for certain functions �2.t/ which are still periodic
but only continuous. Without the periodicity assumption, motions with unbounded
velocity can exist even if �2.t/ is very smooth. Examples are constructed in [16].
Also in that paper it is proved that there exist infinitely many motions with bounded
velocity when �2 2 C3.R/ satisfies k�.k/2 k1 < 1 for k D 0; 1; 2; 3. Moreover,
unbounded motions remain close to some of these bounded motions for arbitrarily
long periods of time.
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The plan of these notes is as follows. First we will discuss the theory of twist
maps in the plane and present a result on the persistence of bounded orbits. The
notion of generating function will be crucial. This is a classical tool in mechanics
which allows to representE-symplectic maps in terms of one single function. Some
connections between generating functions and the Calculus of Variations will be
discussed. We will restrict ourselves to the variational framework associated to
Newtonian equations. Finally the general theory will be applied to the study of
a ping-pong model. The one mentioned before is technically difficult, so we will
analyze a simpler variant which only involves one single racket and gravity. The
notes are concluded with some bibliographical comments.

2 Symplectic Maps in the Plane and in the Cylinder

We will work on the plane R
2 with cartesian coordinates .�; r/. Sometimes we will

also work on the cylinder T � R with T D R=2�Z. A generic point in the cylinder
will be denoted by .�; r/ with � D � C 2�Z. The covering map p W R2 ! T � R,
.�; r/ 7! .� ; r/, is useful to lift maps from the cylinder to the universal covering R

2.
Let us start with the plane. We work with Ck embeddings, k � 1, defined on a

strip ˙ D R��a; bŒ, �1 � a < b � C1. More precisely, consider a Ck map

f W ˙ � R
2 ! R

2; .�; r/ 7! .�1; r1/;

satisfying

(i) f is one-to-one
(ii) detf 0.�; r/ ¤ 0 8.�; r/ 2 ˙:

The class of these maps will be denoted by E 1.˙/. A map f 2 E 1.˙/ is called
symplectic if it preserves the differential form ! D d� ^dr . This means that, in the
set ˙ ,

d�1 ^ dr1 D d� ^ dr: (3)

If we express the map f in coordinates

�1 D F.�; r/; r1 D G.�; r/;

then the condition (3) can be reformulated as

detf 0 D @F

@�

@G

@r
� @F

@r

@G

@�
D 1 on ˙:

This is the classical definition of area-preserving map.

Exercise 2.1. Prove that f 2 E 1.˙/ is symplectic if and only if the two conditions
below hold:
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(a) f is orientation-preserving
(b) For each (Lebesgue) measurable set ˝ � ˙ , the image ˝1 D f .˝/ is also

measurable and �.˝/ D �.˝1/. Here � is the Lebesgue measure in the plane.

Given f 2 E 2.˙/ we consider the 1-form

˛ D r1d�1 � rd�:

Then d˛ D �d�1 ^ dr1 C d� ^ dr and so ˛ is closed if and only if f is sym-
plectic. The strip ˙ is contractible and therefore closed and exact forms coincide.
In particular, if f is symplectic there must exist a function H with ˛ D dH .
After taking differentials in this identity we conclude that the converse is also true.
Summing up, a map f 2 E 2.˙/ is symplectic if and only if

dH D r1d�1 � rd� for some H 2 C2.˙/: (4)

This identity can be expressed as

H� D GF� � r; Hr D GFr: (5)

When f is only in E 1.˙/, the components of ˛ given by (5) are only continuous
and the operation of taking the differential of ˛ becomes more delicate.

Exercise 2.2. Assume that f 2 E 1.˙/. Prove that f is symplectic if and only if
there exists a function H 2 C1.˙/ such that dH D ˛. Hint: If f is symplectic
define the potentialH by the standard integral of ˛ and check directly that (5) holds.
For the converse construct sequences F �;G� 2 C2.˙/ with kF � F �kC1.˙/ C
kG �G�kC1.˙/ ! 0 as � ! 0 and consider the integral

Z
˙

fŒG�.F �/� � r�	r �G�.F �/r	� g d� dr

for each test function 	 2 D.˙/. Integrate by parts and pass to the limit.

The equivalence between closed and exact 1-forms is no longer true in the cylinder.
Consider the strip immersed in the cylinder˙ D T��a; bŒ. Since ˙ is its universal
covering, all 1-forms on˙ of class C1 can be expressed as

ˇ D A.�; r/d� C B.�; r/dr

with A;B 2 C1.˙/ and 2�-periodic in � . When ˇ is closed it is possible to
find a function H D H.�; r/ with dH D ˇ. The problem is that sometimes H is
not periodic in � and so it becomes a multi-valued function when regarded in the
cylinder.

Exercise 2.3. Prove that exact 1-forms in the cylinder can be characterized as
closed 1-forms satisfying
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Z 2�

0

A.�; r�/d� D 0

for some r� 2�a; bŒ.
This difference between the plane and the cylinder plays a role when one tries to
extend the notion of symplectic map to T � R. Let us start with a map

f W ˙ � T � R ! T � R; .�; r/ 7! .�1; r1/;

satisfying the same conditions as in the case of the plane. The class of these maps is
E 1.˙/. Every f 2 E 1.˙/ has a lift f D .F;G/ in E 1.˙/. The coordinates satisfy

F.� C 2�; r/ D F.�; r/C 2n�; G.� C 2�; r/ D G.�; r/:

In principle n could be any integer but since our map is an orientation-preserving
embedding it can only take the values n D �1 or n D 1. We say that f is symplectic
if its lift is symplectic as a map of the plane. Notice that, up to an additive constant
2N� , the lift is unique and so this definition is all right.

Exercise 2.4. Extend Exercise 2.1 to the cylinder using the measure transported
from the plane via the covering map,

�T�R.A/ D �R2 .p
�1.A/ \ .Œ0; 2�� � R//:

We say that f 2 E 1.˙/ is exact symplectic if there is a function H 2 C1.˙/, and
hence 2�-periodic in � , such that

dH D r1d�1 � rd�:

Using Exercise 2.2 we observe that exact symplectic maps are always symplectic.
Since not all closed forms are exact in the cylinder, we can expect that there are
symplectic maps which are not exact.

Exercise 2.5. Prove that f 2 E 1.˙/ is exact symplectic if and only if it is
symplectic and Z 2�

0

G.�; r�/
@F

@�
.�; r�/d� D 2�r�

for some r� 2�a; bŒ.
The notion of exact symplectic map can also be characterized in terms of measure
theory. Given an arbitrary Jordan curve 
 � ˙ which is C1, regular and non-
contractible, the image 
1 D f .
 / � T � R is another Jordan curve enjoying the
same properties. Let us fix some r0 2 R such that 
 [ 
1 � fr > r0g and let A and
A1 denote the bounded components of fr > r0g n
 and fr > r0g n
1, respectively.
Then, if f is exact symplectic, �.A/ D �.A1/.
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Exercise 2.6. Prove that the previous property is a characterization of exact
symplectic maps.

To illustrate the above definitions we consider some simple maps in the cylinder and
the corresponding lifts in the plane.

Example 1. f .�; r/ D .� C !; r/ for fixed ! 2�0; 2�Œ.
In the plane this map is a translation in the horizontal direction. It can be seen as

the lift of a rotation.

r

q

r

q

From r1d�1 � rd� D rd.� C !/ � rd� D 0 we deduce that the condition (4)
holds with H � 0. Hence, rotations are exact symplectic maps.

Example 2. f .�; r/ D .�; r C �/ for fixed � 2 R n f0g.
This map can be interpreted as a vertical translation.

r

q

r

q

Now, r1d�1 � rd� D .r C�/d� � rd� D �d� . In the plane the condition (4) holds
with H.�; r/ D �� . The differential form �d� is not exact in the cylinder and so f
is symplectic but not exact.

We finish this section with another characterization of exact symplectic maps.
It is less standard but it is useful to suggest how to introduce a related notion in the
plane.

Exercise 2.7. Assume that f 2 E 1.˙/ is symplectic and H 2 C1.˙/ is such that
dH D r1d�1 � rd� . Prove that the three conditions below are equivalent:

(i) f is exact symplectic
(ii) H is 2�-periodic in �
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(iii) H is bounded on each strip R � ŒA;B� with a < A < B < b.

Let us consider now a general map f 2 E 1.˙/, possibly not 2�-periodic in � .
We say that f is E-symplectic if there exists a functionH 2 C1.˙/ satisfying

dH D r1d�1 � rd�

and
sup fjH.�; r/j W � 2 R; A � r � Bg < 1

for each A;B with a < A < B < b.
In the introduction we already presented some examples of E-symplectic maps.

As a further example consider the map

�1 D � C r; r1 D r C a C b sin.� C r/C c sin
p
2.� C r/;

with a; b; c 2 R. In this case G.�; r/ is not 2�-periodic, if b and c do not vanish,
but in the plane it satisfies (4) taking

H.�; r/ D 1

2
r2 C a.� C r/ � b cos.� C r/� cp

2
cos

p
2.� C r/:

Therefore f is E-symplectic when a D 0. Recall that � is an unbounded variable.

3 The Twist Condition and the Generating Function

A map f D .F;G/ 2 E 1.˙/ has twist if

@F

@r
.�; r/ > 0 8.�; r/ 2 ˙: (6)

Geometrically this means that vertical segments are twisted to the right.

S

f

f (S )

From an analytic point of view the condition (6) is employed to solve the implicit
function problem

�1 D F.�; r/: (7)
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In this way a function r D R.�; �1/ is obtained. It is defined on the region

˝ D f.�; �1/ 2 R
2 W F.�; a/ < �1 < F.�; b/g

where

F.�; a/ D lim
r#a

F.�; r/; F .�; b/ D lim
r"b

F.�; r/:

Notice that

�1 � F.�; a/ < F.�; b/ � C1 for each � 2 R:

Exercise 3.1. Prove that˝ is open and connected. Hint:˝D S
˝� ,˝� D f.�; �1/

2 R
2 W F.�; aC �/ < �1 < F.�; b � �/g:

The functionR is in C1.˝/ and, by implicit differentiation,

F� ı R C .Fr ı R/R� D 0; .Fr ı R/R�1 D 1; (8)

where R.�; �1/ D .�; R.�; �1//.
Assuming that there exists a functionH 2 C1.˙/ such that dH D r1d�1� rd� ,

the generating function of f is defined as

h.�; �1/ D �H.�;R.�; �1//; .�; �1/ 2 ˝:

Combining the identities (5), (8), and differentiating h D �H ı R we obtain

@h

@�
.�; �1/ D R.�; �1/;

@h

@�1
.�; �1/ D �G.�;R.�; �1//: (9)

In a less formal language we can say that the map f given by �1 D F.�; r/,
r1 D G.�; r/, is now expressed as

@h

@�
.�; �1/ D r;

@h

@�1
.�; �1/ D �r1:

This formula says that the map, originally defined in terms of two functions F
and G, can be given in terms of a single function only, the generating function.
This is reminiscent of the role played by the Hamiltonian function in the theory of
Hamiltonian systems. The above formulas also have a consequence for the regularity
of the generating function, because (9) implies that h is in C2.˝/. Moreover,

@2h

@�@�1
> 0 in ˝:
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This follows from the twist condition together with (9) and (8), since

h��1 D R�1 D 1=.Fr ı R/ > 0:

Assume now that f 2 E 1.˙/ is a map in the cylinder whose coordinates satisfy

F.� C 2�; r/ D F.�; r/C 2�; G.� C 2�; r/ D G.�; r/:

When the lift is symplectic and has twist, the domain ˝ and the function R are
invariant under the translation

T .�; �1/ D .� C 2�; �1 C 2�/:

This means that T .˝/ D ˝ andRıT D R. The second identity is a consequence of
the uniqueness of solution for the implicit function problem (7) and the generalized
periodicity of F . The generating function is not always invariant under T . Indeed
the identity h ı T D h is equivalent to

H.� C 2�;R.�; �1// D H.�;R.�; �1//;

as can be deduced from the definition of h and the periodicity of R. For fixed � the
function �1 7! R.�; �1/ maps the interval �F .�; a/; F.�; b/Œ onto �a; bŒ. Hence the
above identity, valid for all � and �1, is equivalent to

H.� C 2�; r/ D H.�; r/ 8.�; r/ 2 R��a; bŒ:

This is just the periodicity of H with respect to � and, from the definition of h, we
deduce that

h.� C 2�; �1 C 2�/ D h.�; �1/; .�; �1/ 2 ˝; (10)

holds whenever f is exact symplectic.
To illustrate the previous notions let us go back to the example at the end of the

last section. We consider the symplectic map in ˙ D R
2 given by

�1 D � C r; r1 D r C aC b sin.� C r/C c sin
p
2.� C r/:

Since @�1
@r

D 1 the map has twist. Moreover ˝ D R
2 and R.�; �1/ D �1 � � . The

generating function is

h.�; �1/ D �1
2
.�1 � �/2 � a�1 C b cos �1 C cp

2
cos

p
2�1:

When c D 0 this map can be defined on the cylinder, and h satisfies the periodicity
condition (10) in the case where c D 0 and a D 0.
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Exercise 3.2. Assume that h 2 C2.R2/, h D h.�; �1/, is a function satisfying
@2h
@�@�1

> 0 and, for some numbers a, b,

inf
�12R

@h

@�
.�; �1/ � a < b � sup

�12R
@h

@�
.�; �1/

for each � 2 R. Then there exists a twist symplectic map f 2 E 1.˙/, ˙ D
R��a; bŒ, such that h is its generating function. Here it is understood that h is
restricted to an appropriate domain.

4 The Variational Principle

We will construct a functional such that its critical points are in correspondence with
the orbits generated by symplectic twist maps. First we present a concrete example,
arising in solid state physics.

4.1 The Frenkel–Kontorowa Model

Let us imagine an infinite chain of atoms placed on a line, the positions of the
atoms being described by bi-infinite sequences .�n/n2Z. It is assumed that every
atom n is attracted by its neighbors n� 1 and nC 1, according to Hooke’s law
(with constant C ). In addition there is a force derived from a potential V D V.�/

acting on the real line.

nn−1 n+1q q q

To find the equilibrium positions of the chain it is enough to impose that the sum of
forces acting on each atom vanishes. That is,

C.�n�1 � �n/C C.�nC1 � �n/� V 0.�n/ D 0:

We arrive at the second order difference equation

�nC1 C �n�1 � 2�n D 1

C
V 0.�n/; n 2 Z; (11)

which can be seen as a discrete counterpart of the Newtonian equation R� D 1
C
V 0.�/.
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Alternatively we can look for critical points of the potential energy

˚..�n/n2Z/ D
X
n2Z

hC
2
.�nC1 � �n/

2 C V.�n/
i
:

It is straightforward to check that the system of conditions @˚
@�n

D 0 leads to (11).
Of course this computation is purely formal since typically the series defining
˚ will be divergent. One way to proceed rigorously is to consider finite strings
.�n/jnj�N and to assume that the end points are fixed and known, say ��N DA�N
and �N DAN . Then we can consider the truncated potential energy

˚N ..�n/n<jN j/ D
X

�N�n<N

hC
2
.�nC1 � �n/2 C V.�n/

i
:

The critical points of ˚N satisfy (11) for jnj < N .
Let us now assume that the potential V is in C2.R/ and let us interpret the

function

h.�; �1/ D �C
2
.�1 � �/2 � V.�/

as the generating function of a symplectic twist map. This makes sense since h��1 D
C > 0 and so Exercise 3.2 is applicable. The associated map is defined by

r D @h

@�
.�; �1/; r1 D � @h

@�1
.�; �1/;

or

f W �1 D � C 1

C
r C 1

C
V 0.�/; r1 D r C V 0.�/:

The previous discussion leads to an interesting conclusion: given a “critical point”
.��
n /n2Z of ˚ , the sequence .��

n ; r
�
n /n2Z with r�

n D C.��
nC1 � ��

n / C V 0.��
n / is an

f -orbit. The process can be also reversed.

Exercise 4.1. Prove that the map f defined above is E-symplectic in R
2 when

kV k1 C kV 0k1 < 1. Under what conditions is there an induced exact symplectic
map f in the cylinder?

Exercise 4.2. Prove that f is conjugate to the “standard map” �1 D � C 1
C
r , r1 D

r C V 0.�1/. Hint: r 7! r C V 0.�/.

4.2 A General Framework

Assume now that f 2 E 1.˙/ is a twist symplectic map and let h D h.�; �1/ denote
its generating function. Given N � 1 consider the function

˚N ..�n/jnj�N / D
X

�N�n<N
h.�n; �nC1/;
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where �˙N D A˙N are fixed numbers. This function is of class C3 on the domain

˝N D f.�n/jnj<N W .�n; �nC1/ 2 ˝; �N � n < N g:

Exercise 4.3. Prove that ˝N is an open and connected subset of R2N�1.

Critical points of ˚N are solutions of

@1h.�n; �nC1/C @2h.�n�1; �n/ D 0; jnj < N; �˙N D A˙N : (12)

The sequence .�n/jnj�N obtained in this way leads to a segment of f -orbit with
the definitions rN D @2h.�N�1; �N / and rn D @1h.�n; �nC1/ if �N � n < N .
Actually, from the definition of the function R.�; �1/ and (9) we deduce that a <
rn < b if �N � n < N . This inequality also holds for n D N , as follows from
(12). Putting together (9), (12) and the definition of R it is easy to deduce that
f .�n; rn/ D .�nC1; rnC1/ for �N � n < N .

The previous process can be reversed in order to obtain critical points of ˚N
from f -orbits. Our goal is to construct complete f -orbits with certain additional
properties. To this end we will prove the existence of critical points of ˚N and let
N ! 1. This is clarified by the following result, valid for the general second order
difference equation

E.�n�1; �n; �nC1/ D 0 (13)

where E W S ! R is a continuous function defined on

S D f.��1; �0; �1/ 2 R
3 W ı � �0 � ��1 � � and ı � �1 � �0 � �g

for some � > ı � 0.

Lemma 4.4. Assume that for N � N � there exists a finite sequence .� ŒN �n /jnj�N
satisfying (13) for jnj < N . Moreover, assume that

lim
N!C1 �

ŒN �

˙N D ˙1:

Then there exists a complete solution of (13). This means that there is a sequence
.�n/n2Z satisfying (13) for all n 2 Z.

Proof. Let us consider the space of sequences R
Z endowed with the product

topology. We recall that this space is metrizable and the associated convergence
is just the convergence of each coordinate. Inside RZ we consider the space

K1 D f
 D .�n/n2Z W ı � �nC1 � �n � � 8n 2 Z; j�0j � �g:

This space is compact because it can be viewed as a closed subset of

OK1 D f
 D .�n/n2Z W �n 2 Œnı ��; .nC 1/�� 8n 2 Zg
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and OK1 is compact by Tichonoff’s Theorem on the product of compact spaces.
We will look for a solution of (13) lying in K1.

For large N we can assume �ŒN �N > 0 > �
ŒN �
�N and so there exists an integer

� D �.N /, �N � � < N , such that �ŒN �� < 0 � �
ŒN �
�C1. Since 0 < �ŒN ��C1 � �

ŒN �
� � �

we conclude that
j�ŒN �� j � �: (14)

Also we notice that
lim

N!C1Œ˙N � �.N /� D ˙1: (15)

For the sign C this limit is justified using the estimates

�
ŒN �
N �� � �

ŒN �
N � �ŒN �� D

N�1X
nD�

.�
ŒN �
nC1 � �ŒN �n / � .N � �/�:

The case of the sign � is treated similarly.
Equation (13) is autonomous and so the shifted sequence Q�ŒN �n D �

ŒN �
n�� , satisfies

(13) for jn��j < N . Next we complete the finite sequence . Q�ŒN �n / so that it becomes
a point Q
ŒN� of K1. A simple way to achieve this is to define

Q�ŒN �n D !.n �N � �/C Q�ŒN �N ; if n > N C �

and
Q�ŒN �n D !.nCN � �/C Q�ŒN ��N ; if n < �N C �;

where! D 1
2
.ıC�/. Using (14) it is easy to check that Q
ŒN� is contained inK1. By

compactness we can extract a convergent subsequence . Q
Œ�.N/�/, where � W N ! N

is increasing. We claim that the limit 
 D .�n/n2Z is a complete solution (13).
To check this assertion we observe that for fixed n and large N , Q�ŒN �k D �

ŒN �

k�� if
jn � kj � 1. This is a consequence of (15). Then

E. Q�Œ�.N /�n�1 ; Q�Œ�.N /�n ; Q�Œ�.N /�nC1 / D 0; N large;

and we can pass to the limit (N ! C1) using the continuity of E . ut
We will apply the previous lemma to the difference equation

@1h.�n; �nC1/C @2h.�n�1; �n/ D 0; ı � �nC1 � �n � �;

where ı and � are positive numbers such that

F.�; a/ < ı < � < F.�; b/ 8� 2 R:

After finding solutions for jnj < N as critical points of˚N , we will pass to the limit.
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This section will be finished with a discussion of the nature of the critical points
of˚N in the simplest instance. Consider the map �1 D �Cr , r1 D r . The generating
function is

h.�; �1/ D �1
2
.�1 � �/2:

After fixing A˙N 2 R we observe that the function �˚N is coercive on R
2N�1.

To establish this claim, if 
N D .�n/jnj<N is a generic point in R
2N�1 and n0 is an

integer such that jn0j < N and j�n0 j D maxjnj<N j�nj D k
N k1, then

�4˚N .
N / � 2
P

n0�n<N .�nC1 � �n/
2 � � P

n0�n<N j�nC1 � �nj
�2
:

The last term dominates j�n0 � AN j2 and, since j�n0 � AN j � k
N k1 � jAN j,
we deduce that ˚N .
N / ! �1 as k
N k1 ! 1. The conditions @˚N

@�n
D 0 lead

to the discrete Dirichlet problem

�
�nC1 C �n�1 � 2�n D 0;

��N D A�N ; �N D AN :

This problem has the unique solution �ŒN �n D n! C c for ! D AN�A
�N

2N
and c D

1
2
.AN C A�N /. As a consequence 
�

N D .�
ŒN �
n /jnj<N is the unique critical point of

˚N and
max˚N D ˚N .


�
N /:

Let us fix ı < � and assume that ı < AN�A
�N

2N
< �. Then 
�

N is in the interior of
the compact set

SN D f
N D .�n/jnj<N W ı � �nC1 � �n � �; if �N � n < N g:

This observation will be relevant later.

5 Existence of Complete Orbits

In this section we fix two positive numbers� > ı > 0 and consider the strip

S D f.�; �1/ 2 R
2 W ı � �1 � � � �g

and a given function h D h.�; �1/ in C1.S/. Our goal is to prove the existence of a
complete orbit of the difference equation

@1h.�n; �nC1/C @2h.�n�1; �n/ D 0; n 2 Z: (16)
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Notice that this setting implicitly implies that the complete solution satisfies
.�n; �nC1/ 2 S for each n. The prototype of function h will be h�.�; �1/ D
�˛.� ��1/2 with ˛ a positive constant. We will impose two conditions that roughly
say that h is close to h� and the strip S is sufficiently wide, “width” being measured
by the quotient�=ı.

Theorem 5.1. Assume that h 2 C1.S/ and there are two positive numbers ˛, ˛
with ˛ < 2˛ and

� ˛.�1 � �/2 � h.�1; �/ � �˛.�1 � �/2 8.�; �1/ 2 S: (17)

Then there exists a number � � 1, depending only on the quotient ˛=˛, such that if
�2ı � � then (16) has a complete solution.

As will be seen from the proof, the number � can be computed explicitly. To obtain
results of qualitative nature it is enough to interpret � D �.q/ as an increasing
function depending on q D ˛=˛ 2 Œ1; 2Œ. This is illustrated by the following
consequence on the existence of equilibria for the Frenkel–Kontorowa model.

Corollary 5.2. Assume that the potential V is bounded and of class C1. Then the
equation

�nC1 C �n�1 � 2�n D V 0.�n/; n 2 Z;

has infinitely many complete solutions .�n;N /n2Z with N D 1; 2; : : :. Moreover, the
upper and lower rotation numbers

!N WD lim inf
jnj!1

�n;N

n
� lim sup

jnj!1
�n;N

n
DW !N

satisfy !N < 1 for each N and !N ! C1 as N ! C1.

Proof. To prove the corollary we select the number �0 D �.3=2/ corresponding to
˛=˛ D 3=2 and work on the region S W ı � �1�� � �, where ı > 0 is a parameter
to be adjusted and� D �20 ı. Our equation is just (16) for

h.�; �1/ D �1
2
.� � �1/2 � V.�/:

Moreover, if .�; �1/ 2 S ,

h.�; �1/ � �1
2
.� � �1/

2 C kV k1 � �1
2
.� � �1/

2 C kV k1
ı2

.� � �1/2:

A similar lower estimate can be obtained to see that the condition (17) holds for

˛ D 1

2
� kV k1

ı2
; ˛ D 1

2
C kV k1

�40 ı
2
:
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For large ı the inequality ˛=˛ � 3=2 holds and so the constant � D �.˛=˛/

given by the theorem satisfies � � �0. Then �2ı � �20 ı D � and the theorem is
applicable. This shows the existence of an equilibrium for the Frenkel–Kontorowa
model .�ın/n2Z with ı � �nC1 � �n � �2ı, n 2 Z. Letting ı D N we obtain
infinitely many equilibria, and the assertions on the rotation numbers are easily seen
to be verified. ut

Later we will present other applications of the theorem or of some variant of it.
In all cases h will be the generating function of a twist symplectic map f . Indeed
the condition (17) automatically implies that f is E-symplectic.

Proof of Theorem 5.1. For each N � 3 we select two numbers A˙N satisfying

A�N D �AN ; Nı � AN � N�; (18)

and consider the following subset of R2N�1:

SN D f
N D .�n/jnj�N W ı � �nC1 � �n � � for each n D �N; : : : ; N � 1g;

with the convention �˙N D A˙N . This set is non-empty since it contains at least
the point . n

N
AN /. It is easily proved that SN is closed and contained in the ball

k
N k1 � AN and, since we are in finite dimension, we can deduce that this set is
compact. The continuous function

˚N W SN ! R; ˚N .
N / D
X

�N�n<N
h.�n; �nC1/;

attains its maximum at some point
�
N 2 SN ,

˚N .

�
N / D max

SN
˚N :

We will prove that, for an appropriate choice of the sequence AN , the point 
�
N is

in the interior of SN . Hence this is a critical point of ˚N that can be also interpreted
as a solution of (12). Finally we can apply Lemma 4.4 to complete the proof. From
now on we will concentrate on the claim


�
N 2 int.SN /: (19)

To this end we make a couple of observations on the configuration of the atoms
of 
�

N .

(i) There exists L > 1 such that

1

L
.��
nC1 � ��

n / � ��
nC2 � ��

nC1 � L.��
nC1 � ��

n /
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for each n D �N; : : : ; N � 2. Moreover L only depends on the quotient ˛=˛.
To prove this assertion we modify
�

N by replacing ��
nC1 with the mid-point

between ��
n and ��

nC2; that is,

O
N D . O�n/jnj�N ; O�m D ��
m if m ¤ nC 1; O�nC1 D 1

2
.��
n C ��

nC2/:

The new point O
N also belongs to SN . Indeed

ˆn+1
∗
n

∗
n+1

∗
n+2qqqq

O�nC2 � O�nC1 D O�nC1 � O�n D 1

2
.��
nC2 � ��

n / D 1

2
.��
nC2 � ��

nC1/C 1

2
.��
nC1 � ��

n /

and these differences remain between ı and�. The maximizing property of
�
N

implies that ˚N .
�
N / � ˚N . O
N/, leading to

h.��
n ; �

�
nC1/C h.��

nC1; ��
nC2/ � h.��

n ;
O�nC1/C h. O�nC1; ��

nC2/:

As a consequence

�˛Œ.��
nC1 � ��

n /
2 C .��

nC2 � ��
nC1/2� � �˛ .�

�
nC2 � ��

n /
2

2
:

Assume that ` WD ��

nC2���

nC1

��

nC1���

n
� 1, otherwise we would define ` as the inverse

fraction. Using that ��
nC2���

n D .1C`/.��
nC1���

n / we are led to the inequality

'.`/ WD 2.1C `2/

.1C `/2
� ˛=˛:

The function ' W Œ1;C1Œ! Œ1; 2Œ is an increasing homeomorphism and so
` � '�1.˛=˛/. This implies that .i/ holds with L D '�1.˛=˛/. Notice that at
this point we are using ˛ < 2˛.

(ii) There exists � > 1 such that
��

ı� � �;

where �� D max�N�n<N .��
nC1 � ��

n / and ı� D min�N�n<N .��
nC1 � ��

n /.
Moreover � only depends on the quotient ˛=˛.

Let us assume that �� D ��
MC1 � ��

M and ı� D ��
mC1 � ��

m with m;M 2
f�N; : : : ; N � 1g. If jm �M j � 1 we can apply the previous step and deduce
that��=ı� � L. From now on we assume that jm�M j � 2, say M � mC 2.
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∗
M

∗
m+2 ...∗

m+1

∗

∗
m ˜M

∗

∗
M+1qq q q q q

d D

We modify 
�
N in a new way: After eliminating ��

mC1 a new atom is inserted

between ��
M and ��

MC1. Let Q
N D . Q�n/jnj<N be defined as Q�n D ��
n if n � m or

n > M , Q�n D ��
nC1 if m < n < M and Q�M D 1

2
.��
M C ��

MC1/. We prove that
Q
N 2 SN as soon as ��=ı� � LC 1, where L is given by step .i/. Actually,

Q�mC1 � Q�m D ��
mC2 � ��

m � .LC 1/ı� � �� � �

and
Q�MC1 � Q�M D Q�M � Q�M�1 D ��

2
� LC 1

2
ı� � ı� � ı;

so that Q
N 2 SN . Then from ˚N .

�
N / � ˚N . Q
N / we deduce that

h.��
m; �

�
mC1/C h.��

mC1; ��
mC2/C h.��

M ; �
�
MC1/

� h.��
m; �

�
mC2/C h.��

M ;
Q�M /C h. Q�M ; ��

MC1/:

Hence
�˛Œ.��

m � ��
mC1/2 C .��

mC1 � ��
mC2/2 C .��

M � ��
MC1/2�

� �˛Œ.��
m � ��

mC2/2 C 2. Q�M � ��
M/

2�

and, using again .i/, we are led to  L.��=ı�/ � ˛=˛, where the function  L
is defined as

 L.q/ D 1CL�2 C q2

.1C L/2 C 1
2
q2
:

This function is strictly increasing on the interval Œ1 C L;1Œ and satisfies  L
.1C L/ < 1 as well as  L.1/ D 2. Hence the inequality  L.��=ı�/ � ˛=˛

is equivalent to ��=ı� �  �1
L .˛=˛/, i.e., we have proved .ii/ taking

� D maxf1C L; �1
L .˛=˛/g:

Now that we have shown .ii/ we can complete the proof of the theorem. Define

AN D 1

2
.��1�C �ı/N:

From the assumption �2ı < � we observe that ı < �ı < ��1� < �, and AN
is the mid point of the interval Œ�ı; ��1��. This implies that (18) holds. We are
going to prove that for this choice of the sequence fAN g the claim (19) holds.
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By contradiction assume that �� D � or ı� D ı. Then either ı� � 1
�
� or

�� � �ı. To fix ideas let us consider the first case �� D �, ı� � 1
�
�. Then

2AN D
N�1X
nD�N

.��
nC1 � ��

n / � 2N�

�
;

and this contradicts the definition of AN . The case ı� D ı is treated similarly.

ut
Exercise 5.3. Show that the previous proof allows to compute � D �.˛=˛/

explicitly. Hint: � D 4
3

q
85
3

for ˛=˛ D 5=4.

Exercise 5.4. Compute two numbers ı and � such that the equation

�nC1 � 2�n C �n�1 D sin �n C cos.
p
2�n/; n 2 Z

has a solution lying in ı � �nC1 � �n � �.

Exercise 5.5. Prove that the conclusion of Theorem 5.1 still holds when the
condition (17) is replaced by

� ˛.�1 � �/k � h.�1; �/ � �˛.�1 � �/k 8.�; �1/ 2 S (20)

with k > 1 and ˛ < 2k�1˛. Hint: '.`/ D 2k�1.1C`k/
.1C`/k ,  L.q/ D 1CL�kCqk

.1CL/kC21�kqk .

Exercise 5.6. Prove that the conclusion of Theorem 5.1 also holds when the
condition (17) is replaced by

� ˛.�1 � �/�k � h.�1; �/ � �˛.�1 � �/�k 8.�; �1/ 2 S (21)

with k > 0 and ˛ < 2k˛. Hint: '.`/ D .1C`�k/.1C`/k
2kC1 ,  L.q/ D 1CL�kCq�k

2�kC21Ckq�k ,

��
mC2 � ��

m � 2ı�.

In the applications of Theorem 5.1 or the variants given by the previous exercises we
must know how to compute h or at least how to estimate it in order to verify (17),
(20) or (21). The next two sections are devoted to the computation of generating
functions in two interesting mechanical situations.

6 The Action Functional of a Newtonian Equation

Consider the differential equation

Rx D �Vx.t; x/; t 2 Œ0; 1�; x 2 R; (22)

where the potential V W Œ0; 1��R ! R is continuous and has two partial derivatives
with respect to x, Vx and Vxx , which are also continuous functions of .t; x/. It will
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be assumed that the Cauchy problem is globally well posed. This can be guaranteed
if Vx has linear growth, that is

jVx.t; x/j � Ajxj C B; .t; x/ 2 Œ0; 1� � R;

for some A;B > 0. Given x0; v0 2 R, the solution satisfying x.0/ D x0, Px.0/ D v0,
will be denoted by x.t I x0; v0/. If we interpret these initial conditions as coordinates,
say � D x0 and r D v0, then we can define the Poincaré map

f W R2 ! R
2; �1 D x.1I �; r/; r1 D Px.1I �; r/:

The classical theorems on the Cauchy problem1 imply that f is a
C1-diffeomorphism. Moreover f is symplectic. This can be justified using
Liouville’s theorem on Hamiltonian flows but we will prove it in a different way.
Consider the Lagrangian function

L.t; �; r/ D 1

2
Px.t I �; r/2 � V.t; x.t I �; r//

and its time average

H.�; r/ D
Z 1

0

L.t; �; r/ dt:

This function is of class C1 with partial derivatives

H� D
Z 1

0

L� dt D
Z 1

0

f Px @ Px
@�

� Vx @x
@�

g dt;

Hr D
Z 1

0

Lr dt D
Z 1

0

f Px @ Px
@r

� Vx @x
@r

g dt:

Commuting @t with @� and @r and integrating by parts,

Z 1

0

Px @ Px
@�
dt D Œ Px @x

@�
�tD1tD0 �

Z 1

0

Rx @x
@�
dt;

Z 1

0

Px @ Px
@r
dt D Œ Px @x

@r
�tD1tD0 �

Z 1

0

Rx @x
@r
dt:

From (22) we conclude that dH D r1d�1 � rd� and so f is symplectic.
The map f will induce a map f on the cylinder if the potential satisfies

V.t; x C 2�/ D V.t; x/C p.t/; .t; x/ 2 Œ0; 1� � R; (23)

1Notice that no smoothness in t has been assumed.
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for some function p W Œ0; 1� ! R. This condition of generalized periodicity
implies that

x.t I � C 2�; r/ D x.t I �; r/C 2�; Px.t I � C 2�; r/ D Px.t I �; r/;

and letting t D 1, f .� C 2�; r/ D f .�; r/C .2�; 0/. Hence f is symplectic.

Exercise 6.1. Prove that the Poincaré map f associated to

Rx C a sin x D p.t/

is exact symplectic if and only if
R 1
0
p.t/dt D 0. Here a > 0 is a parameter and

p W Œ0; 1� ! R is a given continuous function.

Exercise 6.2. Assume that, instead of (23), the potential satisfies

V.t; x/ D B.t; x/C p.t/x

where p W Œ0; 1� ! R is continuous and B , Bx are bounded. Prove that
the Poincaré map is E-symplectic if

R 1
0 p.t/dt D 0. Hint: The kinetic energy

T .t/D 1
2

Px.t/2 satisfies j PT j �CT 1=2 and
R 1
0
p.t/x.t/dt D � R 1

0
P.t/ Px.t/dt for

P.t/ D R t
0
p.s/ds.

Next we are going to discuss under what conditions the Poincaré map will satisfy
the twist condition. The partial derivative @F

@r
D @�1

@r
can be expressed as

@�1

@r
D y.1/

where y.t/ is the solution of the variational equation

Ry C Vxx.t; x.t I �; r//y D 0

such that y.0/ D 0, Py.0/ D 1. The twist condition becomes y.1/ > 0 and can be
proved using Sturm comparison theory. Actually it holds when the potential satisfies

Vxx.t; x/ < �
2; .t; x/ 2 Œ0; 1� � R: (24)

In this case our solution y.t/ must oscillate less than the solution of the comparison
equation RzC�2z D 0, which is z.t/ D sin�t . This implies that y.t/ > 0 if t 2�0; 1�
and therefore the twist holds.

Another hypothesis implying the twist condition is

.2n�/2 < Vxx.t; x/ < ..2nC 1/�/2; .t; x/ 2 Œ0; 1� � R; (25)
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for some n D 1; 2; : : :. Now the oscillations of y.t/ are between those of z�.t/ D
sin.2n�t/ and zC.t/ D sin..2nC 1/�t/. Hence y.t/ has exactly 2n zeros on �0; 1Œ
and y.1/ is positive.

Exercise 6.3. Find conditions on the parameters a and ! to guarantee that the
Poincaré map associated to Rx C !2x C a sin x D p.t/ is a twist symplectic map.

Once we know that the twist condition holds, to compute the generating function
we solve the equation

x.1I �; r/ D �1

and find r for given � and �1. This is equivalent to finding r D Px.0/, where x.t/ is
the solution of the Dirichlet problem

Rx D �Vx.t; x/; x.0/ D �; x.1/ D �1: (26)

The conditions (24) or (25) are sufficient to guarantee that this problem has at most
one solution. This is obviously a consequence of the twist condition. However these
conditions are not sufficient for the existence of solution.

Exercise 6.4. Find � and �1 such that

Rx C �2x � arctanx D 0; x.0/ D �; x.1/ D �1;

has no solution. Hint: Multiply the equation by sin�t and integrate between t D 0

and t D 1.

A classical result in the theory of nonlinear boundary value problems says that (26)
has a unique solution, if (24) or (25) are replaced by the corresponding stronger
conditions

Vxx.t; x/ � 
 < �2; .t; x/ 2 Œ0; 1� � R; (27)

.2n�/2 < � � Vxx.t; x/ � 
 < ..2nC 1/�/2; .t; x/ 2 Œ0; 1� � R; (28)

where n D 1; 2; : : : and � and 
 are given constants. From now on we assume that
(27) or (28) are satisfied and so the set ˝ defined in Sect. 3 is R2. The solution of
(26) will be denoted by �.t I �; �1/ and the discussions of Sect. 3 on the regularity of
the function R D R.�; �1/ together with the standard theorems on differentiability
with respect to initial conditions imply that � and P� are of class C1 in Œ0; 1� � R

2.
Notice that

�.t I �; �1/ D x.t I �;R.�; �1// and R.�; �1/ D P�.0I �; �1/:

The generating function h.�; �1/ D �H.�;R.�; �1// is well defined on the whole
plane by

h.�; �1/ D �
Z 1

0

h1
2

P�.t I �; �1/2 � V.t; �.t I �; �1//
i
dt:
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The reader who is familiar with the classical theory of the Calculus of Variations will
recognize this expression. Up to a sign, the generating function is the restriction
of the action functional to fields of extremals defined by � D �.t I �; �1/. More
precisely, if we consider the Sobolev space H1.0; 1/ and the functional

A W H1.0; 1/ ! R; A Œx� D
Z 1

0

h1
2

Px.t/2 � V.t; x.t//
i
dt;

then
h.�; �1/ D �A Œ�.	I �; �1/�:

Exercise 6.5. Compute the generating function associated to Rx C !2x D 0 with
2n� < ! < 2.nC 1/� for some n D 1; 2; : : :.

Finally we propose a more difficult exercise dealing with an application of Theo-
rem 5.1 to the framework of this section.

Exercise 6.6. Prove that the equation Rx C a sinx D p.t/ with 0 < a < �2 and
p.tC1/ D p.t/,

R 1
0
p.t/dt D 0, has a solution satisfying ı � x.tC1/�x.t/ � �

for some � > ı > 0.

7 Impact Problems and Generating Functions

Let us consider a particle moving on the half-line x D x.t/ � 0. It satisfies a
Newtonian law for x > 0 but at the end point x D 0 there is an obstacle and the
particle bounces elastically.

x = 0

x = x(t)

The function x.t/ is a solution of the impact problem

8<
:

Rx D �Vx.t; x/; t 2 R;

x.t/ � 0;

x.�/ D 0 ) Px.�C/ D � Px.��/;
(29)

where V W R � R ! R is continuous and has two partial derivatives in x, Vx and
Vxx. Moreover it is assumed that both derivatives are continuous with respect to
both variables .t; x/. In short, V 2 C0;2.R � R/.

The exact meaning of the above impact problem is clarified by the following
definition. A bouncing solution of (29) is a continuous function x W R ! Œ0;1Œ and
a sequence of times .tn/n2Z satisfying
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(i) infn2Z.tnC1 � tn/ > 0;
(ii) x.tn/ D 0 and x.t/ > 0 for t 2�tn; tnC1Œ and n 2 Z,

(iii) The restriction of x.t/ to Œtn; tnC1� is of class C2 and satisfies the differential
equation,

(iv) Px.tCn / D � Px.t�n / for n 2 Z.

This solution will be bounded if furthermore

(v) supt2R jx.t/j C ess supt2R j Px.t/j < 1;

(vi) supn2Z.tnC1 � tn/ < 1:

Notice that Px.t/ is well defined for t ¤ tn and so the essential supremum makes
sense.

Exercise 7.1. Compute the bouncing solutions for a linear spring with obstacle,
V.t; x/ D 1

2
x2. Prove that all of them are bounded.

We will present a method for the construction of bouncing solutions. The first step
will be the study of a boundary value problem.

7.1 The Dirichlet Problem

Let us consider the problem

Rx D �Vx.t; x/; x.t0/ D x.t1/ D 0: (30)

From now on we will assume that the potential satisfies two additional conditions:

(C1) Vxx.t; x/ � 0 for each .t; x/ 2 R
2:

(C2) There exist two numbers c1; c2 2 R and two functions  ; 	 2 C2.R/ such
that

R .t/C c1 � Vx.t; x/ � R	.t/C c2 for each .t; x/ 2 R
2:

Moreover, supt2R j P .t/j < 1:

These assumptions have strong consequences for the problem (30). First of all
we present a result showing that there is a unique solution.

Lemma 7.2. Assume that (C1) and (C2) hold. Then problem (30) has a unique
solution on the interval Œt0; t1� for each t1 � t0 > 0.

Proof. The existence will be obtained via the method of upper and lower solutions.
Let ˛.t/ and ˇ.t/ be the solutions of the linear problems

R̨ D � R	.t/ � c2; ˛.t0/ D ˛.t1/ D 0 and Ř D �c1 � R .t/; ˇ.t0/ D ˇ.t1/ D 0:

From (C2) we deduce that � Ř � � R̨ and so, by the Maximum Principle, ˛.t/ �
ˇ.t/ everywhere. Moreover, using (C2),
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� R̨ .t/ D c2 C R	.t/ � Vx.t; ˛.t//; � Ř.t/ D c1 C R .t/ � Vx.t; ˇ.t//:

This shows that ˛.t/ and ˇ.t/ is a couple of ordered upper and lower solutions.
Therefore the problem (30) has a solution lying in ˛ � x � ˇ.

For the uniqueness we assume that x1.t/ and x2.t/ are two solutions of (30).
We notice that the difference y.t/ D x1.t/ � x2.t/ satisfies the linear problem

Ry C ˛.t/y D 0; y.t0/ D y.t1/ D 0; (31)

where ˛.t/ D R 1
0
Vxx.t; �x1.t/C .1��/x2.t// d�. The condition (C1) implies that

˛ � 0 everywhere. By Sturm comparison theory we deduce that (31) is disconjugate
and so we arrive at a contradiction unless y vanishes identically and x1 D x2.
Instead of using comparison techniques we can also prove the uniqueness just by
multiplying the equation with y and using integration by parts. ut
Exercise 7.3. Prove the Maximum Principle used above: Let y.t/ be the solution of
� Ry D p.t/; y.t0/ D y.t1/ D 0 with p 2 C Œt0; t1�. If p.t/ � 0 and

R t1
t0
p.t/dt > 0

then y.t/ > 0 for t 2�t0; t1Œ.
To guarantee the positivity of the solution of (30) it is enough to know that the lower
solution ˇ.t/ is positive. This will be the case provided that t1 � t0 is large enough.
To check this fact it is convenient to employ the explicit formula for ˇ given by

ˇ.t/ D c1

2
.t1 � t/.t � t0/C  .t1/ �  .t0/

t1 � t0 .t � t0/C  .t0/�  .t/:

Exercise 7.4. Prove that ˇ.t/ > 0 for each t 2�t0; t1Œ if t1 � t0 >
8
c
k P k1. Hint:

First study the interval �t0;
t0Ct1
2
Œ.

To complete our study of the Dirichlet problem we present a result on differentia-
bility with respect to the end points. The unique solution of (30) will be denoted by
xD.t I t0; t1/.
Lemma 7.5. The map .t I t0; t1/ 2 D 7! .xD.t I t0; t1/; PxD.t I t0; t1// 2 R

2 is of class
C1, where D D f.t I t0; t1/ 2 R

3 W t1 � t0 > 0; t0 � t � t1g.

Proof. Let x.t I t0; x0; v0/ be the solution of

Rx D �Vx.t; x/; x.t0/ D x0; Px.t0/ D v0:

Since R .t/ C c1 � Vx.t; x/ � R	.t/ C c2, this solution is well defined and smooth
for t 2� � 1;C1Œ and .t0; x0; v0/ 2 R

3. Let us consider the equation in v0,

x.t1I t0; 0; v0/ D 0:

It is equivalent to solving (30) and so we know that it has a unique solution v0 D
v0.t0; t1/. The Implicit Function Theorem will imply that v0.t0; t1/ is of class C1 if
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we prove that
@x

@v0
.t1I t0; 0; v0/ > 0 for t1 > t0 and v0 2 R:

The function y.t/ D @x
@v0
.t I t0; 0; v0/ is a solution of the initial value problem

Ry C Vxx.t; x.t I t0; 0; v0//y D 0; y.t0/ D 0; Py.t0/ D 1:

From (C1) we deduce that this linear equation is disconjugate and so y.t1/ has to be
positive. ut

7.2 The Condition of Elastic Bouncing

A naive approach for the construction of bouncing solutions could consist in
juxtaposing solutions of Dirichlet problems for prescribed sequences of impact
times. Given a sequence .tn/n2Z, the function

x.t/ WD xD.t I tn; tnC1/ for t 2 Œtn; tnC1�; n 2 Z; (32)

would be the candidate for a bouncing solution. Indeed, if we assume that the
sequence satisfies

tnC1 � tn > 8

c1
k P k1; n 2 Z; (33)

then the conditions .i/; .ii/, and .iii/ of the definition are satisfied. Here we are using
the previous discussions, in particular Exercise 7.4. In most cases this procedure
does not lead to a bouncing solution because the elasticity condition given by .iv/
does not necessarily hold. Next we present a method for the construction of a
judicious sequence of impacts.

Consider the function

h.t0; t1/ D
Z t1

t0

L.t; xD.t I t0; t1/; PxD.t I t0; t1// dt; (34)

where L is the Lagrangian function associated to Rx D �Vx. More precisely, here

L.t; x; Px/ D 1

2
Px2 � V.t; x/C V.t; 0/:

We recall that the Newtonian equation can be expressed in the Lagrangian frame-
work as

@xL � d

dt
.@ PxL/ D 0: (35)
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The function h is of class C1 in the region f.t0; t1/ 2 R
2 W t1 � t0 > 0g. This is a

consequence of Lemma 7.5. An integration by parts leads to

@t0h.t0; t1/

D �L.t0; xD.t0I t0; t1/; PxD.t0I t0; t1//C
Z t1

t0

f.@xL/@xD
@t0

C .@ PxL/
@ PxD
@t0

g dt

D �1
2

PxD.t0I t0; t1/2 C Œ.@ PxL/
@xD

@t0
�
tDt1
tDt0 C

Z t1

t0

Œ.@xL/ � d

dt
.@ PxL/�

@xD

@t0
dt:

From xD.t0I t0; t1/ D xD.t1I t0; t1/ D 0 we deduce that

PxD.t0I t0; t1/C @xD

@t0
.t0I t0; t1/ D @xD

@t0
.t1I t0; t1/ D 0:

These identities together with (35) imply that

@t0h.t0; t1/ D 1

2
PxD.t0I t0; t1/2:

After differentiating with respect to t1 we arrive at

@t1h.t0; t1/ D �1
2

PxD.t1I t0; t1/2:

Assume now that .tn/ is a sequence solving

@t0h.tn; tnC1/C @t1h.tn�1; tn/ D 0; n 2 Z: (36)

If the condition (33) holds, then the function defined by (32) is non-negative and
it satisfies Px.tCn /2 D Px.t�n /2. Then Px.t�n / � 0 � Px.tCn / and so the condition .iv/
holds and x.t/ becomes a bouncing solution.

Exercise 7.6. Assume that .tn/n2Z satisfies (33), (36) and sup.tnC1 � tn/ < 1.
Moreover, let supt2R j P	.t/j < 1. Prove that x.t/ is bounded.

7.3 A Bouncing Ball

Let us apply the previous discussions to a concrete model. Assume that a horizontal
plate (the racket) is moving according to some prescribed protocol and a particle
(the ball) is in free fall until hitting the plate, when it bounces elastically. In more
analytic terms assume that the unknown z D z.t/ is the vertical position of the
particle and the given function w.t/ is the position of the plate. For z > w.t/ the
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free fall is modelled by Rz D �g, where g > 0 is the gravitational constant. The
elastic impact is easily modelled through the relative position x.t/ D z.t/ � w.t/,

x.�/ D 0 ) Px.�C/ D � Px.��/:

Assuming that w.t/ is of class C2 we find that x.t/ is a solution of the impact
problem (29) with

V.t; x/ D .g C Rw.t//x: (37)

From now on we assume that the position and velocity of the plate are bounded; that
is,

w 2 C2.R/ and kwk1 C k Pwk1 < 1: (38)

This is sufficient to guarantee that (C1) and (C2) are satisfied for c1 D c2 D g and
	 D  D w.

In this case the simplicity of the potential allows for explicit computations.

Exercise 7.7. Determine xD.t I t0; t1/ in terms of w.t/. Hint: ˇ.t/.

Exercise 7.8. Use the previous exercise together with (34) to prove that the
generating function is

h.t0; t1/ D �g
2

24
.t1 � t0/

3 � g

2
.w.t1/C w.t0//.t1 � t0/

C .w.t1/� w.t0//2

2.t1 � t0/ C g

Z t1

t0

w.t/ dt � 1

2

Z t1

t0

Pw.t/2 dt:

Hint:
R t1
t0

Px2D.t/ dt D � R t1
t0
xD.t/ RxD.t/ dt .

We do not need this exact formula for h, since for our purposes it is sufficient to
determine the dominant term as t1 � t0 ! 1. From the above exercise,

h.t0; t1/ D �g
2

24
.t1 � t0/

3 CR.t0; t1/

where
jR.t0; t1/j � C.t1 � t0/ for t1 > t0:

Here C is a constant depending only on kwk1 C k Pwk1.
We are going to apply Exercise 5.5 with k D 3 and fixed numbers ˛, ˛ satisfying

˛ <
g

24
< ˛ and ˛ < 4˛. Then there exists d > 0 such that

�˛.t1 � t0/3 � h.t1 � t0/ � �˛.t1 � t0/3 for t1 � t0 � d:

The number � associated to ˛ and ˛ can be computed in order to find complete
orbits of the difference equation (36) lying in ı � tnC1 � tn � �2ı if ı � d . These
sequences of impact times lead to bouncing solutions. Actually, the conditions .v/
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and .vi/ are also satisfied and so these solutions are bounded. The condition .vi/ is
automatic from the construction of the sequence .tn/. To verify .v/ we notice that
x.t/ is a solution of the Dirichlet problem

Rx D �.g C Rw.t//; x.tn/ D x.tnC1/ D 0

and, going back to Exercise 7.7, we obtain a bound for kxk1 C k Pxk1 in terms of
g, � , ı and kwk1 C k Pwk1. Alternatively we could apply Exercise 7.6.

We sum up the previous discussions.

Theorem 7.9. Assume that w.t/ satisfies (38) and consider the impact problem
(29) with potential given by (37). Then there exist positive constants � > 1 and d
such that for each ı � d there exists a bounded solution with impact times .tın/n2Z
satisfying

ı � t ınC1 � t ın � �2ı; n 2 Z:

8 Comments and Bibliographical Remarks

1. Introduction. In [38] Zharnitsky replaced standard angles on S
1 by angles on a

torus S
1 � : : : � S

1. These generalized angles were then employed to reformulate
KAM theory for quasi-periodic maps. The paper [38] motivated us to consider non-
periodic angles.

Standard versions of the Poincaré–Birkhoff and Aubry–Mather theorems concern
diffeomorphisms mapping the cylinder onto itself. In our setting the image of the
map T� is not necessarily contained in the region a < r < b. This is not a serious
problem since one can first apply KAM theory in order to find invariant curves. Then
the region between two of these invariant curves is mapped onto itself. This region
can be symplectically deformed into a compact cylinder of the type A � r � B

where the standard theory applies. An alternative is the use of more sophisticated
versions of P-B and A-M theorems. See for instance [10, 19, 31].

The map T�;3 was presented as an example in [15]. In that paper there also some
results on the existence of orbits with rotation number for certain maps with non-
periodic angle.

The mechanical model described in the introduction is sometimes called Fermi-
Ulam ping-pong. The problem of deciding whether the velocity can become
unbounded is of physical significance in connection with the so-called Fermi
acceleration. This is explained in a paper by Dolgopyat [9]. The relativistic version
of the model is probably more significant in physics and has been considered, in the
periodic case, by Pustyl’nikov, see [32].

2. Symplectic maps in the plane and in the cylinder. Given a homeomorphism
f W T � R ! T � R, the theory of covering spaces allows to construct a lifting
Qf W T � R ! R

2. Then p ı Qf is a homeomorphism of the plane and this is what
we mean by a lift from the cylinder to the plane. More details on this point can
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be found in [4]. The condition (3) can be formulated in a slightly more abstract
language as f �! D !, where f �! is the pull-back of the two form ! D d� ^ dr .
Symplectic manifolds are the natural setting to define symplectic maps, the plane
and the cylinder endowed with the form ! are just two simple examples of this
class of manifolds. We refer to [2, 13, 25, 29] for the general theory. The notion of
E-symplectic map was introduced in [14].

3. The twist condition and the generating function. Twist maps are also studied
in more degrees of freedom. See the papers by Herman [12] and by Bialy–MacKay
[6]. The presentation of the notion of generating function on the cylinder is inspired
by the frameworks defined by Mather in [23] and by Moser in [28]. Generating
functions can be defined on general symplectic manifolds. We refer to the textbooks
[2,26,29] on Hamiltonian Dynamics. Usually generating functions are associated to
symplectic maps by local constructions based on the implicit function theorem.

4. The variational principle. The presentation of the Frenkel–Kontorowa model
follows Aubry’s paper [5]. This paper contains interesting results on the dynamics of
the standard map when the potential V is a trigonometric function. The variational
principle is just an adaptation of classical ideas in Aubry–Mather theory. The only
difference is that A–M theory is concerned with generating functions satisfying the
periodicity condition

h.� C 2�; �1 C 2�/ D h.�; �1/:

Mather arrived at a different variational principle in [22]. It was concerned with
functions of the continuous variable � instead of discrete sequences .�n/. Mather’s
original motivation was to understand what remains of invariant curves after
perturbations when KAM theory does no longer apply. The book by Moser [28]
presents a general view of the different variational principles connected with Aubry–
Mather theory. The use of results about compactness in spaces of sequences in
Lemma 4.4 is influenced by the paper [1]. There Angenent extended Aubry–Mather
theory to more general classes of difference equations using a method of upper and
lower solutions. Finally we mention the paper by MacKay et al. [21], where the
variational principle is employed for a non-standard application.

5. Existence of complete orbits. Theorem 5.1 first appeared in [14]. In the original
version the condition ˛ < 2˛ was replaced by the more restrictive condition ˛ <
.3=2/˛. The two variants of the theorem presented in Exercises 5.5 and 5.6 are
taken from [15] and [16]. Again there is some improvement in the conditions on the
quotient ˛=˛. The steps .i/ and .i i/ of the proof of Theorem 5.1 are inspired by the
techniques employed by Terracini and Verzini in [35]. See also [30].

6. The action functional of a Newtonian equation. The standard versions of
the theorem on differentiability with respect to initial conditions assume the
differentiability of the vector field with respect to both variables t and x. However,
the differentiability in t is not required to differentiate the solution at a fixed time
t D t1. See for instance the book by Lefschetz [20].
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Alternative proofs of the result in Exercise 6.1 can be found in the papers by
Franks [10] and You [36].

If (25) is replaced by

..2nC 1/�/2 < Vxx.t; x/ < .2n�/
2;

then there is backward twist, which means that the derivative @�1
@r

is negative.
A classical result in the theory of boundary value problems, see [18], says that the
problem

Rz D � QVz.t; z/; z.0/ D z.1/ D 0;

has a unique solution if QVzz � 
 < �2 or .n�/2 < � � QVzz � 
 < ..nC1/�/2. This
problem has homogeneous boundary conditions but the previous result is applicable
to (26) after the change of variables x.t/ D z.t/C .�1 � �/t C � .

Very clear discussions on the connection between the generating function and
the action functional can be found in Moser’s course [28]. They apply to general
Lagrangian systems but we have preferred to restrict ourselves to Newtonian equa-
tions to make the discussion simpler and also to present a non-local formulation. In
[33] Radmazé considered the problem of minimization of the action functional in a
space of periodic functions, sayH1.R=Z/. He found that there is a minimizer if and
only if the function R.�/ WD h.�; �/ reaches a minimum at some ��. Moreover, the
minimizer is precisely �.t I ��; ��/. This is also described in Caratheodory’s book
[8].

Exercise 6.6 is a particular case of some results in [15] for equations of the type

Rx C V 0.x/ D p.t/; p.t C 1/ D p.t/;

Z 1

0

p.t/dt D 0;

with V.x/ bounded. An alternative way to solve it is to find a generalized periodic
solution of the type x.t C1/ D x.t/C2� by minimization of the action functional.
More information on this approach can be found in the paper by Mawhin on the
pendulum equation [24].

7. Impact problems and generating functions. The connections between the
generating function and the action functional for impact problems is discussed in
[15]. The key is the formula (34), which also explains the connection between the
so-called Nehari method and our method of construction of bouncing solutions via
the Eq. (36). The basic idea of Nehari’s method (see [35]) is to consider the function

h.t0; t1/ D inf
n Z t1

t0

L.t; x.t/; Px.t// dt W x 2 H1
0 .t0; t1/; x > 0 on �t0; t1Œ

o
;

and then to obtain a solution satisfying the boundary conditions x.t0/Dx.tnC1/D 0

and having exactly n zeros in �t0; tnC1Œ by finding a maximum of the function
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˚.t1; t2; : : : ; tn/ D
nX

kD0
h.tk; tkC1/:

From formula (34) and the uniqueness of solution to the Dirichlet problem we
observe that h is precisely the generating function and the critical points of ˚ are
the solutions of (36) on a finite interval of indexes.

The problem of the bouncing ball with gravity was considered in [32] by
Pustyl’nikov in the case where the motion of the racket w.t/ is periodic. In particular
he obtained an interesting result on the existence of motions with unbounded
velocity for certain functions w.t/ which are periodic, smooth and have large norm.
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